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Chapter 1

1.1. A finite element is a small body or unit interconnected to other units to model a larger
structure or system.

1.2. Discretization means dividing the body (system) into an equivalent system of finite
elements with associated nodes and elements.

1.3. The modern development of the finite element method began in 1941 with the work of
Hrennikoff in the field of structural engineering.

1.4. The direct stiffness method was introduced in 1941 by Hrennikoff. However, it was not
commonly known as the direct stiffness method until 1956.

1.5. A matrix is a rectangular array of quantities arranged in rows and columns that is often
used to aid in expressing and solving a system of algebraic equations.

1.6. As computer developed it made possible to solve thousands of equations in a matter of
minutes.

1.7. The following are the general steps of the finite element method.

Step 1
Divide the body into an equivalent system of finite elements with associated
nodes and choose the most appropriate element type.
Step 2
Choose a displacement function within each element.
Step 3
Relate the stresses to the strains through the stress/strain law—generally
called the constitutive law.
Step 4
Derive the element stiffness matrix and equations. Use the direct equilibrium
method, a work or energy method, or a method of weighted residuals to
relate the nodal forces to nodal displacements.
Step 5
Assemble the element equations to obtain the global or total equations and
introduce boundary conditions.
Step 6
Solve for the unknown degrees of freedom (or generalized displacements).
Step 7
Solve for the element strains and stresses.
Step 8

Interpret and analyze the results for use in the design/analysis process.

1.8. The displacement method assumes displacements of the nodes as the unknowns of the
problem. The problem is formulated such that a set of simultaneous equations is solved
for nodal displacements.

1.9. Four common types of elements are: simple line elements, simple two-dimensional
elements, simple three-dimensional elements, and simple axisymmetric elements.

1.10 Three common methods used to derive the element stiffness matrix and equations are
(1) direct equilibrium method
(2) work or energy methods
(3) methods of weighted residuals

1.11. The term ‘degrees of freedom’ refers to rotations and displacements that are associated
with each node.
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1.12. Five typical areas where the finite element is applied are as follows.
(1) Structural/stress analysis
(2) Heat transfer analysis
(3) Fluid flow analysis
(4) Electric or magnetic potential distribution analysis
(5) Biomechanical engineering
1.13. Five advantages of the finite element method are the ability to
(1) Model irregularly shaped bodies quite easily
(2) Handle general load conditions without difficulty

(3) Model bodies composed of several different materials because element equations
are evaluated individually

(4) Handle unlimited numbers and kinds of boundary conditions

(5) Vary the size of the elements to make it possible to use small elements where
necessary
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kK Ky | ktk Ky
@[50 e | ]

det [K] =|[K] | = (ki + ko) (ka + K3) = (= ko) (— ko)
= |[K]|= (ki +ko) (ke + ks) — ko’

-y L]
det K
[kz + Ky k, } [kz + Ky k, }
K] = k, k +k, _ k, k, +k,

(K + k) (ky + k) =k, K Ky + K kg + Ky Ky

Jusi _ [kzkzks k?ng}

lU4J Kk kK kK

_ k2 P
= U=
k k, + Kk ks +Kk; Ky
e (k +k,) P

Kk, + K ks +K; Ky
(c) Inorder to find the reaction forces we go back to the global matrix F = [K] {d}

Fl X k] 0 - kl 0 . U] .
)

Fol | 0 k0 K,
Fiy - 0 k+k, -k 1u3‘
Fax 0 -k -k ky+ks]lu,
Fix= -k us=-k kP
ki K, + kK Ky + K, K
S
k k, +k ks +k; K
(k +k)P

Fu= -k us=—k
Ttk ks + K, Ky

-k (k +k,) P

= Fx=

kl kZ—f_klk3+k2k3

2.2

K = ko = ks = 1000 2

m.
1 @) 2 )
- @ -k kJ©)

By the method of superposition the global stiffness matrix is constructed.
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o @ 0

k -k ojm k -k 0
[KlI= |-k k+k -k|[@)=[K]=|-k 2k —k
0 -k k 1(3) 0 —k k
Node 1 isfixed = uy=0and i3 =0
{F} = [K] {d}
'|-1X=!] k0 fu=0]
Fy=0; = —E 2k k| su,=?
Fi = ] -k k u3=r3
0 [2k —kHuz'} 0 = 2ku,—ké
= = =
Fsy -k  k]Jld Fi= —ku, +ké
= Uzzk—(S:E:mﬁUQ:O.S"
2k 2 2

Fix=—k(0.5")+k(1")
Fax= (- 1000 2 (0.5" + (1000 2 (17)
in. in.

Fsx= 500 Ibs

Internal forces
Element (1)

£, _[ k —k}j'u1=0 }
cof Tl kly=0s
= = (1000 2) (057 = £, =—5001b
m.

f,, 1 = (1000 ,l—b)(o.S") = £, =5001b
m.
Element (2)

'f2x<2>} [ K —k}{ufo.s"} £, 2=-5001b
= =

f, 2 Lk k=17 f., 2 =500 Ib
23

P

() [k<”]=[k‘2>]=[k<”]=[lé“>]:[ ) 'k}

-k Kk

By the method of superposition we construct the global [K] and knowing {F} =[K] {d}
we have

=2 5 —Kk——06—"0 1 "ul =0

Fy=0 -k 2k -k 0 0|y

F=P; = -k 2k -k O]y

Fy =0 0 -k 2k - u,

B =1 CO—6—6—% T =10
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{0 ‘ 2k -k 0 |[u| 0= 2ku,—ku,
) {Pr=|-k 2k -k|iu;;=>P = —ku,+2ku,-ku,
1 J 0 -k 2k]|u, 0 —ku; + 2ku,

U U
= W= = Ww=—
2 2
Substituting in the equation in the middle

P=—-ku+2ku —kus

- P-= —k(ﬁ) +2ku3—k($)
2. 2.

= P=ku

- u-=r
Uk
b= o u=Ff
Tk«

(¢) In order to find the reactions at the fixed nodes 1 and 5 we go back to the global
equation {F} = [K] {d}

P P
Fix= —kKw=-k— = Fix=-—
1x 2 2k 1x )

P P
Foo= —kuy= -k— = Fo=——
5x 4 oK 5x B

Check
2Fx= 0= Fix+Fs5x+P=0

2.4

k k
By the method of superposition the global [K] is constructed.
Also {F}=[K] {d} and uy=0and us = &

(@ [KV1= K= K] = [K¥1= [_k _k}

Fr=2—FH%—k—6—0—067fu="0-
Fe=0| |-k 2k -k 0 of|u="
F, =0} = ~k 2k -k 0[du=?
Fax = 0 -k 2k —k||u="?
F=2—t —0—k—Kktts=0
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() 0=2ku,—kus 1)

0=—kuy +2kus—kus 2)
0=—-kus+2kus—ko 3)
From (2)
U= 2 W
From (3)
a+2u,
Ug= ———
2

Substituting in Equation (2)

é+26,,
= — k(W) +2k(2 uz)—k(%]
d é
=S -—ht4h-L-——=0= U=—
2 2 2 5 2 4
3 é
S U=2— = W=—
3 4 3 )

= U=

O+§@D:lu—i§

(c¢) Going back to the global equation
{F} = [K] {d}
é ko

Fiu=—k lh=—k= = Fjy=——
1x 2 4 1x 4

Fm —ku4+k5:—k[37f)J +Ko

ké

> Fo= o

2.5

d d d, d,
1 -1 2 =2
K7 = : k<2)—[ }
K= J, k1= 5 )
d, d, d dy
(3 -3 4 —4
KO = @ =
K= J, K=\
dys  ds
5 -5
KO =
(k™1 s 5]
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Assembling global [K] using direct stiffness method

1 -1 0 0

-1 1+2+3+4 0 -2-3-4
[K]=

0 0 5 =5

0 -2-3-4 -5 2+3+4+5

Simplifying

1 -1 0 0

-1 1 0 -9 |kip
[Kl=

0 0 5 —5|in
0 -9 -5 14
2.6 Now apply + 2 kip at node 2 in spring assemblage of P 2.5.
Fax= 2 kip
[Kl{d} = {F}
[K] from P 2.5
I -1 0 0][u=0 F
-1 10 0 -9||y, B
0 0 5 —=5]|u=0 F
0 -9 -5 14] |y,

(A)

where U; =0, u3 = 0 as nodes 1 and 3 are fixed.
Using Equations (1) and (3) of (A)

EEMNEH

Solving

u= 0475in.,, w=0.305in

2.7
1 K 2
e OANANANANO
C C

+h, — = ONNANNANNAO —— 4+,

+ nodal force conv.

fix=C, fx=-C
f=—-ko=—-k(u, —uy)

fix=—k( —w)

fox=— (=K (La— )

{ flx'} [ kK| _['“1}

[.f2x ) 1—k k_[ [UQ

Kl= k —k| same as for
[K1= —k k| tensile element
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2.8

b b

. k=500 37 k=500 5~ 5001h
%l LA A T L A
1 -1 1 -1
k; = 500 : k=500
-1 1 -1 1

So
1 -1 0
[K]=500 -1 2 -1
0 -1 1
{F} = [K] {d}
F=2 —+—67 }ful_e‘
= |F,=0 |=500-] 2 —1|<u,=?
F, = 1000 -1 11u3=?
= 0= 1000 u, —500 us (D)
500= —500 uy +500 w3 2)
From (1)
500
U, = WL=>Uu=05u 3
2 1000 3 2 3 ()

Substituting (3) into (2)
= 500 = — 500 (0.5 us) + 500 us
= 500 = 250 w3

= U= 2 in.
= Uu=0.5)2in)= wL=1In
Element 1-2

f.0 1 -17(0 in] .0 ==5001b
[ 1x _ 500{ | 1i|[ 111}:> 1x
f - .

f,,V="500Ib
Element 2-3

f @ _ ~ @__
[ 2 l=5oo[ 1 1}{1 in.] _ i 5001b
-1

| £,2] 2 inf 7 1, @= 5001
0
Fix=500[1 — 1 0] |1 in.|= F,=-5001
2 in.
2.9
Ib b Ib
9
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M )

[k(l)]* [ 1000 —1000
| —1000 1000
) 3)
[k(z)]* [ 1000 —1000
| —1000 1000
(3) )
[k(3)]* [ 1000 —1000
| -1000 1000
(D (2) (3) )
[ 1000 —1000 0 0 ]
(K] = —1000 2000 —1000 0
0 —1000 2000 —1000
0 0 —1000 1000 |
(. _9 1 C 1000 1000 n n iy — 0l
LT Uou JRVAVLV) \Y \Y o=
F,, =-1000 _|—1000 2000 -1000 O U,
Fiy =0 ~1000 2000 —1000 | |u,
F,, =4000 B 0 —1000 1000 | |u,
= u; = 0 in.
U= 3 in.
uz= 7 in.
us= 11 in.
Reactions
= 3
Fix= [1000 — 1000 0 0] 12 = Fix=—3000 Ib
u= 7
u,= 11J
Element forces
Element (1)
J'f “’[ [ 1000 —1000{0] _ f,,\""=~30001b
= =
lf (DJ | -1000 1000 ||3 f,, 0= 3000lb

Element (2)

f), 2 1000 —1000‘{3} f,, 2 =—40001b
=
f, <2> [—1000 1000 7], @ = 40001b
Element (3)
f D1 T 1000 —10007(7 f3 ) =—40001b
= =
f @] [=1000 1000 J(11]  f,_®= 40001b
2.10
A
]1 6_A
P k=1000 -~ 3
4, 2| 4000 1b
% 2 4
Rigid bar — |
' L—smﬁ
B
10
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n, | 1000 —1000
[K"1=
| -1000 1000
[ 500 —500
[K*1=
|-500 500
[ 500 —500
[K1= ]
|-500 500
{F} = [K]{d}
Fx=? | [ 1000 -1000 0 0 |jw=0
Fp=—4000| |=1000 2000 —500 —500||u,=?
‘FS)(:? ’ 0 =500 500 0 |lu=0
Fie=? 0 =500 0  500]|u,=0
—4000 .
= U= ——=-2in
2000
Reactions
Fiy 1000 —1000 0 0 [0
Fo| _ [—1000 2000 -500 —-500 (|2
Foy 0 -500 500 0 [[o
Fix 0 -500 0  500]0
F, J 2000}
F —
_ IFa| _ |-4000]
= ] 1000J
= 1000
Element (1)
"] [ 1000 —10007f 0] £, "] [ 2000
N = - Nt Ib
£, [=1000 1000 J{-2f " |f,®] [-2000
Element (2)
[£,2] [ s00 —500}[ —2} {fzxml {'1000'}1b
= = =
[f, @] L-s00 500l o £, 1000
Element (3)
1,0 500 -5007(-2) | £, [~1000]
= = -
£, 0 —s500 500 ]l of ~ .,/ | 1000]

2.11

N

N
2000 — 2000 —
% I m 2 m 3 F,

11

d =20 mm
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5

K] - [ 2000 —2000] @ _[ 2000 —2000}

—2000 2000 ~2000 2000
{F} = [K] {d}

F=? 2000 —2000 0 u =0

Fo=0f = | =2000 4000 —2000||u,=?

Fay = ?_{ 0 ~2000  2000] | u;=0.02m

= U= 0.0l m

Reactions
Fix= (~2000) (0.01) = Fjy=—20N
Element (1)
Jfll _ [2000 —2000} [0 } _ Jfl ) _20}N
14, L2000 2000 | lo.otf = {5 [ 120
Element (2)
Jtle, _ [2000 —2000j| {0.01} - Ale _ J'_zo} N
|4,.)  [-2000 2000 | l0.02 RED
2.12
N N N
® © ©)
1 -1
(K= [K¥]=10000 I |
-1
2 2
[K*]= 10000 [ }
2 2
{F} = [K] {d}
le =? 1 =1 0 - 'UI A
F,, = 4500 N q 3 -2 w =9
> ~ 10000 2
Fix=0 [ -2 3 - |u=?
F4X=? O 1 1 LM_r\‘

3
=—2W+3uz= Uzzz U= Wwh=15u
450 N = 30000 (1.5 us) — 20000 Us
= 450N = (25000 E)u3 = Uu;=1.8%x107m
m

15(1.8%x10%) = u,=27x107m

Element (1)
1 -1 o f . 0=-270N
10000 N
-1 1] [2.7%10 7, f,, = 270N

]
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Element (2)

. T 1 -1 [2.7®1072 £, ¥= 180N
fxl-: 20000 I _21 =
il -1 lisxi0?| T f @ =—150N
Element (3)
£ r 1 ( -2’ 23 _
]]}X]:mooo 1 -1 {1.8x10 ]: f“ = 180N
1f.) -od b oo f T R @-—is0N
Reactions
N [0
{Fixp = (10000 — ) [1 —1] - L1 = Fix=—270N
m [27%x10
gm0
(Fad = (10000 ) [-1 1] {18 }
m 0
= Fu=-180N
2.13
7 205 0 K 20 &5
! 2 3 4 5
4
) 2) 3) 4) I -1
(K= [K]= (K =[K"]=20]
{F} = [K] {d}
Fy=? —1—0—°0 u =
F2x:0 ! 2 -1 0 u2:‘?
1R, =10kNt =204 0 -1 2 -1 T
Fi =0 0 -1 2 -] |uy=2?
Fsx="? —o6—0—+— |u;=0

0=2u, Uy = U, =0.5u; |

=2 W=
0=-u;+2uy, = u4:0.5u3_j

= SKN=-20U+40(2U)-20 W
= 5=40U = h=0125m
= W=0.125m
= Uy=2(0.125) = U3 =025 m
Element (1)
[, 1 -17( 0 fi ) =—2.5kN
fal k-
11, -1 1) loaas] T o= gskn
Element (2)
f 1 -1 [0.125 2 =—2.5kN
{”ZX}_ 20{ “ } >
» -1 1] 025 £, = 25kN

13
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Element (3)
f - . ) 3) ‘
[ 3)(} zol: 1 1 {sz} I}x = 2.5kN

fax 1o loazs] 7 of, 92 s5in
Element (4)
]ﬂx]_zo[ 1 -1 {0125] _ faP =25k
1] -1l J R =5k

0.125
0.125
Fse= 20 [-1 1] o = Fse=—25kN
2.14
2 400 1000 N 4000 1 2000 N
]) 2) 1 _1
[KV]= [KP1=400 L
{F} = [K] {d}
le:? 1 I O—I ul—(}]
F,=100 } =400|-1 2 —-1| qu,=2}
| =~ 200 0 u=r)
100 = 800 u; — 400 us
—200=—400 u, + 400 u;
100 =400 U, = Uy=—025m
100 = 800 (- 0.25)-400u; = U3 =—0.75 m
Element (1)
f 1 -1 0 f.O=100N
J‘lx}_m[ 1 J { 02 } = o
., - —025]  f,V=-100N
Element (2)
f 1 -1] [-025 f,,®=200N
2 —400[ } { } - X
f3x -1 1 -0.75 f3x(2) =—200 N
Reaction
{Fix} =400 [1 -1] [ o] = Fix=100N
1-0.25f
2.15
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2.16

217

K= [ 500 —500} [k(z)]_[ 500 —soo}; 3 _[ 1000
[-500 500 -500 500 ~1000
Fy="? 500 0 —500 0 u=0
JF2X:? | 0 500 —-500 0 uzzol
F.=2kN[ |=500 —500 2000 —1000| |uj=?
Fp =2 L 0 0 —1000 1000] |u,=0
=  U;=0.00lm
Reactions
Fix= (~500) (0.001) = Fiy=—0.5 kN
Fax= (~500) (0.001) = Foy=—0.5 kN
Fax= (~1000) (0.001) = Fyp=—1.0 kN
Element (1)
{ﬂxl _ [ 500 —500} { 0] _ {ﬂx} z{—O.SkN]
i) L=s00  soo) looo1] |7 05kN |
Element (2)
{sz} _[ 500 —500} { 0 } . {fu} _{—O.SkN]
i,] L=500 s00] lo.o01 . 0.5kN |
Element (3)
[ﬂx} _ [ 1000 —1000] {0.001} . {ﬂx} ~ { 1kN }
]}f4x |-1000  1000] | 0 £ -1

Fi 100 —100 0 0 0
100/ | -100 1004100  —100 0 | |u,
-100 0 -100 100+100 —100| |u,
Fix 0 0 -100 100] L0
[ 100] ] 200 —100] [u,
—100]  |-100 200/ |u
U= —
u L
=—-—1n
T3

—1000
1000
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500+ 300
u
~300-300 (300+300+400)  —400 S ]

VU —JU0U U
le =? Ul =0
400+ 300
0 _|—300 ( ) -300-300 —400 u,
J —400 -400 400 1400

0 = 1500 u2 — 600 u3
1000 =—600 u, + 1000 us3

=25w

1000 = — 600 Uy + 1000 (2.5 Uy)
1000 = 1900 u,

n
IS
B3
|
|
N
=
(=}
o
|._.
e
|
N
S
o
ST
N
W
—
<l
e
-

=400 [l+£) =-736.84N
19 1.9

>Fy=-263.16 + 1000 — 736.84 =0

2.18
@
1000 1b
;o Ib
k = 2000? X
Asin Example 2.4
m=U+Q
1
u=_k X, Q=—Fx
Set up table

= % (2000) 3¢ — 1000 X = 1000 X* — 1000 X

Deformation X, in. Th, Ib-in.
-3.0 6000
\ —2.0 3000 |

16
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-1.0 1000

0.0 0
| 0.5 - 125 |
| 1.0 0 \
| 2.0 1000 |
ﬂ—p . . .. .
Folie 2000 x—1000=0 = x=0.5 in. yields minimum 7% as table verifies.

Pp: lbiin.

/ X, in.

3 -2 ) 3
Minimum
(b)
1000 1b
1
= k¢ — Fx= 250 X"~ 1000 X
X, in. T, lb-in.
-3.0 11250
-20 3000
-1.0 1250
0 0
1.0 - 750
2.0 —1000
3.0 - 750
am,
=500 x—1000=0
ax
= X= 2.0 in. yields 7, minimum
(c)
Y
k = 2000 1L
x—l_ 400!-:“931%:392414

17
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= % (2000) X* — 3924 x = 1000 X*— 3924 X

Jm,
— =2000x-3924=0
ax
= X=1.962 mm yields 7 minimum

1
T min = 3 (2000) (1.962)27 3924 (1.962)

= ThHmin= — 3849.45 N-mm

(d) %:% (400) x> — 981 x
dn,
— =400x-981=0
X
= X = 2.4525 mm yields 7p minimum

T8 min = % (400) (2.4525)> — 981 (2.4525)

=  Thmn= — 1202.95 N'mm

2.19
i F = 1000 Ib
Now let positive X be upward
k=500
1
Hh= — ko — Fx
2
m= — (500) x*~ 1000 x
= 250 X’ — 1000 x
dn
— =500x —1000=0
X
= x=2.0in. 1
2.20
10002
F=5001b
F=kd (x=9
du = F dx
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U= |jkx2) dx
4000
kx®
U= — 1000 F = Kd>
3
Q=-Fx

(}np

P —0=ké-500
X
0= 1000 X*— 500

=  X=0.707 in. (equilibrium value of displacement)
H min = % (1000) (0.707)* =500 (0.707)

Th min = — 235.7 Ib-in,

2.21 Solve Problem 2.10 using P.E. approach

3 o 1 1 1
= 0 75= 2 kih-u)+ - ko) + 2 ks (Us-t)’

e=1
1 1 2
- flx( )Ul - f2x( ) U — f2x( ) U

2 3 3
- f3x( ) U — f2x( ) Uy — f4x( ) Uy

o
P = kuw+ku-fi"=0 1
au, 1 U+ Ky Up— Ty 1)
an
Tuzp:k1U27k1U17k2U3+k2U27k3U4
;
+ kst — ) — P — P =0 2)
ar
P _ 2 _
=ku—ku—fix” =
au, 2 U3 — Ko Up — T3x 0 3)
ar
P = kyuy— kst — £, =0
au4 3 U4 3 U2 4x (4)

19
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In matrix form (1) through (4) become

K K 0 07 [y fi
Kk Ktk tky —k, —k uzl_ RS+ 52+ 5,0 )
0 —K, k, 0 ||y J £, 2
0 — ks 0 ks u, f4x(3) J
or using numerical values
1000 —1000 0 0] [u=0 F,
~1000 2000 -500 —500| |u, | [— 4000 ©
0 -500 500 0 U=0 Fix
0 -500 0 500 ] u,=0 } Fax

Solution now follows as in Problem 2.10

Solve 2" of Equations (6) for u,=— 2 in.

For reactions and element forces, see solution to Problem 2.10
2.22 Solve Problem 2.15 by P.E. approach

4 500N s

m 3 1 kN
kN ’
K 1000+ E
[ —
4
3 4
1 kN

L o1 1
= D 75():5 k](U3—U1)2+5 kz(U3—uz)2

e-1
1
+ 3 Ks (U —uz)”— iy

1 2 2
- f3><( )U3—f2x( ) U — f3><( ) U3

3 4
- f3x( )U3*f3x( ) Uy

ar

" B = O=*k1 U3+k]U1*f]X(l)
rJu1

ax

- P — 0=—kuwut+ku-— f2x(2)
du,

or

3 P = 0=k s+ ko Us— ko Uy — ks Uy + kg Uy — P — £, — £, kg uy
[s. U3

ar

B B = 0= k3 Us— k3 U3*f3x(4)
rJU4

In matrix form

k0 -k 0] [w] [ Fx
0 k =k, 0 u, _[ F>x ‘
—k =k, kHk+k —k u3'-lF3X=2kN"
0 0 —k K | lu, =

For rest of solution, see solutions of Problem 2.15.
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2.23
| =a; +axXx
1(0) =a, =1,
IL)=a +aL=1,

a =

Now V =1IR
V:—VIZR(lz—ll)
V=V,=R(,-1)

=l

21
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Chapter 3

3.1
ﬁl ® 2 ©) 3 P ® 4& .
§A‘.£l [ AL En L, A, Ey Ly R o
~ E|l1 -1
ko] - AB
(@ L -1 1
[ko]=AE |1 1
L |-1 1
[|2(3)]=A5E3 -l
L |1 1
I 0 0 |
“AE AE  AE,  _AE
oL T L 0
[K]=
0 ~AE ﬁEl.FLE* —AB
[ L L L
- AE AE
L 0 0 '—33 '—33

It is known that {F} = [K] {d}
Fio="? 1 -1 0 offy=0
Fox=0]  AE[-1 2 -1 0f|y,=?

Fe=P] L| 0 -1 2 -1||uy="
Fa=? 0 0 1 1lu=0

2AE AE

= 0= S ke =22
—AE 2AE

P= Uy + Uz

—AE 2AE

= P= bL+=— Qu
i Cuw)
1 PL

= U= — —
3 AE

23
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= U= 2-—— = U
3 AE 3 AE
(c) A=1in% E=10x10°psi; L=101in.
P = 1000 Ibs

1PL 1 (1000)(10)

O = S T 3 0109

=  UW=333x10"in

2 PL
U= 2= =2
3 AE

>  Ww=6.67x10"in
(i) Going back to {F} = [K] {d}
E | E(LPLY A,

Fix= u
UL L3 AES 3

& Fy- ‘?1(1000) = Fi=—3333 Ibs

—AE ~AE (2 PLY 2
F= —— =—— |==]=-Zp
L L 3AE/ 3

-2
= Fx= ?(1000) = Fa4=-1666.7 Ibs

(iii) f= oA, where f=force, o= stress and A= area.

Going back to the local system and substituting
Element (1)

_ AE{ 1 —1Hu1=0 }
AL[-1 1]y, =333%x10"*

E 10x10°
= O =~ b - ————

333x10°*
L 0 ¢ )
= o) =-33333psi (C)

E 10®10°
= O = = (B33 107

= % =333.33 psi ()

{Gzﬁ%} _ E{ 1 —1}Ju2:3.33><10‘4}

-1 1]y =6.67x10"

6
10107 5 104 (333 - 6.67)

E
= O = (W)=

24
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= ¢$) =-333.33psi (C)

10x10°

= 6@ = % (Us— ) = x 10 (6.67 —3.33)

= o) =333.33 psi ()
Element (3)

f3x 4
J(}'3X=%}_ E{ 1 —1Hu3=6.67><1041_

|’~'3"4x=f)1X COAL- u, =0 j

E 10x10°
= O3 = I (U3 —Uy) =

x 107 (6.67 — 0)

= o) = 666.7 psi (T)

- o) - _E (Us— U3) = w x 107 (- 6.67)
= oY =—-666.7 psi (C)
So dY=0®="3333psi (T) and
& = 666.7 psi (C)

32
I 2 3 _ SkN E=2I0GPa
| m it I m i A=4x 107w
Element 1-2
[k ]—84><106_ bt
1-2 __1 1_
Element 2-3
[k ]—84><106_ b
2-3 __1 1_
(F} =[K]{d}  and ur =0
Fy =7 1 1 -1 0 'u1=0'1
F,=0 =84x10°|-1 2 —1[qu,=2}
laxz—soooj 0 -1 1 ,u3:?_]
= 2L-Ww=0 = Ww=2Ww
= —5000=284x10°[- + Us]
Substituting (1) in (2), we have
_50006 =—W+2U;, = U=-0595% 10*m
84m 10
= wu=-1.19%x10"'m
Element 1-2
T _ 0 ' M=
{flx} _ 84)(106[ 1 1} Lo fi’ =5000 N
f,, -1 1]]-0.595%10 £ ==5000 N

25
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Element 2-3

{ f2x
f3x

-uew [T

0.595m 10"
1.19%x107*

Fix= 84 x10°[1 -1 0] 1~ 0.595™ 10" ‘
-1.19%10™
33
| 2 80001b E
20in ,L 50in R
1 -1
[kia] = 3 x 10° [_1 J
[k 3] = 1.2x1o6[ ! _1}
-1 1
[ 3 -3 0
[K]=10°|-3 3+1.2 -1.2
L0 -12 12
]'le [ =19
F,,=8000f = 10°| -3 42 -12|{u, 1{
IFSX | —=t2—+31r="0]
= W= 1.905x1072in.
{F,X (3 -3 0] 0
F,t=10°(-3 42 -1.2(11.9058107
lF3X L0 -12 1.2 0
= F=-5715D
Fax= 8000 Ib
Fa= —2286 Ib
FRC i W
Fax. -1 1[1.905><10‘3]
{fZX} 110 [ 1}{1 905% 1073
Fax. 1
3.4

1 -1
ki_,]=4x10°
(k2] [_1 J

1
(ko 3]= 4 x 10° [_1
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"

{2 =5000 N
{7 =-5000N

= F, = 5000N

E 30 €106 pa
A 201113

f)=-57151b
() =57151b
f i3 =22861b
) =—22861b



[ 1
[ks4]= 4 x 10° X
{F} = [K] {d}
(1
Fx=0 4
F, =4000 | =4x10° 0
Fy, = — 10000 0
F4><=O -

> U=-1667%x10"
us=— 1333 x10°

Jle.l 1
F -1
2x0 4 x 106

in.
in.

-1

0 0][w=0
2 -1 0||u=-1.667x10"

lst 0 -1 2 -1}jy;=-1.333m10
Fuy 0 0 -1 1|u=0
= Fix=666.7 b
Fax= 4000 Ib
F3x= — 10000 Ib
Fax= 53333 1b
i, 1 =1 £ =666.7 Ib
=4x10 =
f) -1 1][-1.667x10 * f) =—666.71b
’ r ~17 —4 (2)_
{f“}—4><106 b -1)[-1667x107 ! =4666.671b
Fax. -1 1]{-1.333x10° £{2) = — 4666.7 Ib
’ r 17 3 3)__
{fSX}_“_xlO() L-1][-1333m107] _ fY =-533331b
fax. -1 ] o |7 t9=533331
35
1 E, A 2 Ey A 3150001 g = 30 x 10°psi
T T = E, = 15 x 10° psi
N 30 in. -t 30 in. | A =5in?
Element 1-2
1 -1
[kia] =5 x10° L J
Element 2-3
1 _1
2 2
[k 5]=5 % 10° L J
2 2
1 -1 0
Global [K]=5x10°|-1 % =
0 -1 4
{F} = [K] {d} and u; =0
Fiu=? ] 1 -1 oJ'ulzo
1F2X=o [—leo6 -1 2 TIluQ
Fyy = 15000 0 3 1]ly
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3 1
= 0==-UW-—-U = u=3u 1
S b X ) )
= 15000 =5 X 10° [+ uy+ 1+ g )
2 2
Substituting (1) in (2)
(2x15000) w3
5%10°
= Uz = 0.00075 in.
= Us= 3 (0.00075) = U= 0.00225 in.
Element 1-2
[t _ gl 1 1) 0 } fi,=—150001b
| £, ) -1 1/(0.00075 f,, =150001b
Element 2-3
8] _ o 1o B ‘{Jo.ooms} _, T=—150001b
| £, ) B 10.00225 f,,=150001b
J 0
Fix=5x10°[1 -1 0] 40.00075
10.00225
= Fix= — 15000 Ib
3.6
. 2 Qi
: E, = 30 x 10"ps
J E.A 2, E, = 10 x 10 ::«:
50 in A= 2in?
Rigid bar 2 et 20—
12 -1.27
ki]=10°
[ki-] {—1.2 1.2]
0.667 —0.667
ko 3] = [kos] =10°
ko1 = Thoul [—0.667 0.667}
{F} = [K] {d}
Hr2—t2—16 =0
Fix=?
s |H1.2 2,533 10.667 —0.667 ||u, =2
F,, =8000] =10°| | o em o m Lo 9
V) =07667 0667 U U3 =VU
F3x:? 9 0-667 V) 0:667 Y
Y =076607 O U007 14U, =0
Foy=?
=  Ww=3.16%x10"1in
Reactions

Fix= (—12x10% (u) = Fix=—3789.51b
Fyx= (- 0.667 x 10°) () = Fy=-2105.251b

28
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Fax= (- 0667 x10°) (b)) = Fa=-2105251b

{flx}zloﬁ_ 1.2 —I.ZP 0 ] fY=-37895Ib

3 =
-12 12][3.16x107°] T £ =3789.51b

[ 0.667 —0.667}[3.16><10‘31 R 12 =2105.251b

| 0667 0667]] 0 T f2=-2105251b
{gx} . [ 0.667 —0.667} {'3.16><10-3'1 - £ =2105.251b
o 0667 0.667]1 0 | f®=-2105251
3.7
3 10000 Ib 15 x 10° psi
3 in?
5000 12
m.
1 -1
[kio] = [ks 4] = 1.5 x 10° L J
1 -1
ks 3] = 5000
- so [ 1]
_ [ 1500——=1500——0 Hu="0
Fo=0
S| -1500 1505 -5 U=2
Fox=0 =10 L
0 -5 1505 —1500||u;="?
F3X:]0000 n 0 1200 1400 .
L Ava \v4 TOUUT T U] _U4—U
Fix=0 .
] .
[0 o [1505 5 (L] _ u=221x10"in.
[10000 L -5 1505]lu] 7y =6.65x107in.
Reactions
Fix= (- 1500 x 103 (uy) = Fi,=-33.151b
Fax= (- 1500 x 10%) (U3) = Fu=-9975 Ib
’ 1 —
{flx] _1.5x106{ 1 —1}[ 0 _5} f)=—33.151b
o | -1 1{221%107 0 =33.151b
’ _ —5 (2) _ _
[ ] _5000{ 1 1}[2.21x10 | _, t=-33151b
[ 1] -1 Uleesx103) — £2=33151b
' _ 3 3 _
I 1'5x106{ 1 1}{6.65><10 [ f3x3 9975 1b
[ ) -1 0 | f9=_99751
3.8

Esr= 200 GPa
@ 2 @ 3 20 kN Agr=4 x 107 m?

Steel l Aluminium — E..= 70 GPa

Ay=2% 10" m?

SRNN

N
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o (4><10_4m2)(200><106%)[ 1 _1}
Im -1 1
K= 8OO><102[ : _T‘—N
-1 1| m
O (2x10_4m2)(70><106%)[ 1 _1}
[k~ Im -1 1

-1
1

N
m

K?1= 140 x 10° [_i

)

F=0 ] [ul =0
Foy =10 0 940 -140|<u,
Fy=—20 kN] -140 140 lu3

= 0=107(940 U~ 140 ) = U3 =6.741 Wy
= —20000 = 10* (— 140 u, + 140 u3)
Substituting (1) into (2)
= —20000 = 107 (— 140 w + 140 (6.714) uy)
=

U=-025%x10"m

=_-1.678%x10"m

= Us

Fix=10% (= 800 x (- 0.25 x 10™))

(1)
@)

= Fi=20kN
R —-11( 0o M _
{f‘x}—800x102[ ! 1}.[ 3l:> fl =20 kN
Fax -1 1{-025%103] 7 0 =—20kN
— ._ —3 (2):
{fzx} =140 x 10° |: ! 1i|J 0.25x10 = fox =20kN
fix. -1 1|-1.678%10° 2 =—20kN
3.9
'y
| 10 kN 2 3 F E = 210 GPa
———0 " O - A=4 % 10"*m
om =m i..a,_l 8 = 25mm
1 —-1[kN
(ko] = [ko3]=4.2x 10" { }_
— 1l m

{F} = [K] {d}
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JFIXZO +—0-{u="0
F,=—10kN} =42x10" |41 2 —1|du, =7
F =2 _ -1 1]luy;=0.025m

—-10 kN
= -

TR 1(0.025)

= U= 0.01238 m

0.01238

Fy=42x10"[-11
x F1 1 0,005

= F5=530kN

= Fix=—520kN
0.01238

|
1 J
Fie=42x10*[1-1] { }

Element forces

o =219 L oot = o
' -1 1J0001238) 7 £ =500 kN

(2) _ @ _
[ 15 24'2)(104[ 1 l}[0.012381 |, B =530k

3.10

1 2 8 kN E = 70 GPa
> A=2x%10"m
2m 2m k = 200043
D @ [
K1 = [k*] = 7000
-1 1
1 -1
[K?1= 2000 [ }
-1 1
{F} = [K] {d}
Fy=? =700 u="0
F,, =8kN T 14T 0fju=
Fi =0 -7 9 =2||u=?
Fix=7? 6—2 211t="15
=  8=10"[14h—7us (1)
0=10"[-7 U+ 9 us]
= W= u U )

9
Substituting (2) into (1)

8 7
> —=14w-7x—-u
103 2 9 2

=  Ww=09351%x10"m
> us=0.7273 x 10> m
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Element (1)

{flx —7x10° 1 -1 [ 0 1::.{]‘1"1:[_6'546}](1\1
Fax -1 1)]o.9351m1073f | f,] | 6.546
Element (2)
B 7 3
{fzx e B A CEXSES T l_:,,{f“l:{ 1455 ]
i =1 1] 0.7273l10‘3] f ) 1-1.455]
Element (3)
’ r 7 _3
{f3x S IR N (v~ 2EL S (o B RN 1.455}
i -1 1] 0 [ f,,)] 1-1455
Fi= 10°[7 -7] 1 }= Fiy =—6.546 KN
8 093511073 ™
3
Fa= 10°[-22] {0'7273X10 } F,,=—1.455kN
3.11
2
Z
1 E = 210 GPa
é 3m A=3x10"m
4
/
A
L1 -1
[ki2] = [ko-3] = [ko4] = [ke5]=2.1 x 10 o
{F} = [K] {d}
F=0 L Ty =0
Fox=30kN -4 -1 1 Al
Fi =0 =2.1x10 E— t=0
Fix=0 60—t t="0
F, =0 o=t Houw =0
>  W=3572x10%m
Reactions
Fix= (2.1 x10) (= 1) (W) = Fix=—7500N
Fu= (21%x10) (1) () = F3=-7500N
Fa= (2.1 x10") (= 1) (U) = Fu=—-7500N
Fsx= (21 %100 (=1) () = Fsx=—7500N
Element forces
fio,=—-fh y=-f_ ,=-f_s=@2.1x 107) (uo)
= f_,=750N
32
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f,_y =—7500 N

f, , =—7500N
f,_s =—7500 N
3.12
P g
A(X) dx
u= BA_P dx
(X)E
u= P dx
E)%_O[H—f[E
PL
= dx
EKL[H—{[E

PL

- A EX

PL
% du (Change variable u= L + X and du = dx)

OIS
_AOEQ]

PL
= Inu

0

= u= iIn(L+x)
AE

- CIO0DCY 150+ %)
2x10% 10

u=-10"1n(20 +x)

uxx=0)= (-In20)x 10
= -2996 x 10" in.
ux=10)= (-n (20 + 10)) (-10°)

~3.401 x 107 in.

Two elements
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[_Pl AE i 3 0 J'Ul 1
WO = 1|7 iti 77le :
Fix > 1o __47 77; U3-0J
AE 5 5
= = (Su - W)= 1
L (4 173 ) (D
E -
= A'+ (—5u1+3u2)=0
Ly
5 5
= = ——u=-—u 2
2T LG U Ty 2)

Substituting (2) into (1)

AE 5 5.5
—— (=w-= (—=uw)=-"P
L (4 - (12 1))

- [2E0SR0 -5
12 42 2AE
[60-25],, - PL

a8 17 2AE
24

o~ oy PLoA

ZAE 35

-PL 24
= U1: —_—

AE 35

5 24(-PL
= b= — —|——

12 35 AE

2 PL
= b= — ——

7 AE

Now Ap=2 in.2, L=20in.,E=10 % 106psi

P= 1000 1b

_ (1000 20), 24
2(10®10%) 35

= U =-006857%10" in.
5 3
= W= (—0.6857 x 107%)

=  W=-02857x10"in.
One element

A—Ao[ii] —A(+ 1y =2 A
L 2 2

34

© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



1 R O

L
L oo TPt
=
T AE
L g -_ 2(100020)

3 (2)(10x10°%)
= U =-0667%10" in.

3.13
oL s
o) O
U= a; +ax+a (A)
u0) = Uy~ ay M)
U )=ttt () as () ) @)
UG = s () a5 ) ()

Solving for & and & from (2) and (3)

u,—u 2(u, + Uy —2u,)
i e @)

By (1) and (4) into (A)

u=u2+[u3|_U1]X+ 2(U1+:J;_2U2)X2 5)
u=[N] {d} (©6)
u
| =x2x? 4x* X 2x2} 11
TR N 7
.73
3 N
R - R R T ®)
X X
Using (7) in (8)
"
1 4x -8x 1 4x§1
molE T r*.—z]ﬁ ®
3.
S| -lyax 8x 1 Ax
[B]_[ N |+|2} 1o
[K]= A tjz [B"] E [B] dx (1)

A = cross sectional area of the bar

E = Young’s Modulus of the bar
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3.14 Given u=a + bx for 2 noded bar

€= % = 2bx
dx
u0)=u;=a

u(L)= u,=u, +bL?

_L-u
b= =

u=u + |:U2—2U1:|X2
L

This displacement function allows for a rigid body displacement as the a = u; term does
this. Also should allow for constant strain, but have € = 2bx or a linear strain. Therefore,

not complete. Need to complete ond degree polynomial and 3™ node for compatible
function.

Try u=a +ax+ax
du
— = ap +2a3X

‘a,’ allows for constant strain term.
3.15 (a)

E = 30 x 10° psi
A = 3in?
L = 20in.

1 1
C= —+—=.,S=—+
V2'T 2

c* cs -C* -CS

K- EA s -cs -¢

L c’ cs

SZ

11 -1 -1

K=225x10°| 1 1 1 D
-1 -1 1 1| in.

-1 -1 1 1
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(b)

2 Ay
E = 15 X 10° psi
A= 1in?
L = 15in.
N}ﬂ
|
colgP
2 2
1 _sfi _1 A
4 4 4 4
K] Isxiotx1[—E 2 L2
15 1 BB 1 B
4 4 4 4
L3 _B 3
4 4 4 4
1 3 -1 3
[K]:l_o"—«/? 3 3 3 Db
41 -1 3 1 B3| in
33 303
(©)
.Iy
E = 210 GPa
A=4x10"m?
L=3m
> X
I. 309
2
c-V g
2 2
3 _¥ _3
4 4 4
K] Ql0x10%@4x10 H|-2 1 &
3 _3 A3
4 4 4
B 1 B
4 4 4
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3 3 3 3
K = 7000 B 1 31| KN
3 A3 3 3| m
V31 3
(d)
E = 70 GPa
A=2x10""m
L=1m
1 E 12
\K
X
C=0.9397 C?=0.883 CS=0.321
S=0.3420 g =0.117
0.883 0.321 -0.883 —0321
[K] = (70®10H2®107%) | 0321  0.883 -0.321 —0.883
1 -0.883 —0.321 0.883 0.321
-0321 —0.883 0321 0.883
0.883 0321 —0.883 —0.321
(K]= 1.4 10 0321 0.883 -0.321 —0.883| N

-0.883 —0.321 0.883 0.321 | m
-0321 -0.883 0321 0.883

3.16 (a)
[ B
2_n*
F=12x10°psi
A=05in?
L =601n.
0°
I X
C=10.866 u; =0.5in. vi =00 in.
S=05 U, =025 in. Vv, =0.75 in.
u; = u C+v; S=0.5(0.866) + (0.0) (0.5)
= U} = 0433 in.

W, = U C+vyS=(025)(0.866) + (0.75) (0.5)

0.592 in.

c
KaS
I
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(b)

up = u1C+vls—(

-

= U =0433in.

< wcevse() (4)-(2) B2
= U, =-0.1585in.
3.17
i

120°
X | x
I 30°
(a)
(b)
2,
u;=0.0 U, = 5.0 mm E =210 GPa
Vi=25mm V,=30mm A=10x10"m?
L=3m

(a) We know that {d'} =[T] {d}
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C S 0 0

-SC 0 0
(T1=

0 0 C S

0 0 -SC

C= cos 120°=-0.5, S=sin 120° = 0.866

" 05 0866 0 0 Jo.o ]
v | = |-0866 -05 0 0 |]0.0025]
¥, 0 0 —0.5 0866][0-005 J
v, 0 0 —0.866 —0.5110.003
v J 0.0021651 [ 2.1651
S|y | = ooons b s L
v, 0.000098 0.098‘
v ~0.00583 . ~5.830.

(b) C=cos (- 30°) = 0.866, S=— 0.5

o 0.866 —-0.5 0 0o ][00
V{ | 05 0866 0 0 |]0.0025
v 0 0 0866 —0.5 ‘0.005
\/2 0 0 05 086610003
, J'—l.zs l

u;

v | =] 2esl

, 3.03

u,

v . 5.008

3.18

)
(a) a:% [C -S C S]l\/lJ

0
2 V2 ﬁﬂ 0 l
22 0.01

_30x10° [_Q
2 2
0.02

60

= 0= 10600 psi

(b) czﬁ,s:

1 E-2106Pa.L=3m
2 2
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o.zsl
6
o-[-L -1 L 1] 0 x 10 x 21010
1.00 3
.0 .
= 0= 45470 kN
m2

= 0= 4547 MPa
3.19

lflx ' 0 ul'
fiy| |-10 v,
fox Fax u,
M-l 2 =1
fix Fix Us
fay fiy A
f4x f4x Uy
ay iy Va

(a) For element 1-3; 8= 180°

fix 0 10 -1 ofu
iyl _ =100 _ |0 0 o ol
fix fax 10 1 0 ‘0
fy f3y o 0o o ollo
For element 1-4; 8=225°

fix 0 11 =1 —1]{u
iyl _ =100 _ k[ 1 -1 —1fJwy
fay fax 2001 =1 1 1 loj
1y fay -1 -1 1 11to
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For element 1-2; 8= 135°

fix I -1 -1 1 |Y
fiy K-1 1 1-1[v

le)( ]Bx[ 2 1 1 1 —110}
] L2y 1 -1 -1 1to

0

Total K

B _1 1 _1 1]

2 0 2 2 -1 0 2 2

1 _1 1 _1

0 1 2 2 0 0 2 2

3 2 373 00 0 0

1 1 1 1

[K]= K 2 T2 T2 2 00 0 0
-1 0 0 0 10 0 O

o o0 o O OO0 o0 o

1 _1 1 1

2 "2 0 0 00 2 2

1 _1 1 1
L™ 2 2 0 0 00 2 2

(b) Applying boundary conditions
W=Vi=lh=V=U3=V3=0

[K] is reduced to

[M_KF ﬂ
0 1

o = Ll Lo o4

= U= 0
10
Vi= —
K
3.20
E=1¥10°psi
A=5in2
L =100 in.
Element 1-2
C= g; S=g; Lo=+21L
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1 1 1 _1
2 2 2 2
1 1 1 1
A |2 2 T2 T3
[ki2] =

L, -1 —1 1 1

-2 2 2 2 2

_1 _1 1 1

2 2 2 2

Element 2-3
2 2
c= £; s:—£; Ls=+v21L
2 2

1 _1 _1 1

2 2 2 2

1 1 1 _1

_AB|™2 2 2 T2

[kes] =

L.|-1 1 1 _1

2-3 2 2 2 2

1 1 _1 1

2 2 2 2

Applying the boundary conditions

i) V2100

=>Uu=0

[o] _ 1x5x10°[3+3  3-3
11 141
2 2 22

10 x~/2 %100
5x10°

= V,=0.283 in.

{17} = [K7{d"} = [KI[T*] {d}

U

JffX[L_E{I —1}[(: S 0 OJVJ
[ 5 Ll-1 1dlo o c U
v,

0
_5S"i0’[c s -cC —s} 0
J2x100l-c —s ¢ sl| o

0.283

5%x10° [ 2 ] .
fro= =22 | -220.283)| =— 7.07 kips
X 2 %100 , (0-283) P

smpd [J2 }
£, = —— | 22(0.283) | =7.07 kips
> J2x100l 2 (0283) P

fix _ 7.07kips

O,= = 01, = 1414 psi(T
1-2 A Sin? 1-2 psi(T)
0y 5 = J3x :Lk;ps = 0y5= 1414 psi(T)

5in.

43

© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



3.21

Element 1-2

L1,2: % L, 6=60°

1 1
4 4 4 4
3 J3
[kio]= Y3AE| & 3 —% 3
2L |1 1 A
4 4 4 4
o1 B3
4 4 4 4
Element 1-3
L] 3= L, 8=90°
00 0 O
[l o] = 2E0 10 -
Lio oo o
01 0 -1
Element 1-4
2
L1,4: —= L, 8=120°
V3
1 -8 _1 A
4 4 4 4
[l o= V3AE R
2L |1 A3 1 A
4 4 4 4
L3 LB 3
4 4 4 4

Applying the boundary conditions
bL=V,=U3=V;=Us;=V;=0
[K]_E[—fl&)w%i(i) %”LG’%D«O*@@%%
L L[ o+ LIL0 By +14 L)

NS
_AEITS 0
L V3
Lo 1457
C B}
_ 73 0 U

il

U
—
—_
(=3
(=1
Il
il
r
(=)
—_
—+
w @
B
—ta—
[N —

0
[
4

44

© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part



oy = oo, - BIL

V3AE AE
4oL 45U
GV3+ 4 AE AE

3.22

1000 1b
=~
L— 100 in —-l
c* cs -Cc? -cs
, AE| cs §* -cs -¢&°
[Kl= [T KT [Tl=—| = ;
L|-c* -cs ¢c* cs
-Cs -8 ¢cs &
For element 1; 8=120°
(1 B 1 A3
4 4 4 4
NI 3 3
[k(l)]: AE|IT7 % 2 T4
2L _1 B 1 B
4 4 4 4
B3 B3
L "2 4 4 4
For element 2; 8=180°
(1 0 -1 0
AE
[k(z)]: AEIO0 O 0 O
Li-1 0 1 0
LO 0O O O
For element 3; 8=210°
3 i _3 _43
4 4 4 4
NS A3
aoy- BAE| T4 T
2L |3 _f5 3 B
4 3 g 2
S 1 B
4 4 4 4
Applying the boundary conditions
W=V=W=WV=U=V=0
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{1000 _AE 141438 Lo+ {“11_
1000 L |-G40+3 24045 |lv]
J1000] _ {177 016][ 3
liooo) 0.16 0.59]lv)
u= 2200y 000422 in,
1™10™10
= vy = 210y g o157 in,
1X10x10
Element (1)
1 B 1 oAb L
i, 4 4 4 4 422 4¢
il ag[~% 3 % -3|hisoL
f L{_1 5 1 _s3
2 4 4 4 4 0
_f2y A3 _3 _AB 3 0
4 4 4
= fox= 287 Ib
fzy:7497lb
FO) = f2x2+ f2y2 =fD=57411p ©)
O 5741
= 7 _ =57 psi
A A
= d)= — 574 psi (C)
Element (2)
i 1o -1 o]f42%
iyl _ AE[0 0 0 of1570%
fix Li-1 0 1 0 0
iy 00 0 0 0
fy=— 422 1b
f3y:Olb
£ = f3x2+ f3y2 = fP=4221b (T)
f@ 422
# = =—=psi
A A
= ¢ = 422 psi (T)
Element (3)
3 B3 B
flx 4 4 4 4 422_ALE_
|ty | _ V3AE e 1570 =
f 05 L3
1“ el 0]
fay Y R S S 0
4 4 4 4

= fi= — 862.8 Ib
fay=— 496 Ib
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0= Ji,2+ 1,2 = =996 1b (T)

£ 996
= — =22 psi (T
TN (T)
" = 996 psi (T)
3.23
12,0001 |
|
L =100 in.
E=10¥106psi
A=1in?
| |
| L |
Element (1)
1
C=—; S:—3
2 2
(1 5
4 4
«/_ | _l
K] = AE _Ti__;%_i _____ _
L b1 B
. 4 4
13
L () 4
Element (2)
1 B
4 4 2
A
K= L& ___zi‘é___j__i _________
L b1 B
. | 4 4
s i 3
L | 4 4
{F} = [K] {d}
{12000} AE|2 0 {Ul}
0 Lo 2]v
= 12000 2E Y
L 2
12000 % 100 % 2
SU=s
1x10x10
= U;= 0.24 in.
vi=0
h=0 1
V. =
=[] {d}=E[_l RER ﬁ} g
LL 2 2 2 2]|y=024
vi=0
47
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10x10° 1
1) _
= d'= e [E (0.24)}

= d" = 12000 psi
3.24
P = 1000 Ib

A 4
3

|2>, 2 __l_
| 20 fi TP=]m0]b

[

Ly =20’ L, 3=15" Ly 4=25'
6,1 =180° 6,3=90° 6,4=143.13°
sin 92,1 =0 sin 92,3 =1 sin 92,4 =1

cos & 1=—1 | cos 8,3=0 cos 8,4=—038

Lig=15" Li3=25" L3 4=20'
6,.4=90° 6,3=36.87° 6 4=180°
sin @14=1 sin 8,.3=0.6 | sin B3 4=0
cos 84=0 cos 8,5=0 cos &34 =—1

Boundary conditions Uy =V, =Us=V4=0

(2) (1) 2) 3
Xy Xy Xy Xy
AE - AE
o= AE[1 0 =1 0]y e - AE[0 0 0 0]y,
20710 0 0 0 1510 1 0 -1
-1 01 0]y, 0.0 0 0|4y
0000 0 -1 0 1
3 4) M @
X y Xy Xy Xy
AE[1 -1 -1 0 AE[0 0 0 0
ksa]= — 3); [Kia] = — 1
[ks—4] 20 o O()[14] slo 1 0_1()
“L0 10|y 0.0 0 0],
0 0 0 0 0 -1 0 1
@ (4)
X y X y
AE — —
[k s]= — 0.64 -0.48 -0.64 0.48 2

251-048 036 048 -0.36
-0.64 —048 064 —0.48
048 -036 —048 0.36

4
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M (3
X y X y
AE _ _
k- PE 0.64 048 —0.64 —0.48 )
251048 036 —0.48 —0.36

—0.64 -048 0.64 048

3
—0.48 —036 048 0.36
{F} = [K] {d}
Fxc=? 00756 0192 oS0 RS
FlY:? 0:0192— 00811 0 y =0.0192
P =0 ~0.05 00756 —0.0192 0
JFay=10000 1D ) -0.0192 00811 0
Fx=0 —0.0256 —0.0192 0 0 0.0756
Fyy =1000 —0.0192 -0.0144 0 -0.0667 0.0192
Foy =2 ) ) —0:0256—0:0192——0-05
Foy=7 i 00067 0017200144 0
00192 } i ru.l -9
Bt ) R
0 -0.0256  0.0[192 |[L =7
—0.0667 0.0192 —0.0144 ||V, =7
0.0192  —0.05 Uy =
0.0811 ) V3 =
Q 00756 —0.0192 U, =
—0 0019200811 v, =0

= 0=1[0.0756 u;—0.0192 v, + 0 u; + 0 v;] AE
= W=0254v, (1)
1000 = [-0.0192 u, + 0.0811 v, + 0 us — 0.0667 v;] AE
0=[0u+0w+0.0756 us +0.0192 v3] AE
= U= —0.254 v )
1000 = [0 Uz —0.0667 v» + 0.0192 u; +0.0811 v;] AE
1000 = [-0.0192 (0.254 v») +0.0811 v, — 0.0667 v3] AE

= 1000 = [0.0762 v, — 0.0667 V5] AE 3)
1000 = [ ~0.0667 Vs +0.0192 (~ 0.254 vs) + 0.0811 vs] AE
= 1000 = [~ 0.0667 v2 +0.0762 V3] AE @)

Multiplying (4) by @82—2 [
= 11424 = [-0.0762 v, + 0.0870 v;] AE ®)

Adding (3) and (5)
21424 = [0 v, +0.204 v;] AE

105021
AE

(6)

V3
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Substituting (6) into (3)

1000 = [0.0762V2 —0.0667 02\(;21 ﬂ AE

Lo losoat o
2 AE 2 3

Substituting in (1) and (2)

05021
U= 0.254v,=0.254 BED

_ 26675
T TAE
Us = — 0.254 vs =— 0.254 OZ(;”D
26675
= = ——
AE

Going back to the local stiffness matrices

"
:)f =1 J—
[fZX}ziE{l 0 -1 O:|_V2 x= 1 o
Lyl 2000 0 0 ol |u=0[_ , _26675 AE
v, =0 >ONE 20

= fx=13331b; f,=01b

fro=(f,)° +(f,))* = fi,=13331b(T)

Member 1-3

u=0
[fx] _ AE{—O.64 ~0.48 0.64 0.48] vi=0

Ity 251048 036 048 036l]

V.

3
26675 05021 AE
= fy = [—0.64# 0.48]i o=
3* AE Dr AE 425

= fy=—13331b
fyy = [—0.48 #2'6575@ 036 ]LZOEN é—SE

= fiy=—1000 Ib

fla= Af(f,)7 + (f;,)° = fi3=1667 b (T)

Member 2—4
N
{fzx} _ AE{O.M —0.48 —0.64 0.48 } v,

foy 251-048 036 048 —036]|u=0

v,=0

= f, = 13331b(C)
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foy = 1000 1b (C)

fra= y(F)2 + (f))

= f,4=16671b(C)

Member 2-3
U,
.ffzx} _ A_E[O 00 0} V2]:> fx=0
[ty 15lo 1 0 -1 U3J fy=0
Vi
= f,3=01Ib
Member 3-4

..
v f,, =—13331b
- =

fix _ﬂz[l 0 -1 o}
Byl 20lo 0 0 o u4=0J fy=01b
Vv, =0

fia= A(f,0) + (f;,)° = f4=13331b (C)

Member 1-4
u =0
[f4x1_ﬂ5|:0 0 0 o] V=0
[f]  15lo =1 0 1ju=0
v,=0
= f1,4 =01Ib
3.25 The global stiffness matrix is changed since matrix [K; 4] is not incorporated in
F-0o | O @
Fy=0 044756—0-0192—0-05 0
0-0492 6-p8H 0 0
Fox =0 q-05 0 005 0
F,, = 1000 - '
: = AE 0 0 0 0.0667
F=0
—0.0256 =-0j0192 0 0
F;y = 1000
—-0.0192 -0j0144 0 —0.0667
Fax=0 9 9 0
Fay =0 I o10667—b 0
(3) (4)
—0.0256 —=0.0192 0 0]
u =0
— 00192 0-0144 0O 0-0667
604 6-0+444 0 006611 —
0 0 0 0 u,
0 —-0.0667 0 0 v,
0.0756  0.0192 |-0.05 0 U
0.0192  0.0811 0 0 V3
0705 0 0705 0 =0
Fay o Pay N AL Vy =0
U \VJ \YJ U. U007 ]

= 0=[0.05u+0wv,+0us+ 0Vvs3] AE
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= Ww=0
1000 = [0 uy+ 0.0667 v,+ 0 u3;— 0.0667 v3] AE
0=[0u;+0w,+0.0756 u; +0.0192 ;] AE
= Ww=-0254w
1000 = [0 u;— 0.0667 v, +0.0192 u; + 0.0811 w3] AE
Adding (2) and (4)
2000 = [0.0192 u; +0.0144 v;] AE
Substituting (3) in (5)
2000[0.0192 (— 0.254 »3) + 0.0144 v3] AE

_ 210000
AE

\]

& e (L0254) (212?500) L 4y 233340

AE
Substituting in (2)

= 1000 = [0.0667 v, — 0.0667(212?500]] AE

224993
= V2=
AE
Forces on members
Member 1-2
IUZZO
[fx] _ AE 1 0 -1 0] |w= f,,=0
T =
[fy] 20 [0 0 0 of Ju=0f ~ fy=0
M=
= fi2=0
Member 1-3
u=0
fix| _ AE [064 048 —0.64 —048] |v=0
fi,f 25 048 036 -0.48 -0.36] |u,
v
AE | — 53380 210000
= fix= — 70.64( J70.48( ﬂ
25 AE AE

= fix=—2666.51b

= PE 70‘48(— 53380]70.36(210000)}
25 AE AE

= fy=—2000Ib

fia=(f,07 +(f,)* = fi3=33331b(T)

52
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Member 2-3
[fx]  AE [0 00 0}
lfzy 15001 0 -1

= fx=0

AE [1 (224993) (210000 |
15 AE AE |

= f,=— 1000 Ib (C)

u2=0
V2=0

= f2y:

fa= (f)" +(f,,)

= f,3= 10001b (C)

Member 3—4
W
[’fSX]_:E 1 0 -1 0] |v
1f5f 20 [0 0 0 o |u=0
v, =0
(- 53340) AE
= fi=1~ — = f3,=-2666.51b (C
3x AE 20 3x ( )
= f3y:O
fia= /(F )% + (f3y)* = f34=2667 1b (C)
Member 1-4
u=0
[fu] _ AEJO 0 0 07 |v=0] =0
[fyf =15 Lo 1 0 —1] Ju,=0[ ~ f,=0
v,=0
= f14:0]b
3.26
P
7z 4 3
15 fit
VY
1 2
| 20 ft P

Since both elements 2—4 and 1-3 are removed, the global stiffness matrix will change
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Fy=? M &) 3) @)
Fly:‘) [ 0,05 0 —0.05 0 0 0 0 0 Ty =
F. =0 0 0.0667 0 0 0 0 0 —0.0667(|v,=0
2x
- = ‘?
F2y ~1000 0.05 0 0.05 0 0 0 0 0 u, =7
E = =AE 0 0 0 0.0667 0 —-0.0667 [0 v, =?
X 0 0 0 0 0.05 0 -0.05 D Uy =?
Fay =1000 0 0 0 -00667 0 00667 [0 0 v, =?
Fax=7? D D 0 0 —005 0 005 u,=0
Fay=? | D 00667 0 0 0 0 o 00667 [lv,=0
= 0=0.05uw = Ww=0
1000 = 0.0667 v, — 0.0667 V3 (D)
0=0.05w = u;=0
1000 = — 0.0067 v, + 0.0667 v, )
Adding (1) to (2)
2000 =0 v, +0 v3
The matrix, therefore, is singular and we get an inconsistent equation.
Of course this should have been expected since the truss is unstable.
327

M @ 6
13 23 34

L 50 ft 50 ft 20 ft
7] 53.13% 126.87° 90°
cos? 0.6 -0.6 0
sinf 0.8 0.8 1

) @)
036 048]-036 0.48
M

= AE | 048 g 048~ 064
50 ;
i (€)
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2 A3)
[ 036 —048!-036 048 *
(= AE |-048 Q.04 1048 —0.64
048 Q64 1048 06 4
50
! ©)

3 @
[0 00 0],
AE [0 110 -1 @

3
(K] ” ——>;|‘ ,\j
i (4

Invoking boundary conditions. Therefore, need only 3-3

K= Fg (036+0.36)+45 (0) 45 (0.43—0.48)+ 4 (0)
AE AE AE AE
2E (048-0.48)+45 (0) 45 (0.64+0.64)+4E (1)

K= |:(0.72)?_§ OAE AE:|
0 128) 55 +55
{F} = [K] {d}

{F3X=SK }=AE{% 0 ]J‘u;]
Fy=—10K 0 2+t |vf
(0.72) (AE)
©07)(AB

50

= SK=

Lo (5000) % (50)x (12)
T 0.72)(3) (30 x10%)

=

= W= 0.0463in.
= 10K = [12+ L] AE v,
= w3=-0.01761in.

Forces on the members
Member 1-3 (1)

u=0
[fx] _ AE [ 0.6 08 -06 —08] |v=0
1% 50 |-0.6 0.8 06 08

= f1 M =2.055kips
Member 2-3 (2)

u,=0
V2=0

U
V3
55
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Lt ]~ 50 [ 06 —08 —0.6 08



= 5,2 =6.279 kips
Member 34 (3)

f% | AEJO 1 0 -1
fi 20 [0 -1 0 1

AE
= fi,=— (-0.0176
W=y ¢ )

= f5, =—6.6Kkips

3.28
fc s o0 0]
)= -SC 00
0 0 C S
L 0 0 -S C|
[C =S 0 0]
T S C 0 0
T1=
0 0 C —-S
lo 0o S c]
fc S o0 0]f[c =S 0 0
+ |-S C o0 o0||S C 0 o0
[TI[T]=
0 0 C S||o ocC -5S
L 0 0 -s c]|o S C
[ c2+8 —xc+<C 0 0
. |-CS+CS s*+C? 0 0
:T[T]: 2 2
0 0 C’'+S -+<C
o0 0 -CS+CS s*+c?
[1 0 0 O]
01 00 Identi
M- |
0 0 10 matrix
0 0 0 1]
[1 0 0 0]
+ |0 100
But [T][T"]= =l =
0010
0 0 0 1]
C -S 0 0
T . |ls c o o
= [T]=1[T"]=
0 0 C -5
0 0 S C
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3.29

E=210 GPa
A=4.0%x10-4m?2

10 KN -

—4 6
AE _ (4x107) 210107 o0 0o kN
L 3 m
Element (1)
C=0,S=1
)
0 00 0
K"=280x10°l0 1 0 -1
0 00 0
0 -1 0 1
Element (2)
eV 2
2 2
) (3)
1 1 1 _1
2 2 2 2
K=280x10"| 4 1 -1 -1
-1 _1 1 1
2 2 2 2
1 _1 1 1
2 2 2 2
Element (3)
C=1,S=0
0 -1 0
0 00
[K¥]= 280 x 10°
-1 0 10
00 01

Boundary conditions

bh=V,=W=WKB=U;=V=0
F,=—10K " 11
| Fix }—280x102{112 21}{”11
|[Fy=-20K $ 13
= u=-0893%x10"m
Vi=—-4.46%x10"*m

57

© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



Element stresses

-0.893x107*

o —4

gh— ZIOXI00 ) g g ) - 4dex10
3 0
0

= d"=31.2MPa(T)
)— 0.893% 107

—4
& =170 x 10° [—72 SR —446%10
0
0
= = 26.5 MPa (T)
-0.893%10 *
— [ | —4
0
0
= J"=6.25 MPa (T)
330
N
AN
=210 GPa
A=4x10-"m*
Element 1-2
C=0,S=1
) (2)
0 0 0 0
ko= (@dx10")210x10%) (0 1 o -1
0 0 0 0
040 4
Element 1-3
C=-1,S=0
)] 3)
5050
kis]=84%x10°l 0 0 0 0
40 40
0 0 0 0
58
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Element 1-4

= —o.s,sz—ﬁ
2

M 4)
0.05  0.0866 —0.05 —0.0866
[ki_4]= 84 x 10°| 0.0866  0.15 —0.0866 —0.15
~0.05 —0.0866 005  0.0866
~0.0866 —0.15 0.0866  0.15

b=V,==V;=U;=V;=0

(Fix=0 1 _ 4 x 10° [0.3883 0.0866} J\'ull‘
R, = —40f 0.0866 065 | |v]

= u=171%x10"m
vi=—755%10"m

Element stresses

1718107
g 210x10° 010 1 —7.65x10‘4l_
2 0
0

= d"=79.28 MPa (T)

1.71x 107
P 210x10° 00 1 0 —7.55x10‘4]_
3 0
0

= J¢”=11.97MPa(T)

171107
o 210310 [1 43 1 /3] |-755x107]
5 2 2 2 2 0
0
= &)= -23.87 MPa(C)
331
E=210GPa
A=4¥10"4m?
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[ki_s]and [k;_4] are the same as in Problem 3.30
WL=V;=W=V;=0
- B W3
{F“_O }— 8.4 x 107{E W} [l

Fy=-40 %i -690 W.Vl_"

= U=28248%x10"*m
vi=-3.651 x10°m

Element stresses

8.248x10 *
210x10° _ i3
gho HOXA0 g gy | 365110
3 0
0
= d"=57.74 MPa (T)
8248107
g 210x10° {__1 IRNERS ﬁ} _3.657%10 |
5 2 2 2 2 0
0
= J”=_115.48 MPa (C)
332
% kN (By Symmetry)
S0 KN @
2 4 Z
©) E:7OGPa:70¥105%
@ A=3.0¥104m?
3m @ @ USCA34:%¥1(%4m2
(due to symmetry)
1 ® 3
4 3m 7
[0 0 0 O 1 0 -10
[kis] = 7000 0 Lo =l [ki_3]= 7000 00 00
- 0 0 0 L “10 10
0 -1 0 1 00 00
1 -1 -1 1 10 -10
[ky 3] = 2475 B [Ks 4]= 7000 00 00
> -1 11 - 10 10
1 -1 -1 1 00 00
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1 1 -1 -1 0O 00 0
[Ky 4] = 2475 b=t [Ks 4]= 3500 0 1ol
-1 -1 1 1 0 0 o0
-1 -1 1 1 0 —-10
U=vVvi=U=w=0
Global equations are

9475 —2475 2475 0] W 0

9475 — 2475 0 Jvp| ]-=50

5975 -3500| |v;| | o

5975] lv, ~50

Solving simultaneously
W= 0.135x10"m
Vo= —0.850 x 102 m
v;=—0.137 x10"'m
Vy=—0.164 x10"'m

0
70® 108
O12=0s¢=— — [0 -1 01
127 Osem | 11 0.135x107
—0.850®10 2
= O12= 05-6=— 198 MPa (C)
f%,= fr, = 012%A,=—198000 x3 x10™*
= i, = fi =-595kN
0
70™10° 0
0'173—0'573——3— [,1 01 0] 0
-0.137x107"
= 0137 053=0
f;(1-3: f;s-sz
Similarly
0.135% 1072
o g T0%10° | N2 V2 V2 A2 |- 0.850x107
2-3 6-3 3\/5 2 2 2 2

0
-0.137x 10"

= 0h3= Og3=44.6 MPa (T)

f5, .= fl = 1339kN
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0y4= 064=—31.6 MPa (C)
f: = f;{) =-947kN
4

X3 4
01 4= O5 4= — 191 MPa (C)
£, = f,  =-57.32KkN

X1 4

03.4= — 63.1 MPa (C)

f;H = —18.93 kN
Force equilibrium
Node 2
50 kN
2 @ ~——— 9.47kN
' 13.39 kN
59.2 kN
2Fy= —50—-13.39 sin 45° + 54.5
2F=10
>F= —9.47 +13.39 cos 45°=—-0.001 kN
Node 4
100 kN
947 ——> & «——— 947
57.3kN \ 57.3 KN
18.93
2Fy= - 100+ 57.3 sin45° x2+18.93
ZFy=—0.003 kN
2Fy= 9.47 +57.3 cos 45°—9.47 — 57.3 cos 45°
ZFx: 0
3.33 (a)

E =210 GPa
A=50¥10%m?
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Element 1-2; 6=135°
C’=0.5,CS=-05,9=0.5

M (2)

05 -05 —0.5 05
_ (210™10%)(5.0®107™)

[ki2] S -05 05 05 —-0.5
-05 05 0.5 —05
05 -05 —05 05
1 -1 -1 1
= [Kio]=105x10°| b=l
2 11 1 -1
1 -1 -1 1
Element 1-3; 6=180°
C’=1.0,CS=0,S=0
(O E))
21010y sx10%y | Lo THO
[k = 210X 12)(” )l o0 00
10 10
00 00

= [kis]=105x10°|

o —_
o o o o
o.—ol_
o o o o

Element 1-4 ; 8=270°
C’=0,C5=0,S=1.0

O @
0 00 0
[kia]=20%x10°/0 1 0 —1
0 00 0

0 -1 0

{F} = [K] {d}
Boundary conditions are
b=V,=WL=V;=U;=V=0
The final matrix (assembled)
F,=0 210 —-105{ [u
{Fzz—so}' -1 [—105 125 } {vll}
= 0=210u—-105Vvi=Vv,=2Uu,
~50000 = 10°[- 105 u; + 125 (2 u)]
= Uu=-3448x10°m
= Vi=-689x10"m
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r 3.448% 107
210x10° - -3
Ora= 22 10707 —0.707 —0.707 0.707] | 6-896%10
S5m 0
0
= 0y1,= 102.4 MPa (T)
—3.448x10 3
210%10° - miy3
o= =50 10 0 —10 op 689710
10 0
0

= 0j.3= — 72.4MPa (C)

Note: Can show equilibrium at node 1

Fe= Booo@Dm.S% x 10" m)
m

= 13.792 kN
fis=35.6 kN
fro=512kN
SFy=0

~50+13.79 +36.198 =0
(b)

i
KP1=2.1x10"|v3 3
4 4
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|
|
K= 4x10°| 0 ! N
N I N
: m
I
Boundary conditions
h=V=Ww=wn=0
U= Vv4=0
{F} = [K] {d}
5.25%10°+525x10° 0 U
[Fic=0 }_ 0 1,58 107 + 1.58 % 107 + 4000 { ]
|Fy=—1x10°
Vi
Solving
0=1.05x10"u
u=0
—1x10°=3.15%10"v,
Vi=-0.00317 m
U
o= E C -S C S]JV]
L v,
lvz
0
S0 21010 {1 A3 ﬁ] J—0.00317
5 2 2 2 2 0
|
o= 1.155x 108l2 =115 MPa
m
o,
p 0 210x10° {__1 RS ﬁ] J—0-00317].
5 2 2 2 2

o@= 115 MPa
334
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[ 0 -1 0 0O 00 O
AE| O O 0 O AE| 0 1 0 —1
kinl= — 3 [kiu]l= —
fad=7 00 1o M0 00 0
L0 0 0 O 0 -1 0
[ 0.80 —040 —0.80 0.40
AE [—0.40 020 040 -0.20
[ka]= —
8.94|-0.80 040 0.80 -0.40
| 0.40 -020 -0.40 0.20
0O 00 O 10 -1 0
1 0 -1 AE| 0 0 0 O
kil= — i [kes]=—
ko] 0o 00 of M7 10
0 -1 0 1 00 0O
Boundary conditions
U=vi=w=v3=U=0,v»=-0.051n.
Applying the boundary conditions and superimposing the [K]s
0.522 0.0447 -0.0223 'v2=—0.05 0
AE | 0.0447 0214 -0.0447|qu, =<0
—0.0223 -0.0447 0.272 ||v, 0
Solving
Ug=9.93 x 10~ in.
Va=—2.46% 10" in.
Element stresses
U, =0 ]
3 v, =—0.05
b 30X o g 1y -
4%12 u;=0
v;=0
= d"=31.25ksi(T)
0
3 -0.05
= 300 goa 0447 — 0894 0447] .
8.94x12 9.93%10
~2.46%10°

= ¢ =3.459ksi(T)
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0

3 0
F = 30x10° 0 -1 0 1] ,
4x12 9.93x 10
—246m103
= J=-1538ksi(C)
9.93x10 3
L Bl _ 03
= M[fl 01 0] 246%10
812 0
0

= JdY=-3.103 ksi (C)
dj): 01,=0

Note: This solution was also verified by a computer program.
335

g A=1in

¥

Y P =20001b
Using symmetry
Element (5)
6= 30°
@ ®)
I
K9] = AE 0.75 0.433 :
L |0.4330.25 |
ZoTn e L —
|
I
Element (4)
6= 60°
@ ®)
0.25 0.433 |
[M“)]: E i
L 0.75 |
Il S — —
|
I
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Element (5)

Applying the boundary conditions and superimposing the K’s

AE[ 1 0.866H'u1'[_{ 0 }
L 0866 2 [lv] [-1000

—-1000
2x10°

= V= =2v=-05x 1073 in.

u =0
V== % [0.866 —0.5 ...] :

= d"=250 psi (T)
3.36

(20, 10, 6)

L=4202+102+ 62
L=23.15in.

{d"} = [T*] {d} and [T*]=[Cx C C/
20-0

Ci= — — =0.864 u;=0.1 in.
23.15
~ 1070 _ 543 v; =02 in.
23.15
6—0
C,= — — =0.259 w; =0.15 in.
23.15

U, = 0.864(0.1)+0.432 (0.2)+ 0.259 (0.15)

= U, =0212in.
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337

L, ,=3742in.

z
Co= —% — 0267
37.42
)
o= 20— s34
3742
Co= —2_ 0502
3742
{d’} = [T] {d}
U
{dl,} =[G C v
W

U, = (0.267) (0.1) — (0.534) (0.2) + (0.802) (0.15)
= U, =0.0397 in.
3.38

(1. 1.5, 1)
L ,= P+152+1

Ly ,=2.0616m

0,0, 0) X
1
Cx= =0.485
2.0616
Cy= —2 —0.728
2.0616
1
C,= =0.485
2.0616
69
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5
(d%,) = [0.485 0.728 0.485] {10
15

= 0, = 1698 mm
3.39

L= G527+ (4-02+(-1-2)
L, ,=58I1m

C= =R =0.515
5.831
4
= —— =0.686
&7 s
Cz= _i =—0515
5.831

[
{d}} =[0.515 0.686 —0.515] l1oj-

= (0 =171 mm

3.40 From Figure P. 3.40

(0.4, 6)

5\
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Lio= (=42 +0+(=3)> =5m

0-—4 -4 -3
Cx= — - =-08;Cy=— — =0:C,=— = =-06
X 5 5 Y 5 5 2 5
Lis=4(4*+0+(3)* =5m
o= 28 =-08;Cy= i L
5 0 5
Lig= +0+(—4)>+0 =4m
4
Lis= V& +(=5*+(=2)? =3/5 m
Cy= — —0.596;C= —> — 0745
N /5 '
-2
C,= —— =-0.298
SN
Element 1-2
0.64 0 0.48 )
_ _ (%1 [-4]
A= 0 0 0 [K]=42000 | ~ .
41 [~]
048 0 0.64
Element 1-3
0.64 0 —048 ] A
M= 0o o0 0 [k]—42000[ / 5 }
-0.48 0 064 =21 1A
Element 1-4
000 . _
3 _ [~] [-A]
Al=10 1 o [K]=52500
0 0 0 41 [4]
Element 1-5

0356 —0.444 —0.178
[A]= |-0444 0556 0222
—0.178 0222 0.0889

[4] [—?»]}

kl1= 31305
i L—m 0

Applying the boundary conditions where all deflections at node 2, 3, 4 and 5 are zero.

The global equations are
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j 0] 64905 —13899 —5572 1 |y,
—10¢ = | 13899 69906 6950 |<v,
1 0] 5572 6950 33023 |w,

0= 64905 u; — 13899 v; — 5572 w;
—10=—-13899 u; + 69906 v; + 6950 w,
0=—-5572 u; +6950 v; + 33023 w;
From (1) and (3)
0= 67058 vi +379094 w,
From (2) and (3)
— 10 = 52570 v; — 75424 w
From (4) and (5), we get
W = 2.68374 x10° m
vi=-15171x10*m
Substituting in (1)
u=-3.0183%x10"m

Element stresses

012=42x10°[08 0 —0.6 —08 0 0.6] -

= 01,=-337.846 ﬁz (€)
m
Force 1= —515%6 _ 3374 (©)
1000

01.3=42x10°[08 0 —0.6 —08 0 0.6] -

= op3=— 1690 k—lj (©)
m

-1690 _

Force | 3= ——— =-1.69 kN (C
= 1000 ©

72

-3.0183%10 °
-1.5171™107*
2.6837x107°
0
0
0

—-3.0183x107°

-1.5171x10 *

2.6837%107
0

0
0

(1)
@)
G3)
4)

)
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~3.0183x 1075
—1.5171x10 *

5
O14=752500%10°[0 1 0 0 —1 0] 42:68374%10
0

0
0

kN
= 01.4= — 7965 — ©)
m

7965
Force 1 4= ——— =-7.695 kN (C)
1000
kN
O15=—2726 —
m

Force 1_s= —2.726 kN

Force equilibrium at node 1
X direction
0=10.388%x0.8+1.69 x0.8—2.726 x 0.596
=—0.00307
y direction

NG

710=0+0+7.965X1+2.726XF

—10=9.9968
zdirection
0=10.338%x0.6—1.69 x0.6 +0+2.726 x 0.298
0=10.0015
341

E=210 GPa
A=10¥104m2
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Lia= (12-0) + (-3- 02 +(-4-0)> = L,,=13m

Lis= 12-12) 4+ (=343 +(7+4)’ = Li3=3m

Lig= \/(14—12)2 +(6+3)°+(0+4)? = L4=10.05m

X; — X L=\ Z. —7Z
Element C,=— X Cy=y] Y c,=— 4
L, L) L
12
1-2 - 5 i
1-3 0 0 -1
1-4 o Y0 65
Element C’ CC, CC, C/ CC, C;
1-2 0.852 —0.213 —0.284 0.053 0.071 0.095
1-3 0 0 0 0 0 1
1-4 0.040 0.178 0.079 0.802 0.356 0.158
c? CC, CgC,
_ 2
A= Cl C,C,
I c
[ 0.852 -0.213 -0.284
[Ai2]=|-0213 0053 0.071
| —0.284 0.071 0.095
[0 0 0
[413]=10 0 O
10 0 1
[0.040 0.178 0.079
[Ai4]=]0.178 0.802 0.356
10.079 0.356 0.158
WL=V,=W=UW=V;=W;=0
U4=V4:W4=O
T A1 =AT] [ 21 _ A
b<(1>d:£ [~] [-4] —Ag| T 13
TN S RV 1
2Lt o - 3 13 4
- s . [ [A]]
B s LA (A —% &3]_
- s - [4] [4]
o d= AE| A pg | Toos Toos
- —; [A] [4]
L1—4 _[ /"] [‘l]_ —m m
{F} = [K] {d}
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F,, =20kN 69.519 1327 -13.985 ] [u~
{Fy =0 =210%10° [ 1.327 83.879 40.885 |4y,
l_FlZ:() ‘ ~13.985 40.885 356363 |w
= u=1383%x10"m
vi= —5.119%x10°m
Wi = 6.015%10°m
1383%10 3
—5.119%107°
4= E[E _3 4 123 i} 6.015®107°
L3 13 13 13 13 13 0
0
0
= o= 20.51 MPa (T)
1.383m1073
-5.119%107°
_5
L 0
0
0
= 0@= 421 MPa(T)
0_(3)75{—2_9_4 2 9 4
1® 110.05 1005 10.05 10.05 10.05 10.05
= o= 529 MPa (C)

342

75

} ,

1383107
—-5.119%10 °
6.015%107°

0

0

0
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Element 1-5

L175 = 108 in.
- % 0-(-72
G- B8 DL o o467
L_s 108
c= BTN 07030 | ¢ 333
L 108
—Z _
= L - u = C,=0.667
Li_s 108
[ 0444 0222 0444 —0444 -0222 —0.4447
0.222 0111 0222 -=0222 =0.111 =0.222
K] = 4x30M10° | 0444 0222 0444 —0444 -0222 —0.444
108 —-0444 -0.222 —-0.444 0.444 0.222 0.444
-0222 —-0.111 -0222  0.222 0111 0.222
|—0.444 —0.222 —0.444 0444 0222 0.444]
Element 2-5
Las= \(0—0)2+(0—(=36)%)+ (72— 0)?
= L2,5 = 80.5 in.
0-0
C= — — =
* 805
c,= L C39 | o447
80.5
C,= 72-0 = C,=0.894
80.5
K 0 0 0 0 0]
0 02 04 0 —02 -04
[KT_4x30x1W 0 04 08 0 —04 -08
80.5 0 0 0 0 0 0
0 -02 -04 0 02 04
|0 —-04 -08 0 04 0.8]
Since the structure is symmetric to the X-z plane then we can assume vs =0 and a load of

500 Ibs.

Disregarding all rows and columns of zero displacement we form the new global
stiffness matrix comprised only of the non-zero displacements.

0.0041 0.004 1}

K]= (4) x 30 x 10°
(K= @ {0.0041 0.014

{F} = [K] {d}
Fsx= 500 = 492000 us + 492000 ws
Fs,= 0 =492000 us + 1685880 ws
1685880
- W:
492000

1685880
= 500 = 492000 [—ﬂ]
492000

= Us =

Ws + 492000 ws
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= Wws= —0.00042"

= Uus= 0.0014"
Element stresses
Element 1-5
o
Vi
o.s5=—1[-C -C, -C, C C, (4 M
1-5 Us
Vs
W
0
0
O 5= M [- 0.667 —0.333 —0.667 0.667 0.333 0.666] 0
108 0.0014
0
—0.00042
= 0.5= 180 psi(T)
Element 2-5
0
0
0y 5= M [0 —0.447 —0.894 0 0.447 0.894] 0
80.5 0.0014
0
—0.00042

= 0,5=-140psi (C)
From symmetry
035 = 140 psi (C)
041 = 180 psi (T)
343
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Element 1-4

Lis= y(0— (=36)2)+ 0+ (144 — 0)> = L, =148.4in.

oo X=X _ 36

L4 148.6
= C,= 0.2426
Cy=0
C,= 0.9704
AE
[Kial = | —=-F - y
L_, 0.05885 0 0-2354
0 0 0
L 0:-2354 0 0-9417]
Element 24

Ly s= /(144)° +(=72)> + 144> =216 in.

144 72 144

Cy= — =0.667,Cy= —= =—0.3333, C,= — = 0.6667
216 S 216 “ 216
AE
[kea]=
L, , 04425 —02222  0.4445
—02222  0.1111 —-0.2222
| 04444 —02222  0.4445 |
Element 3—4

L3 4= 216 in., Cx= 0.6667, C,=0.3333, C,= 0.6667

k- =
loal= 7 04425 02222 0.4425

0.2222 0.1111 0.2222
0.4445 0.2222 0.4445]

e [0.05885+1.294 0 0.2354+1.294
[K]= — 0 0.3234 0
410235441294 0 0.9417+1.294

{F} = [K] {d}
01 13529 0 1.52947 [y,

” 0 0324 0 |y
_—4000] T 15294 0 2.2357 w4_l

78

© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



AE
0= ———[0us +0.3234 v, + 0w,
134 [0 uy 4 A

= =0
0= & 135200, + 1.5204 wy]
1484

= Us=-1.1305w,

AE
~ 4000 = ——— [1.529 W+ 22357 W
1484 | t il

= —4000 = % [1.529 (—1.1305 wy) +2.2357 Wy]

1171501.87
6x30x10°

= Ww;= —0.00683 in.
= Us= 0.00863 in.

Stresses
Y
Vi
E W
o4=—[-C -C, -C, C C, CJl4 ¢
Ly Uy
Vy
Wy
_ 0
0
30%x10° 0
O14= — [-0.2426 0 —-0.9704 0.2426 0 0.9704]
148.4 0.00863
0
| —0.00683 |

= 014=-916psi(C)
3.44 Derive Equation (3.7.21)

o= f’2x
A
N
5 = = 1 -1 {H
_E o g lu
o= TEL g,

Now in 3-D
{d"} = [T*]{d}
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where by Equation (3.7.7)

T C, C, C, 0 0 0
0 0 0 C C C

E C, C,C,0 0 0
== 1 d
A ]{o 0o 0 ¢ ¢ c|'Y

a:%[—Cx -C, -C, C, C, CJ-

3.46

<& s
- ff —ofe——3f ——l
L
20,0001k
E=30x10° psi
AD — AD Z A Z A — 10 i 2
A® =20 in?

Reduce the given figure by symmetry.

<
w

®

(Global) 777;}7/ N%

10000 Ibf
AV =AY =AD=10in>
(Reducing given A® by half)
Vi=0,ub=u3=0

find ui, V2, V3

80
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Data for reduced truss

Element‘H"C‘S‘Czlsz‘CS

1 369° 0.8 ‘ 06 064 036 048
0° 1.0 0 1.0 0 0
3 90° 0 |10 0 1.0

c* Ccs -c? -S|

) = ,[A,Ea} cs s -cs -8
| L ||-c? —cs ¢ cs

-cs -8 ¢cs &

' | (064 048 —0.64 048
K] = (lomz)[mno6 lbf](.lj (ftj 048 036 —-048 —-036

in.? 10ft) L12in. )| -0.64 —048 064 048
|-048 —036 048  0.36

Y Vi Uz V3
0.64 048 —0.64 —0.487y,
So KP1=25x10°| 048 036 -0.48 —0.36|v,

-0.64 048 0.64 0.48 |us
-0.36 —0.36 0.48 0.36]v

Finally
U, Vi Uz A4
1.6 12 -1.6 -127y,
KP1=10° 12 09 -12 -09|y
-16 —12 16 12|y
-12 09 12 09]v
1.0 0 -1.0 0
B 0° Ibf 0 0 0 0
K= (102 |22 10D (—lj lft]
~in? 8ft,\12in./|-10 0 1.0 0O
0 0 0 0
and
ul VI uZ V2
3125 0 —-3.125 O]y,
K?1=10°0 0 0 0 Oly
-3.125 0 3.125 0|y,
0 0 0 0]
and
0 0 0 0
0 1.0 0 -1.0
K] = (10 in.) 30><1o2 Ibf ( 1 N Lft
o in 6ft/\12in.;, 0 0 0 O
0 -1.0 0 1.0
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) V, U V3
o0 0 0 0 Ty
KT1=10°10 4167 0 -4.167|v,
0 0 0 0 |[u
0 —4.167 0 4.167 |v,
Y Vi Us \2) U V3
1.6+3.125 12 -3.125 -1.6  -12 |y
1.2 0.9 -12 =09 |v
[K]=10°| —3.125 3.125 u,
4.167 -4.167 |V
-16 12 1.6 12 |y
-12  -09 —4.167 12 4.1+4.167 |V
[K] {d} = [F] gives
(4725 12 -=3.125 0 -16 -12 (u 0
12 09 0 0 -12 =09 (|0 0
-3.125 0  3.125 0 0 0 of | o
0 0 0 4167 0 —4.167||v,| |-0.01
-1.6 =12 0 0 16 12 [|o 0
| -12 —09 0 -4167 12 5.067 |lv; 0
and
4725 0 -1.200 ull [ 0
0 4167 —4.167|1v, ¢ =1-0.01
12 -4.167 5.067 _v3_l 1 0
0 0 -1.200
0.1 4167 —4.167
= 104167 5067
4725 0 —1.200
0 4.167 —4.167
-12  -4167 5.067
_ o|7001 4167
o = 0 -4.167
4725 4167 —4167| | 0 4.167
—4.167  5.067 -12 -4.167
up = —0.025 =-0.00426 in.

17.72017 — 6.00048
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4.725 0 -1.2

0 —0.01 —4.167
-1.2 0 5.067
Vp =
11.71969
_ 4.725{-0.02534} — 1.2{—0.006}
11.71969
V2= —0.0192 in.
4725 0 0
0 4167 001
~12 4167 0
V3 =
11.71969
voz AT2OOAI6T)} _ oo
11.71969
v y E
now {o} = [C] {d} where[C]=—L [-C -S C g
So, for (1)
[—0.00426]
o
c1= {220 (o5 06 0.8 0.6)
120in2
~0.0168
.
- {200 Cogoeg
m. )
o =~ 1668 psi (C)
J—o.oo4261
o2 [30x10°Ibf ) 1 } 10 0 1.0 0] 0
in? 96in. ' ' 0
~0.0192

g0~ (3:125%10° bt
in.

3 ] (0.00426 in.)

0% = 1332 psi (T)

0
¢ ' —0.01921
o [30x10 1be[ 1 J[O 100 o0

in2 72 1in.
-0.0168
4.167%10° Ibf
3)
M= (—3

] (0.0096 — 0. 0084)
in. _

= 1000 psi
d = 1000 psi (T)
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347

P @ P @ P
4 3 T
15 ft
©
| ® 7 © 6 .
|~— 20 f 20 \.1|
Using symmetry
P g
4 @ 3——
® ®
© @ 15t

}‘ 20 ft

Y

Boundary conditions
Vi=Wh=U= 0

(see solution to Problem 3.24 for individual [K]'s for each element)

Global [K]
00756 00192 —005 0 —00256 —001%2 0
00192 00811 0 0 —-00192 —0014 0
005 00 00756 -00192 0 0 —00256
0 0 —00192 00811 0 —00667 00192
[K]= AE
00256 —00192 0 0 00756 00192 —005
00192 —00144 0  —0067 00192 00811 0
0 0  —0025% 00192 -005 0 00756
0 —00667 00192 —-00144 0 0 —0019

Applying the boundary conditions, we obtain

0.0756 0 —0.0192 0 0 U 0

0 0.0811 —10.0667 0.0192 —-0.0144 ||V, 0

AE |-0.0192 —-0.0667 0.0811 0 0 Vi = _—ZP
0 0.0192 0 0.0756  —0.0192|u, 0

0 —0.0144 0 —0.0192  0.0811 J|v, -P

84
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Using the simultaneous equation solver, we obtain

u1=—110i,v2=—405 P
AE AE

V3:—433i,U4:50i
AE AE

V4= —208 P
AE
where all displacements are now in units of inches.

(Computer program TRUSS was also used to verify the above displacements (setting
P=1,A=1,E=1))

Stresses
Uy
v,
o‘2)=5[71 01 0]+ "
L u
V3

P
- 433
- E (w0l
240 in. AE.
&= 0208 £
A
ul_—nol
=0
d’s)—E[Ofl()l] 1 i
L u=5 | AE
v, =—208
_ -208 P
15x12 A
~ 1156 2
A
Uu=0 1
v, =—405
= S 080 —060 —080 060]— 2
L AE |u,=50 J
v, =-208
g Q43-40-1248) P
25 %12 A
P
dY=0261 -
A
85

© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



Verify equilibrium at node 4

4 &=~—— 0.208 P

I 0261 P
1.156 P

>F,=-0.208 P+ 0.261 P(0.3)
= (-0.208 + 0.208)P
=0
2F,=1.156 P—P +(0.261 P) (0.6)
= (1.156 - 1-0.156)P
=0
3.48

20 kN

20kN®3" NKN—T-
2 ®© 5 4m
O-\Q | O\@® _L

PO ]

<& &k

|[- 8m 8 m i
Element| L ] c s |c*|$| cs
(1) |447] 26565 | 0.89443 |0.44721|0.8]0.2] 0.4
2) 8 0 1 0 1o o

3) 447 |153.435°| —0.89443 | 0.44721 { 0.8 | 0.2 -0.4
“4) 447 | 26.565° | 0.89443 |0.44721|0.8|0.2| 04
%) 4 90° 0 1 0] 1 0

08 04 -08 -04|y

K] AE 02 —04 —-02|y
447 0.8 04w
Symmetry 0.2 v,
1 0 -1 0]y
0 0|V,
[k(z)]: E 1
8 1 0]u,
Symmetry 0]v,
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[08 —04 —-08 0.4 u,

K= AE 02 04 -02]v,
447 08 —0.4]u,
| Symmetry 0.2 |v,
[08 04 —08 —0.47u,
AE 02 -04 —02]|v
K= — ’
447 0.8 0.4 |u
| Symmetry 0.2 v,
000 0Ty,
(K= AE A
4 0 0 |y
t
ymmetry _; vy

Boundary conditions

Vi=Ww=u;=0

U TYA A v,
[ 038 1 0.8 0.4 T
wts T Iw 0 0 U,
-0.8 24 04 0.4 0.4 U2
B 6| 447 47 447 447 447
[K]= 210 = 10 -04 04 06 0.2 —02 |y,
4.47 447 447 447 7
-04 =02 92 _ 05 -0 V.
147 44T 44 4 4 3
4 0.2 - 0.5 02 4 05|V
| 0 147 447 7 st
Fay= —20 kN Fsy=—10 kN
Fix= Fly: Fax=Fx=Fx= F4y: ?
Mo L uf =2 - _
F - il w0 0 l4
X
2 6 1 L L u
Fox 55 Vs oss ENE 5vs 2
3| -1 L 3 -1 -1 6
420 % = - J - —_— LV, X b3
20%10 s Vs 105 105 105 2 210x10
-10x10° -1 - H 41 -1 v
E 0 5 1065 Hos T SD 8 3
4y 1 -1 -1 1 1
=1 =1 1 v
L 0 Vs 10V5 8 o5t SD_ 4
i 1| =2 I 1 1 u
E N Ry - 0 N 0 1
x e T
Foy s Vs 105 | sYs ENE th
|
= 1 1 1 1 _! X x 10°
Fay Y5 5____0_5+_8_Dl WE_E [ etoxdo
-20x%103 =1 1 i3 =L v
, ENG 55 10vs | 105 1075 2
—-10x10 -1 -1 ! 1 1
- = V.
| 0 s 8 | 10v5 Ho«_ls + SD_ 3

87
© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



712510 %108 Kl Ko {dl }
) Ko | Ky | 1,

4192 1532 -0.8074
hi'd=|1.5%2 2602 -13716
0.807 —1.3716 66148

0.04759 0.02923
[kel= [Kai] b<f11d [ki2] = [ }

0.02923  0.0935

0.08657 —0.073956
—0.073956  0.076213

[kel= [Ko2]— [Kai] b<1711d [ki2]= [

k]= [N'T'= [67.539 65.539}

65.539 76.719

{vz} - [67.539 65.539} [S2x107]

vl 65539 76719] |21k 107

_|-9.5532489 %107
-9.8951503%10 °

U —0201853644 — 0.03610867 =
_ b d - —9.5532489 1073
Ut = —k, 'dkn] {oh}=—| 0.157096846  —0.06134 8
‘_v4 —0346288346  — 0.704175] {7 9893130310 %
u) [ -2285658x%10°
Uz] =1 8.93812942x 107"
Vo) |=1.0276097038 1072

The stresses in each element

o= E i c_scg¥
L U,

\J)
—2.285658x 107"
oh_ 210x10° [—_2 -1 2 L] 0
w5 L5 5 s V5l |893812942%x 107
—9.5532489x 10 °
o= _67.08044733 x 10° = 67.08 MPa (C)

1’1’1I1’12
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- 2.285658x10 °

210%10° 0
oP==——[1010] 0

—1.027609703 %1072

0?=59.9985525 x 10°—— =60.0 MPa (T)
mm
0
o0 210 % 10° [l -1 -2 L} —-1.027609703 % 10 2
w5 Vs 5 54 8.93812942M 1™
—9.5532489%107°
6 N
= 2236033275 % 10 - =-2236MPa (C)
mm
893812942107
o 210x10° [—_2 -1 2 L} 95532489107 |
w5 s s o5 s 0
—9.8951503 1073
= — 44.72007296 % 10° lz =_44.72 MPa (C)
mm
) : l
9 2
X —1.027609703 % 10
o® = 210x10° [0 -1 0 1] .
4 0
—9.8951503 %1073
= 19.99970332 x 10° lz =20.00 MPa (T)
mm
3.49
4 A=2in2

E=30¥ 106 psi

W L=30in.

Element (1)
6= 90°
@ 3
s 10 0 0 0
K] = 2><3;)0><10 01 0 -1
0 0 0 O
0 -1 0
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Element (2)

6= 0°
o |1
[K2]= 2x30x10 0
30
-1
0
Element (3)
6= 135°
)= 2x30x10° |
32 |
Assembling the stiffness matrices
(1 0
0 1
-1 0
_ 6
[K]=2x10"|
0 0
0 -1
(2 0
0 2
[K]= 10° -2 0
0 o0
0
L -2
[0.707 —0.707
0.707  0.707
m-| 7
0 0
0 0
L O 0
[ 0.707 0.707
-0.707 0.707
0 0
[T =
0 0
0 0
L O 0

90

1) (2)
0 -1 0
0 0 0
01 0
0 0 0
(2 ©)
05 —05 —05 0.5
05 05 05 -05
05 05 05 —05
05 -05 -05 0.5
-1 0 0 0 ]
0 o o0 -1
1405 _05 _05 oS
V2 2 2 2
_05 05 05 _0s
S22 2 V2
_05 05 035 _ 05
S22 2 V2
05 _05 _05 1405
2 V2 A2 V2]

-2 0 0 0
0 0 0 -2
2,707 —0.707 —0.707 0.707
—0.707 0707 0707 —0.707
—0.707 0707  0.707 —0.707
0.707 -0.707 —0.707 2707 |
00 0 0]
000 0
1 000
0100
001 0
00 0 1]
00 0 0]
0000
1000
0100
0010
000 1]
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[ 2.0 0 —1.4 0 0 1.4
0 20 —14 0 0 -14
T s|—14 —-14 2707 —0.707 —0.707 0.707
[TI[K]I[T']= 10
0 0 —0.707 0707 0.707 —0.707
0 0 —0.707 0707 0.707 —0.707
| 1.4 —14 0707 —0.707 —-0.7 2707 |
Applying the boundary conditions
Vi=W=UW=w%x=0
[Fe=0 ] _ 620 0 fu)
| F,, =—2000f 0 0707w
= U, =0
Vo = — 0.00283 in.
Fle=0 f2 0 -2 0 0 0 ] 0
Fiy=0 0 2 0 0 0 -2 0
F,=0 108 -2 0 2707 —0.707 -0.707 0.707 « 0
Fyy ==2000 0 —-0707 0707 0.707 —0.707| |-0.00283
F,=0 0 —-0707 0707 0.707 —0.707 0
Fyy =0 L 0 -2 0707 —0.707 —0.707  0.707 | 0
= Fx=0
F]y: O
Fax= 2000 1b
Fay= —2000 Ib
Fi = — 2000 Ib
Fay= 2000 Ib
2000 Ib
2000 Ib %I
3
2000 Ib
1 2 l
2000 Ib
01b
Element stresses
{o} = [C] {d}
E

€= FC-SCS

1 30x10°
0’ = ———

0 -1 0 1]
30 L ]
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u=20
6 —
% v,=0
o= 30X10 g '
30 u=0
v, =—0.00283
> o%=9
j 0
6 ~0.00283
o® = 30X100 [0.707 —0.707 —0.707 0.707] -

3072

= %= 1414 psi (T)
3.50

[K"1=2x10°

1 0-10
00 00
K?1=2x10°
-10 10
L0 0O 0 0]
05 05 —05
05 05 —05
KY]= 1.414 x10°
-0.5 0.5 0.5
-0.5 =05 0.5
Assembling the stiffness matrices
[ 0.707 0.707 -0.707
0.707  2.707 —0.707
s | —0.707 —0.707  2.707
[K]= 10
—-0.707 —0.707  0.707
0 0 -20
0 -20 0
92
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—-0.5
-0.5
0.5
0.5

-0.707 0 0]
-0.707 0 -2
0.707 -2.0 0
0.707 0 0
0 -20 0
0 0 2.0]




[0.707 =0.707 0 0 0 0

0707 0707 0 0 0 O
0 01000

[T]=

0 00 100
0 00010

L 0 000 0 1]
[ 1.0 —10 0 0 0 147

-10 24 -10 -10 0 —14
0 -10 2707 0707 -2 0
0 -L0 0707 0707 0 0
0 0 20 0 20 0
[ 14 14 0 0 0 20|

[TIK][TT] = 10°

Applying the boundary conditions

Vi=h=U;=V;=0

[Fix=0 [ 1000000 0 uy=0
| Ry, =—2000 0 707106.75] | v,

= U’1 =0 o,_,=-1414 pSl
V2= —0.00283 in. 013=0
03,=0
3.51
y
; X¢  A=2in2
- A L=30in.
5000 1h E=30¥ 100 psi

Element (1)

C=1,8=0,0=0°

o @
10 -10
KP1=2x10°{ 0 0 0 0
-10 10
00 00
93
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Element (2)

1 3
CLIPNI. LR
2 2
(2) 3)
025 =3 025 L
2)q _ 6| 3 Na -3
KP1=2x10°| =2 3 B 23
~025 £ 025 =B
o3 B Y A
4 4 4 4
Element (3)
-l g3
2 2
) 3
025 £ —o25s =B
3 _ 6 _
[K7]=2x10 075 =2 075
025 &
Symmetry 0.75
Global [K]
125 B 1 o0
L5 0 0
o —1 0 125 ‘Tﬁ
[K]= 2 x 10 -
o 0 = 075
—025s 2B 75 &
V3 Ne) 3
L= 0T 7
[1 0 00 0 0]
01 00 00
L _L
- 00 £ 4+ 00
= 1 1
00 % 4= 00
00 00 10
00 00 o0 1]

[K*]=[T,] (K] br,"d
with boundary conditions

U=Vvi=wh=U0h=v;=0

94
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Fy u=0
Fiy v =0
F}, = 2000 u, =
Foy =[K*] v, =0
Fix U; =0
Fyy V3 =
[ 25%10° 8.66x10° —2x10°
8.66™10° 1.5 10° 0
~1.414x10% 0 1.155 % 10°
(MIIKI=| 1414%10° 0 —2.33M10°
-5%x10° -8.66x10° —1.5x10°
| -8.66®10° —1.5™10°  8.66x10°
0 -5x10°  —8.66%10° |
0 -8.66x10°  —1.5x10°
4.483%10° 2.588%10° —4.483x10°
1.673x10°  9.659%10° —1.673x10°
8.66x10°  1x10° 0
-15x10° 0 3m0°
[ 2.5m10° 8.66M10° —1.414M10°
866x10°  15%x10° 0
-1.414x10° 0 1.134® 106
[K*]= [T:][K] br,7d= 1.414%10° 0 -5m10°
-5%107° —8.66x10° —4.483x10°
| -8.66M10° —1.5®]10° —4.483M](°
1.414%10° —-5x10° ~8.66%10° |
0 -8.66%x10° —1.5%10°
-5x10° 2.588M 105 —4483®10°
2.866x10°  9.659%10° —1.673x10°
1.673%10°  1x10° 0
~-1.673%10° 0 3%x10°

Solving the third equation of [K*] {d'}= {F'}yields

2000

W, = 1.134M10° =1.764 x 10~ in.
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3.52 (a)

20,000 Ib

E=30 ¥10°psi
A=2in2

Using Equation (3.9.19), we get
AL
=~ {d"} [BT[D][B] {d}-{d"}{f}

For the bar above, Equation 3.9.26 yields
_ AL E
h= 7 U F — U f
AE
= —u-uf
o oL Tt
Putting in the numerical values

_ (2(30x10°)

3 260 U — Uy (20000)

m=10°u? -2 x 10"y

up, in. 75 lb-in.

—-0.004 96

—-0.002 44
0 0
0.002 -36
0.004 -54
0.006 -84
0.008 -96
0.010 -100 «—
0.012 96

Thomin = — 100 Ib-in.

Also by calculus
ax
—P =2 x10°u-2x10"=0
du,
= Uu;= 0.01 in. for 7 minimum
(b)
> x
7
7 J— 10,000 Ib
50 in. 1
96
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= % u? —u, f (see Problem 3.52 (a))

2(30%10°%) ,
= =2—— 22— u; (10000
h 2(50) Ui — Uy ( )

Hh=6x10°u2 —0.1 x 10’ u,

U in. T Ib-in.
—0.004 49.6
—0.002 44.0
-0.001 10.6

0 0

0.002 4.0
0.004 -30.4
0.006 -38.4
0.008 —41.6 —
0.010 —40.6

Thmin = — 41.67 lb-in.
By calculus

arx
—P = 12%x10°u; - 0.1 x 10°
duy,

= U;= 0.00833 in. yields 7 min.

3.53

du= ox dex du

U= mi@xaxdsxﬂdv
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U _ ALTE . _ ALE oL }l
au ) [ 5 (2, Zuz)}"'Thz (2u;—2u,) 2

L
du 3A)L| E
o = —ZO [E (2U1_2U2)]= f;

dy,
Similarly
au 3AL[ E }
— = —| = Qu,—-2u) |=f
du2 4 L2 ( 2 1) 2
1 -1
K = 3AE
2L -1 1
3.54
T(x)lex%
A=2in?
E=30 ¥ 10°psi
60 in.

(a) Two element solution

_olb
T(60) = 60>

O) @

For element (1) force matrix is from Example 3.9

—+—— F=1(30)(300)= 4500 b

1

<F

3 2 F=2 (4500) = 3000 Ib
1E 3 3

3
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2
fzx( )=

W | —

4500) + 1 30 % 300
2

2
f3x( )=

(4500) +30 % 300 x —;

.2 = 6000 1b 3,2 = 7500 b

{fzgﬂ} _ [6000]

£,2f 17500/
J F,+1500
{F} = 43000+ 6000}
1 7500 j
Stiffness matrices
1 2
K"1= AE[ 1 —1}
300-1 1
2 3
K?1= AE[ 1 —1}
300-1 1
AE‘l -1 0
K= =-1 2 -1
30
0 -1 1
Global equations
{F} = [K] {d}
JF1X+1500'1 o[ 1 -t ojulzol
9000 :% -1 2 -1fiy,
7500 0 -1 llu3 J

Solving equations 2 and 3 for U, and U3, we obtain
U, = 0.00825 in.
u; = 0.012 in.

Element stresses

ull
F-[C]{dj-=[Cc-Scg{

E

L u,
V.

0

6
0
_30x10t

30 0.00825

0

d" = 10° (0.00825) = 8250 psi (T)
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J’ U, = 0.00825’]

30%10° v, =0
0= 2" [1010]{" :
30 U;=0.012 ‘
;=0
0® = 3750 psi (T)
Four element solution
6002
m.

MM

Basic triangular load

1504
n.

1+ F=—é¥150¥ 156

=11251b
1
3 F ©)
(375 Ib)
15¢¢ 2 F(7501b)
300
+— F,=11251b
150 —— F, =150 ¥ 15 =22501Ib
3751b ©)
750 Ib
L1125 15¢ 1125
1500 1875
Total global forces at nodes
1 2 3 4 5
— — 4120 b
—_— —_— —_— —_—
Fixt+375 750 1875 3000
+1500 +2625 ) +3750
< 2250 ) < 4500 < 6750 >

Global equations

Solve the last four equations for u, through us

2250 = %E 2 Uy —uy) )
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4500 = ;—AISE (U +2U3— W)

AE
6750 = 1—5 (— U3 + 2u4 — Us)

4120 = (— U4+U5)

15

Using Gaussian Elimination, divide (1) by (2)

1 YAE

1125=|u,——u. |-—

[uz 2”5]15
Add (5) to (2)

5625 = (13 Uy —uy) 25
15
6750 = (— Us +2U4— US) ?\—SE

4120 = (— Ug + Us) ?_SE

1125 = (U~ 3 Uy) '?—'55

Divide (6) by 1.5
3750 = (0+ Uy L w]ﬁ
1.5 15

Add (10) to (7)

10500 = [(2 - 0.067) W — Us)] %

4120 = (= Uy + us) ?—f

1125 = (uz—% ”3]%

1.5 7

15
3
4 x (11
= 7875 = (u4—§ US]E
4 15
Add (15)to (12)
1 AE
11995 = —us —
4 15

101

)

&)

4)

®)

(6)

7

®)

©)

(10)

(11

(12)

(13)

(14)

(15)

(16)
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Solve (16) for us
11995x 4% 15

Us= ————"""= =0.012 in.
2% 30x10°
By (15)
Uy = 7875 x Lﬁﬁ (0.012 in.)
2x%30x10° 4

= us=0.01097 in.
By (10)

_ 3750057 , 1

— (0.01097
2%30x10° 1.5( )

= Uu;= 0.00825 in.
By 9)

p = _2sx1s 1 (0.00825)
2x30%10° 2

= U= 0.00441 in.

6
0
o= 30x107 -1 1]{ 1
15 0.00441f

o= 8812 psi (T)

6
0_(2): 30x10

{0.004411
50

0.00825]
o = 7688 psi (T)

¢ 0.00825
oo 30x10° 1]{ }
15 0.01097

o = 5440 psi (T)

6 0.01097
0_(4): 30x10 [71 1]
15 0.012

o™ = 2060 psi (T)

Exact solution

10 x

Fiy— — P
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1 Ib
Fix= = (60") (600 —)

2 n.
Fix= 18000 Ib

P(X) = 18000—% (10 X) X
P(X)= 180005 X
x (18000 5%%) dx

ux) = |;|

i[lsooo x—2 x3}+ C
AE 3

u@0)=0=C
18000— £ X’
60 10°
Displacement va. Axial Coordinate
0.012 2
0.0117 Exact solution
0.01 7
18,000 - 3 Two
% 0.009 7 u=—3 elements
=
£ 0.008 7 60¥ 10° Four elements
£ 0.007
=
QE) 0.006
&é 0.005 “— One element
& 0.004
a 0.003
0.002
0.001
O T T T T T
0 20 40 60

Axial coordinate in inches
Analytical comparison with FEM

Element stress
Exact o(X)

P
o(X)= LAX) =9000-2.5%

Stress vs. Axial Coordinate

77 Four elements

. NP

57 Exact
4 s (X)=9000—2.5x2

Stress in psi
[Thousands]

O T T T T T
0 20 40 60

Axial coodinate in inches

Analytical comparison with FEM
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3.55

Analytical solution

F(x) at wall = — 300 (60) =— 18000 Ib

O I
b

— —> — 300~

m.
e x

f(x)= 18000 —300 x
Ox= displacement

f(x) _ 18000300 x

oXx)=

A 2
= o(X)= 9000 - 150 X )
5(x) = XU(EX) dx

= O0(X)= é{_lsTOXz+ 9000 X} +C
Applying the boundary conditions
o(x=0)=0=C
5(X)=-25%x10°x+3x10"*x )
Finite element solutions

(i) One element

1 2

f1>< > > f2x

Replace the distributed force with a concentrated force.
Fie] _ AE[ 1 -1 {u,:O]_
Bd Lt Uy )

Fr= sz:_; F= 1 x300 x 60=9000 b

[\

Solving for dax
Fax L _ 9000x 60

u =

" TAE 2x30%10°

U, = 0.009 in.

o= foy _ 9000 =4500 psi
A 2
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(2) Two elements

1 ©) 2 @ 3

fro— 300.2
1x _2
£ = 300 30(1+ )

2
fo = 30030
3x b
fix= 4500 1b
o = 9000 Ib
f3x = 4500 1b

Global equation

Solving the two equations
U= 6.75 x 10~ in.

us = 0.009 in.

E u

= =111 [ul

L u,
M ﬁ.l_ots -1 1] l
30 6.75%107 |

= o"=6750psi(T)

g 30x10° [6.75%107]
30 looos |

= o%=12250psi(T)

Computer solutions

One element

NUMBER OF ELEMENTS (NELE) = 1
NUMBER OF NODES (KNODE) =2

NODE POINTS

K FIX XC(K)

1 111 0.000000E+00
2 011 6.000000E+01

FORCE (1, K)

0.000000E+00
9.000000E+03
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YC(K)
0.000000E+00
0.000000E+00

FORCE (2, K)

0.000000E+00
0.000000E+00

ZC(K)
0.000000E+00
0.000000E+00

FORCE (3,K)

0.000000E+00
0.000000E+00



ELEMENTS
K NODE (1, K)
1 1 2

E(K)
3.0000E+07

AK)
2.0000E+00

NUMBER OF NONZERO UPPER CO-DIAGONALS (MUD) =5

DISPLACEMENTS X Y zZ
NODE NUMBER 1 0.0000E+00  0.0000E+00 0.0000E+00
NODE NUMBER 2 0.9000E-02  0.0000E+00 0.0000E+00

STRESSES IN ELEMENTS (IN CURRENT UNITS)

ELEMENT NUMBER STRESS
1= 0.45000E+04
Two elements

NUMBER OF ELEMENTS (NELE) =2

NUMBER OF MODES (KNODE) = 3

NODE POINTS

K FIX XC(K) Y C(K) ZC(K)

1 111 0.000000E+00  0.000000E+00  0.000000E+00

2 011 3.000000E+01  0.000000E+00  0.000000E+00

3 011 6.000000E+01  0.000000E+00  0.000000E+00
FORCE (1,K)  FORCE(2,K) FORCE (3,K)
0.000000E+00  0.000000E+00  0.000000E-+00
9.000000E+03  0.000000E+00  0.000000E+00
4.500000E+03  0.000000E+00  0.000000E-+00

ELEMENTS

K MODE (I, K) K(K) AK)

1 1 3.0000E+07 2.0000E-+00

2 2 3.0000E+07 2.0000E-+00

NUMBER OF NONZERO UPPER CO-DIAGONALS (MUD) =5

DISPLACEMENTS
NODE NUMBER 1
NODE NUMBER 2
NODE NUMBER 3

X

0.0000E+00
0.6750E-02
0.9000E-02

Y

0.0000E+00
0.0000E+00
0.0000E+00

STRESSES IN ELEMENT (IN CURRENT UNITS)

ELEMENT NUMBER
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STRESS
0.67500E+04
0.22500E+04
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Z

0.0000E+00
0.0000E+00
0.0000E+00



Four elements

NUMBER OF ELEMENTS (NELE) = 4
NUMBER OF MODES (KNODE) = 5

NODE POINTS

K IFIX

1 111

2 011

3 011

4 011

5 011
ELEMENTS

K MODE (I, K)
1 1 2
2 2 3
3 3 4
4 4 5

NUMBER OF NONZERO UPPER CO-DIAGONALS (MUD) =5

DISPLACEMENTS
NODE NUMBER 1
NODE NUMBER 2
NODE NUMBER 3
NODE NUMBER 4
NODE NUMBER 5

XC(K)
0.000000E+00
1.500000E+01
3.000000E+01
4.500000E+01
6.000000E+01

FORCE (1, K)
0.000000E+00
4.500000E+03
4.500000E+03
4.500000E+03
2.250000E+03

K(K)
3.0000E+07
3.0000E+07
3.0000E+07
3.0000E+07

X

0.0000E+00
0.3937E-02
0.6750E-02
0.8437E-02
0.9000E-02

YC(K)
0.000000E+00
0.000000E+00
0.000000E+00
0.000000E+00
0.000000E+00

FORCE (2, K)
0.000000E+00
0.000000E+00
0.000000E+00
0.000000E+00
0.000000E+00

AK)

ZC(K)
0.000000E-+00
0.000000E-+00
0.000000E-+00
0.000000E-+00
0.000000E+00

FORCE (3,K)
0.000000E+00
0.000000E+00
0.000000E+00
0.000000E+00
0.000000E+00

2.0000E+00
2.0000E+00
2.0000E+00
2.0000E+00

Y

0.0000E+00
0.0000E+00
0.0000E+00
0.0000E+00
0.0000E+00

STRESSES IN ELEMENTS (IN CURRENT UNITS)

ELEMENT NUMBER

1=

STRESS

0.78750E+04
0.56250E+04
0.33750E+04
0.11250E+04
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0.0000E+00
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0.0000E+00
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0.0000E+00
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Stress va‘axial coordinate

8.
7 b* Eight elements
| ——— Four elements
6.
=7 L /./Two clements
=]
=8 5 o #—One element
v 3
82 4
=) :
3 Analytical 1\
2.
4 N
0 T T T T T
0 20 40 60
Axial coordinate in inches
Analytical comparison with FEM
Displacement va. Axial coordinate
0.009
0.008 Analytical
: [Dmp—4.5¥ 10-6K2 +3 ¥ 10-4K]
0.007 A
2
S 0.006 1
= One clement
g 0.005 1 Two element
£
0.004
3
£ 0.003 4 Four element
a
0.002
0.001 1
O T T T T T
0 20 40 60
Axial coordinate in inches
Analytical comparison with FEM
3.56
—1004b
T,=100 i
—

—_—— - — — > — > —> —>

) | ® | A=2in?

Z1 s0¢ 2 j0¢ 3 E=30¥109psi
F=(1000-2) (30 in.) = 3000 Ib
—> 3000 1b
f&): 1500 1b _>_> fz(;): 1500 Ib
—» 30001b
5= 1500 Ib _,\:I_, £2= 1500 Ib
F,, +1500 Ib
{F} = 41500+1500
Fyy +1500
1 -1
Kh= £E
30 -1 1
1 -1
[k(z)]: E
30 -1 1
108
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Global equations
(2X30% 10 1 -1 0 [u1=01 JF1X+1500
T -1 1+1 -1 1u2 J :l 3000
0 -1 1Jtuy=0 Fs+ 1500
Solving Equation (2)
2 x10° (2 wp) = 3000
U= 0.75 x 10~ in.

Element stresses

u
E V,
d"=[Cl{dj=—[-C -S C g1
L u,
V2
[ : 1
6 0
_30x10° gy g 3
30 }0.75x10‘ ]
0
= o= 1750 psi(T)
Fix+ 1500 =2 x 10° (- 1) (0.75 x 10°7)
= Fy=-30001b (W)
and Fix=—30001b (W)
Total applied force = 60 x 100 = 6000 1b (—)
— 3000 Ib
O
1 30 in. 2
o= 0 (atnode2)
o(x=15")= M;ioo =750 psi
3.57 Bar hanging under own weight
Two element solution
Rsx
l ,-b(Z) =’\% F3x :%
) _YAL J _YAL
e =
Fix /ATL
¥ AL
e 1—10Ju11[7w
AL
S 1“2 J': =
2 — ¥ AL
I
109
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2
u—us = YA {1) (1)

2 AE ' 4
—u 2= v AL {l) 2)
TR oaE 2
Adding (1) and (2)

2 s
UZZTL(E)

3y L2
- w= 500

rl 3yl _yp
8E 8E 2E

jj ulllk

W= yV(X) = yAx=P(X)

4

u =

Analytical solution

x P(X) xy AX

o= [Fpm o= dx
AE Mays
2
-LX ic
2
2 a1 2
sL-0-rE 1cac- Tt
2E 2E

u =1L
=

&= % [ -1 E

3y L

U =€
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&1): T_L(T)
8
3y 12
dz): E [1-1] [UZ ;’E]
L ] =0 J
3y L
= TT(T)
yAL 2AE{ 3yLlZ£
,RX: _
Y [ 8 E
Rix= yAL 3 JAL
4
Rix= VAL

358

Tw(100 + 5x)12

— — — ——

F—X 10 in.

Total Ty= 100 x 10 + % x 5(10)21b = 1250 Ib

12501b H;%—» ()= 1250 100x— 3 %2

10 u-u
fixUy + o = |;| (100 +5 x) 1—0 X+ u, | dx

= |j [10(u2—u,)x+100ul+(u2—;u‘)x2+5u,x}dx

=500 (Up— ) + 1000 U +

(U, ~ 1) 1000 u61) 1000, 559 U

Letu, = 1; u,=0

fix= 500+ 1000 - 1220 +250= 5833

fix= 583.33 Ib
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(b)

X m
,,,_____/__,
I|——=x 2

il + fox p = |_;_| (5x )[ L x+ ul]

:%(u2 u)(4)+M

Letuy=0;u=1
fax= (16) 5= 80 kKN =fx
w=0u=1

5 (4)

= (16)5+ 221 +26.67kN =fyy

fix+ fax= 106.67 kN (Total force)

Check parabolic yields

A= 2R R
3
2
_ @ [s@)] a
3
= 106.67 kN total force
3.59
3002 3002
Z | R1<—|:|—> P(X) A=2in2 E=30 x 10°psi
Z 600 )
R, = 300 x 60 = 18000 Ib ————

Exact solution

P(x) = 18000 — 300 X

X
u= E |;|P(x)dx
X
v |;|(180007300x)dx
1 x*
u= ——[18000x—300— [+ C;
AE 2
u@=0=C=0
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u= - (18000 Xx— 150 X°)
AE

u= ;6 (18000 X — 150 x?)
2%30%10

Now choose u= Cy+Cx+ C2X2

@ = C1 +2C2X
dx

Differential equation AE ?—d)l: -PX)=0

u0)=0= Cy=0
Substituting (1) into (2) to yield R (error function)
AE [Ci+2Cx] - (18000 —300x) =R
By collocation:

2 unknowns so evaluate R at 2 points
L
a+Xx= 3 and X =L

R (C, X=£=O)=AE[C1+2C2 L} — 18000 + 300 L. 0
2 2 2

R(C, x=L)=0=AE[C;+2C,L] - 18000+300L=0
Simplifying (4)

— AE [C;+ C,L]+ 18000 - 150 L=0

AE[C;+2C;,L] - 18000 +300 L=0
Substituting (5.1) from (5.2)

AEC; ¥ +0+150 £ =0

C,= —150
AE
Substituting (6) into (5.1)

AE [cl L2130 LJ —18000+150L=0
AE

AEC, = 18000 — 150C + 150C =0
_ 18000

Y AE

18000 150
U=s— X+ — X
AE
the exact solution of differential equation.
Subdomain method:
Use 2 subintervals as 2 C’s

L/2 L/2
[] Rdx=0=[] {AE[Ci+2Cox]- 18000 +300x}dx=0

113

(1)

@)

)

“4)

(5.1)
(5.2)

(6)

7

1 L _
= 2E (18000 X — 150 x?) This gives the result which is same as
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|;L Rdx= 0 = @ {AE [C; +2C,x] — 18000 + 300x}dx =0 ®)

X21'L/2

AE|:C1X+2C2 }18000x+300 J =0
0
\I-

AE{C,X+2C2 }18000x+150x2I =0 )
L/2

|
sl ee (3] | () (5] o
o sefa(i-)e (e8] (i) e wofe-{3] ] -o

Simplifying (10)

L LY LY
—AE{CIE+C2(E)}—9OOOL+150 (5) =0 (11.1)
AE Cl£+023—|_2 —-9000L + 150 3L2 =0 (11.2)

2 4 4

Substituting (11.1) from (11.2)

AECz% +0+150% =
2 2

C=—— (12)

Substituting (12) into (11.1)

_ 2
AE{q%Jr 150 3 }—9000)@150%—0

18000
Ci= —— 13
= (13)

Same values for C; and C, as previous solution. Same U as exact solution

Least square method:

2 C’'s need 2 integrals

|_ IR
ac dx=0 by (3.13.10) (14)
E}R dR
Ty (3) AE(1) andE - AE 2x (15)

|j {AE [C1+ 2Cox] — 18000 + 300 X} AE dx=0
QL [AE (C, +2Cyx] — 18000 + 300 x} AE 2xdx= 0 (16)
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Integrating and simplifying

X 300 X

X
- — AE[Cix+ 2C — 18000 x + =0
5 [Cix+ 2 2Z] >

2 3 2 3
X X1 218000 X +300 X =0
3 2 3

AE {Cl = +26

3

3

2 3
AE |2 X cr0+3001 X - X —p
3770 3

4

1 1y
AE X{g C,+300 X{(E) -0

-300 6 _ -

Galerkin’s method:
[JRWidx=0 by Equation

Need 2 equations
Let W= xand W, = X2

¢ 2

X2

ek
el

3

4 3 4

X X X X
AE|C, = +2C,~— [-18000— +300—
3 4 3 4

150

(3.13.13)

{AE [C; +2Cyx] — 18000 + 300 X] X dX =0

{AE [C, +2Cx] - 18000 + 300 x} x> dx=0

3 2 3L
c, X |-18000% +300X] Zg
3 2 34,

L

0

—2L [ 2 2

PE L
AE C1?+C27

AE [_8”)(:2} +
18

Ci—+3 czlf}—%oo L*+100L°=0

} ~6000 L*+ %O L*=0

3

AE %éCbE%%Q%;}+O+[%?E@}x/—

900 - 800
=0

12
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(19)

(20)

@n

(22)

(23)
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o _(@)é
2 V5 ) AE
o, - 2150
AE
(24) into (23)
2 —_—
AE|C S 42 7IZL3J ~9000 >+ 1 =0
2 3\ AE
c,— 18000
AE

3.60

E=10x10° psi

A(X)=A,+(A2[Al>x

Exact solution

P—EA(x)(j—qu =0

P dx
du=
EA(X)
Qxdu: x P d dx
EA(X)

u(x) = ﬁﬂn[,ﬁ +[.A2£A)X}—IHAD

X, in. u(x), in.
0 0
6.66 3.642 x 107*
1332 8.099 x 10°*
19.98 1.384 x 107
Collocation method:
Let u(X)= Cix+ Cp + CoX’
u(0) = 0 satisfied

3 G's. So need error to go to zero at 3 points.

116
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XZL,Z—L,L
373

[ A +[Az_;A] X} E(C,+2Cx +3Cy) — P = R (R= the error)

R(C, X) =0

x=L

_L=0,RC.x%
3

_a =0.RC®
3

3 equations follow using Mathcad

{z— 129§QJE{CI+2Q (%)HC{?H ~1000=0

) efore (ol 4w

[2— (D]E(Ci+2 G, 20+3 C320% 1000 =0

Given

11

200000
Find (C;, G, C3) —| 0
3
80000000
Ci=——; C=0; G=—_
200000 80000000
uc(x) = C; X+CoxX +Cs X
Collocation solution Exact solution
X= uc(x) = ux) =
0 0 0
6.66 3774 x10°* 3.642 x 1074
13.32 8212 x10°* 8.099 x 107
19.98 1398 x 10 1.384 x 10°°

(For use of other methods see P. 3.59 and P. 3.61)
3.61

- > — — |30

AE=2 x 104 kN

Exact solution
1
AE

u=

@X P(x) dx
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_\OE
<R

_ — —

] — > P(X)

R1:%(30><3):45kN
X 2
P(x):45—10x5245—5x
u= —= 2 (45 5%) dx
AE Q

1 3
u= —[45x—%] +C

AE
u@0)=0=C=0
u= L 45x—ﬁ

Collocation method:
Letu= Cix+ CoC + CxX°

AE “PX)=0
dx

% = C] + 2C2X+ 3C3X2
dx

R= AE [C,+ 2C,x+3Cyx*] - (45 —5x%) =0

3 C’'s, therefore, need 3 equations

R(C,x=£) =0
3

R(C,x:&J =0
3

R(C,x=L)=0

Substituting for Rusing Equation (3) into (4)
2 2
AE C1+2C2£+3C3(|—') —45+5(£) =0
3 3, 3
2L 2Ly LY
AE |C, +2C, | = [+3C,| = | |-45+5|=—] =0
3 3 3
AE [C+2 CL +3 C5L*]-45+5L%=0

Solving for C; — C; in Mathcad
Given

L L L
AE[3Q3+CI+2C2§]=455?
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3
(1)
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)

“4)

)
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2 L 12
AE}3C, 45+C+2G 25 :4575x4x3

AE (C,+2C, L+3C;3 LH)=45-51"°

45
AE

Find (Cl, Cz, C3) - 0
-5

3AE
Equation (6) into (B)
45 X -5x
u= — +0+
AE 3 AE

Equation (7) is identical to exact solution given by Equation (A).
Subdomain method:
3C'’s, 3 intervals needed

[;”f Rd,= 0

0= tf (AE [C, + 2C,x+ 3C] — (45 — 58} dx

0= ﬁf (AE [C, + 2Cx + 3Cp2] — (45 — 5x)}dx

0= @3 (AE[Ci+2C x+ 3C34] — (45 — 553 dx

Integrate and simplify (8)
L LV LYy L. 5(LY
AE Cf—+cg[—) +C36—J —45—+—(—j
173 3 3 3343

AE | C, +Cz(lL2]+C3lL3]—45£+§[i]L3—0
L 3 27 3 3\27

L
3

AE C1£+C2§L2+C3{E)L3}—45£+§(2]L3=0
3 9 27 3 3127

I
(e}

Solve using Mathcad for C;-Cs

e fo5he ) el (354 -

Lae i+t aec, 2+ L AP 15L+ 22 P=0
3 3 27 81

Laeci+2 a2+ 2 aec P50+ 2 Lo=o
3 9 27 81

45
AE

Find (C;,C,, C3) = | 0 | Same C’s as in collocation method

-5
3 AE

119
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0
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Least squares method:
3 C’sneed 3 integrals

L_dR
@RE dx=0 by (3.13.10) (11)
1
E)_R = AE, JR = AE2Xx
aC, ac,
SCR = AE3X (12)
3

QL (AE [Cy + 2Csx + 3C3] — 45 + 5% AE dx= 0
QL (AE [C, + 2Cx + 3C3] — 45 + 5%} AE 2x dx = 0
QL{AE [C, + 2Cx +3Cyx¢] — 45 + 52 AE 32 dx =0 (13)

Simplifying (13)

AE[C/L + G2+ CiL*—45 L + g L3=0

L2 2 L3 L4 L2 4

AE C1—+C—2+& _ast 2
2 3 4 2 4

AE c£+c "—4+§c3 Sl-B =0 (14)
'3 72 s 3

Solving (14) for C,;— C;using Mathcad.
Least squares method:

Given

AE (CI L+ C, L+ CsL%) - 45 L+(§)L3:O
2 3 4 2 4

AE | C, L}+zc:2[£ +3C, L —45{£]+5(L— =0
2 3 4 2 4

3 4
AE [c{%%g[%%[%)q LS}—“—SS P+ =0

45
AE

Find (Ci, Cy, C3) | 0 | Same C’s as in other methods

5
3 AE

Galerkin’s method:

QLRWi dx=0 (3.13.13)

120
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Need 3 equations

Let W= x, Wo =X, W= X

|j;|{AE [C1+ 2Cox + 3Cpa] — 45 + 5X%) xdx=0
|ﬂ—L_|{AE [C+ 2Cx + 3C¢] — 45 + 55} x2dx = 0

L 20 3
[JIAE[Ci+ 20X +3C¢] — 45+ 5% X dx=0

2 47] 2 4L
2C, X 3C;X
AE Clx—+—2+c3— YR SEL S
2 3 4 | T2 4,
B 3 4 5] 3 s|L
2C, X" 3Cx
AE Cli+—2+c3——451+Si =0
R 5 .
4 6] 4 6|L
AE [ X 26X 3GX | Xt ST
R 6 | T4 6],

Simplifying

2 2., 3cLt 2
AE cli+ oL 3G 4L L5 1
|2 3 4 2 4

3 4 5
AE |c | & LGt 3GL —15%+L°=0
|3 2 5

=0
4 5 2 4 6

4 5 6 6
L
AE CIL+2C_2'-+C3_}_E 440k

Solve for C; — C; using Mathcad

Given

2 3 4 2
AE | C, L +2c2£+3c3L ST SENT
2 3 4 2 4

M 3 4 5
AE cl{%]+cz%+3c3ﬂ15 L+L°=0

4 5 6 4 6
s (oo, e, Eoast 45t g
4 5 2 4 6

A5
AE

Find (Ci,Cy, C3) —| 0O

=5
3AE

121
© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



3.62

F =20 kip

e 106w}

25¢

Figure P3-62 Derrick truss (FS =4.0)

PRINT ELEMENT
waxxk POST 1 ELEMENT
STAT CURRENT

ELEM

N N L AW

MINIMUM
ELEM
VALUE
MAXIMUM
ELEM
VALUES
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TABLE ITEMS PER ELEMENT
TABLE LISTING ***

CURRENT
SAXL MFORX
—3.3538E-12
50000 50000
474E-12 4.74E-12
— 70000 — 70000
— 70000 — 70000
86023 86023
— 98995 — 98995
VALUES
7 7
—98995 —98995
VALUES
6 6
86023 86023
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5
DISPLACEMENT
STEP =1 e
SUB= |
TIME = 1 S
DMX =21.407
S
e 7
/498,995 1b (C)
3 S 4
2 3 5
3 X 1 5

Figure 4 Free and deformed states

Try W21 x 122 A36 steel based on critical buckling member 7. Assumed Le = 2.1 L

(conservative).
3.63
4000 Ib 16000 Ib
I |
o) 9 0 0
)
15¢
+
18¢ 3@

Figure P3-63 Truss bridge (FS = 3.0)

Axial force 1bf

21627.6
16664.84
11702.08
4000 Ib e s
1776.56
16000 Ib —3186.2
—8148.96
—13111.72
—18074 .48
—28000 1b (C) ~23037.24
: .

—28000

10
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Load case: 1 of 1
Maximum value: 21627.6 Ibf
Minimum value: —28000 1bf elements numbered
Try S 8 x 18.4 A36 steel
or4.5'" x4.5" x =" square tube
(assume pin-pin ends of members)
3.64
|<-4 m>|

60kNl LﬁOkN
50 kN —>N 7

4m

100 kN =~
4m
100 kN - [ +
D 4m
100 kN - F4

Figure P3-64 Tower (FS=2.5)

N

m2
2.591653e¢+007
1.981852e+007
1.372052¢+007
7622509
1524502
4573506
—1.067151e+007
—1676952e+007
—2.286753e+007
—2.896554e+007
—3.506354¢+007

Axial stress

35 MPa (C)

Y

Figure 4 Stress analysis model

k
Try S460 140 (mm x —2 ) A36 steel

Pinax comp = —466.35 kN in member CF

3.65
|<-A3¢->|<é 3¢*l< 3¢->l c

3¢
NS
3¢ G
Y \
i E
3¢ -
1 1z 40 kip

=1

Figure P3—-65 Boxcar lift (FS=3.0)

124
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Try one of these cross sections — 1) a square solid bar, 3.25 in. X 3.25 in.,2)a 6 x 6 X

% in. structural square tube, 3) a W 8 x 35 wide flange section. Any of these made of A

36 steel. The critical force of — 120,000 Ib is in element EG. So Johnson buckling
formula dictates the section selected.

3.66

Figure P3—66 Howe scissors roof truss (FS = 2.0)

Tryan S6 X 125 ora3 in. X 3 in. x % in. structural square tube made of A 36 steel. The

critical elements are AB and JL with force of —21,830 Ib. Buckling dictates the cross
section sizes recommended here.

3.67

F G| H| |
2l 14r | o4 )

31 ft

.J—T
155 ft
ot

8ft 8 ft
Figure P3—67 Stadium roof truss (FS = 3.0)

Try a W 6 x 25 of A 36 steel dictated by compressive force of 20,500 1b in elements
AF, FJ, JL.

125
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Chapter 4

4.1

&l‘ml/]_ } 2 ,5 my, §;

L
Jiyy Jap
dN dN
Using Equation (4.1.7) plot Nj, —2 , N3, —*
ax dx
X N, dN, N3 dN,
adx dx
0 1 1 0 0

0.2L 0.896 0.32 0.104 -0.28
0.4L 0.648 -0.12 0.352 -0.32
0.6L 0.352 -0.32 0.648 —0.12
0.8L 0.104 -0.28 0.896 0.32
1.0L 0 0 1.00 1.00

where by Equation (4.1.7)

N; = %(2x3— 3L+ )

N, = %(X3L—2x2L2+ X etc.

Plots
1
N]
1 X C 2
1
Ny
dx 1 L )
1
N3
1 2
L
1
dN,
dx
1 L 2
127
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4.2

m;, f m, f,
fiyp Vi vy, foy
Assumed nodal Note: moments opposite
sign conventions those in text.

CT“ O

Beam sign convention l

V(0) = v, =&
_dV(O) =-¢ =
dx
71.?)1 -V
vil) = v, =all’+al’+ ¢
a;l a,
dv(L) _

o -, :3a1L2+2a2L+a3

v2+%¢2(L) = a @3—%L3D+ a(0) + asL — %a3L+a4

a,L 1 1
v, +%—5(—¢1)L—V1 =3a B;BD

2 N A
- 2L, %l el
a = E v, ) ) +V1D
) )
v, = % vz—%—%ntvlulff +al’— ¢,L+y,

al’= v, +2v, +¢,L+¢,L—2v, + ¢ L-v,

a3 (20, +¢,)

: az—?(v2—v1)+%/lf
2 1 -3, 1 )

V= [Ffv1_vz)_F(¢1+¢z)}X3 + [?{V1_V2)+[(2¢1+‘.32):| X
-9 X+ v

Note: Terms with ¢S are opposite signs from v in Equation (4.1.4)

El d*v(0) El . .
fiy =v=? dxg)=F(12v1—12v2—6L@1—6L¢2)
128
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d2v(0): El

m = m= El w F(—6Lvl+6Lv2+4L2051+2L2q'>2)
dv(L) El
f,, =V=—El dxg )=F(—12v1+12v2+6¢1L+ 6¢,L)
d’>v(L) El
m=—m= —El d—(z)T(-lszl +12Lv, + 60, L% +
X

6¢,L° + 6Lv, — 6Lv, — 4¢3, L* — 200L7)

m, = % (—6LV, + 6Lv, + 2%, + 4L°9,)

<

iy 12 —6L -12 —6L
m | _ Elj-6L 41> oL 2U°||?

foy Pl-12 6L 12 6L
m, -6L 212 6L 4L?

<

2

3

2.

Note: All 6L terms have opposite signs from Equation (4.1.13), m; and m, are now
negative of previous results.

4.3
L L 4 L 2
n 2 2 2
\xév 0 2 @) 4
Let I—_ =|
2
Element 1-2 Element 2-3
12 6 -12 ¢ 12 6 =12 ¢l
El 2 2 El 2 2
ko= 2 6l 4l 6l 2l L fag- 2 6l 4l 6l 2l
I 1-12 -6l 12 -6l I =12 -6l 12 -6l
6l 212 —6 47 6l 212 —6l 4l?
Fiy=? (12 6 —12 6 0 0 |[w=0
M, =0 6l 4> -6 20> 0 o0 ||[®="?
Foy=—P| _El|-12 =61 24 0 -12 6 ||u="
M,=0 Plel 212 0 82 —6 212|]#=?
Fyy=? 0 0 -12 -6l 12 =-6l|[%B=0
M, =2 Lo 0 e 22 -6l 42]19;=0
0 42 —6l 2% ][¢,
—P[ = % -6l 24 0 |{v, b
0 217 0 8I? r_pzj
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Rearrange

e af
42 2% -6l |(¢
EI 2 2 : 3
Sr=pF|A 80 E’z}
-P -6l 0 | 24]|lVv,.
Ba B
Apply partition method
N= kﬁﬁ* kﬁa kaail ka,B
2 2771 ¢
- Spe-ra o] 2 mnas
' 212 82 0] |
1 I3
dz=N'"F=>w=—— (—-P
g = Grwe (D)
-7PI -7PL
= = V2 =
96 El 768El

{da} = — [Kaa '] [Kagl {g}

R Y 2|2}[—6|1{—7PI3}

le,) L2z s2 ]l o JLosEN

_ _1[0.2857 —0.0714}{—6I1[—7PI3J

1>[—0.0714 0.1429 J 0 JL 96EI
. - PI? - pL?
{(ﬂl} SEl 32 E
= = =
L) P2 _P2
32E 128 El
Substituting back in the global matrix equation we have
E _ 10
ly 12 6 -12 ol 0 0 || _pp
M, 6l 4> -6 21> 0 0 || 8
= —7pI3
Pyl _El|-12 —6l 24 0 -12 6l |J5e|
M, Plel 21 o 8% -6 21| w2
Fsy 0o o0 -12 -6 12 -6l "
M, | Lo o 6 2% - a?]] O
0
El[-6PI> 7PI> 6P| EI 10P° 5p
Fly: =5 + + :—3 = ly =7,
I° L SEI 8El 32El |° 32El 16
Similarly
11P
M, =0 =—
1 3y 16
-3PL
Fy=—-P M3:T
M, =0
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Vv
SP
16 + v
- _p
spL 16
5
+
M M
—3PL
16
44
P
L 7z
A ;5
7
L |
1 2
A B
12 6L -12 6L
El 412 6L 217
[Kl= —
L 12 -6L
Symmetry 412
Boundary conditions
V2:(02:0
3 y .
[-P] _ 5:[12 6L][ 1}:> @Zi
Lol Cler a2lle 2E
- P’
v, =
3El

Matrix forces

F r —p’
1x 12 6L -12 6L ||
Mg _ Bl 42 6L g2 )L
Fy| U 12 -6L|| 4
M, | Symmetry 412 0
Bl (-pPL - P2
= Fy=—|-12 +6L
el 3E 2El
= Fly: —
Similarly M;=0
F2y: P
M, = —PL
131
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4.5

| kap

: Z
I - 3Z‘J.xa]-ﬂxl(‘l"'psl
Wh wg g el
12 6L -12 6L 0 0 |
42 -6L 212 0 0
El 24 0 -12 6L
Kl= = ) X
L 8.2 —6L 2L
12 —6L
[ Symmetry 41> |
E=30x%x10° 1=100in’ L =20 ft = 240 in.
Ry=-10 v,
M, =0 o8
F2y=? V2
F}=[K] {d} = =[K] 1.,
{F} = [K] {d} M, =0 []%
Fy=? v,
M;=? ¢
J—lOOOl 20 165(100 12 6L 6L ]'VI]
0 '=x24—0(3)6L a2 22|,
0 @407 g 22 s @J

Solving for the displacements we have

@ = 0.0144 rad, @ =0.0048 rad, v; =—2.688 in.

Substituting in the equation {F} =[K] {d} we have

Fy (12 6L

Fiy=— 1000, M; =0,

-12 6L 0 0
M, 412 —6L 212 0 0
1Pyl _ 30®10°(100) 24 0 -12 6L
M, (240) 812 —6L 212
Fsy 12 -6L
M L Symmetry 4 1

Fay= 2500 1b, My =0, F3y=— 1500 lb, M3 = 10 ft -kip

Element 1-2
fiy 12 6L -12 6L
m|_El 412 -6L 217
f| 12 —6L
m 412
132

[—2.6881

10.0144
0

0.0048.

where v, =v3 =@ =0

—2.6881in.

0.0144
0
0.0048
0
0

(1)
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fiy =~ 1000 Ib
m =0
f,y = 1000 1b
m, = — 20000 ft-Ib
Element 2-3
Ty 12 6L —12 6L][ o f,, =15001b
m | _El| 41 6L 217 |]0.0048| _ m=20000ft-Ib
f3y L 12 _6|_1 0 fy, =—15001b
m 412 0 m, = 10000 ft- Ib
1000 1b 1500 Ib
1 20 ft 2 20 ft 30
T \100001b
2500 Ib A
Vib
1500 Ib
.
1000
Shear diagram
M, 1bft
+ 10000
-20000
Moment diagram
4.6
1 kip
7
® ® l
! 2 T E E = 30 x 10° psi
2 e — 05« ) I = 100 in*
]
I 204 | 20¢
| | |
Ry 12 6L -12 6L 0 0] [v
M, 6L 42 —6L 212 0 0 | |®
Pyl _Ell-12 6L 24 0 -12 6L | |V
M, CleL 212 o0 82 —6L 212 |9,
Fay 0 0 -12 -6L 12 —6L| |V
M;. Lo 0 6L 212 -6L 41°] 19

Boundary conditions v; =0, ¢ =0, Vv,=-0.51n.

133
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Fay 24 0 -12 6L |[-05in.
0 Elj o 8 -6L 27| %

‘—mooJ: Cl-12 =6L 12 —6L|| % @
0 6L 212 —6L 4L2]l @5
El _ (30x10°psi)(100in.*) _ 5 1o
L (240in.)* in.
0 1 0 82 -6L 212 {_O'ﬁ"'
-1000¢ =217 |-12 -6L 12 -6L|{ °* 3)
0 ] 6L 21> -6L 4L2w \,’3 J
s
Solving (3)
Vs = —3.938 in.
@ = —0.007925 rad
@ =—0.01753 rad
Back substituting into (1)
Fiy=— 1174 1b
M, = — 41,875 Ib-in.
Fay= 2174 1b
Element 1
fiy 12 6L -12 6L V=0
[ml_ﬂ 6L 47 -6L 2L° $=0 1
lfzyJ Cl-12 -6L 12 —6L V2=—0.5in.J
.m, 6L 212 —6L 41°] ¢,=-0.00793
~11741b
—41,8751b-in.
1 1174
—240,000 Ib-in.
Element 2

£ :
2y 12 6L -12 6L || ~05in.
El

m? | El| 6L 42 —6L 2L2|] —0.0079
fs(;) Bl-12 —6L 12 -6L||-3.938in.
m? 6L 212 -6L 41211-0.01753

f5) = 10001b= —f"
m{® = 240,000 Ib-in.

m = 0
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FBD

1170 1b 1000 1b
41875 1bin. 200 f 20¢
2170 Ib
V, Ib
20¢
20¢ 1000 1b
—-1,1701b
42000 Ib-in.
DN 200 20¢
240,000 Ib-in.
4.7
5 kip 5 kip
E = 30 x 10° psi
I =200 in*
Figure P4-7
1 2 E
M
k-in.
=300 [---mmmmee s
-900
Ry (24 120 -24 12 0o o ][0
M, 2L 82 -12L 42 o0 0
]=5000{ _ El |24 -12L 36 -6L -12 6L JVz,(A)
0 L {120 412 —6L 1212 —6L 212 ||%
—5000 0 0 -12 —-6L 12 —6L||Vs
0 . L 0 0 6L 21> —6L 41>](9;
Solving the last four equations of (A)
v, = —0.105 in.
@ =—0.003 rad (B)
v3 = —0.345 in.
= —0.0045 rad
(B) in (A)
6
= Fiy= w [ 24 (- 0.105) + 720 (- 0.003)]
60° (1000)
= 10 kip
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4.8

6
v = (30x10°)(200)

S [~ 720 (- 0.105) + 14400 (— 0.003)]
60°(1000 % 12)

= 75 kip-ft

10 kN
2
| 3

4 7
2 2 .
; + J20kN - m p E=200M
Y, % I=4x 10 "m
f Im il 3 m—--é
12 6L -12 6L |
El 2 6L 2
o= —| 2
L 12 -6L
| Symmetry 412 ]
(12 6L -12 6L |
El 42 —-6L 202
[ks]= —
L 12 -6L
| Symmetry 412 ]

Boundary conditions

Vi=@=Vv;=¢ =0

Ell24 o
o33 )
Plo sL
[ Fyy=—1000N ) (210'109)(4'104)[24 oHvzl
[ M, =20000 N-m 3y’ o 812,
~0.0032142 =24V, = vo=—134%x10"*m
0.0064285=72 @ = @ =8.93 x 10 rad
Fiy (12 6L -12 6L 0 0 |lO
M, 6L 412 —6L 212 0 o0 [|O
Pyl _ (210x10)@x107)|—12 —6L 24 0 -12 6L ||-1.34®107
M, 3 6L 21> 0 8> -6L 21%(|893x107°
Fiy 0 0 -12 -6L 12 -6L||p
M; Lo o 6L 21 -6L 4L’y

= Fiy= 3.1 x10° (- 12 (1.34 x 10*) + 6(3) (8.93 x 107%)) = Fyy=10000 N
M= 3.1 x10°(—6(3) (134 x 10 + 2(3)* (8.93 x 10°)) = M, = 12500 N-m
Similarly
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Fay= — 10000 N
M = 20000 N -m
Fy= 187N

Ms = — 2500 N-m

136




Element 1-2

fiy 12 6L -12 6L 0

[ml \ _ (210x10")4x10 Yl 6L 4> —6L 202 0 1
rzy )’ -12 -6L 12 -6L —1.34><10—4J
m, 6L 21> -6L 4L*1]893%107°

= f,,= 10000 N
m = 12500 N-m
fpy = —10000 N
m, = 17500 N-m

Element 2-3
oy 12 6L -12 6L ||-1.34®107
m | _ (210><109)(4><10 4) 6L 41> -6L 2012 . 8.93x107°
lfsyj ©) ~12 -6L 12 -6L 0
m 6L 21> -6L 42 0
= f,, = - 187N
m, = 2500 N'm
f3y =187N
m, = —2500 N-m
M, =12.5kN-m M, =2.5kN.m
m 10 KN f\v
4 A A
1 M okNm O™ F
F3y:0
10000 kN
Vi| 10kN
kN + 0
Shear diagram
175
M;
kN-m +
/ — 25
—12.5 =25
Moment diagram
4.9
8 kN
—2n1—|
1 . |s £ = 70GPpa
& 2 R fé I=1x%10*‘m
I Im i 4m [- Im
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Using symmetry

|_‘ 3m ‘i‘ 2m _l
(2 6 =12 o]
27 9 279
4 =6 2
lhol=€1| 7 3
1 =6
279
Symmetry 4
3 ]
L 6 12 6]
8 4 8 4
4 Z6 3
[ko3] = EI 2 42
L Zf
8 4
4
L 2
Applying the boundary conditions
V=V, = @; =0 we have
4 2 -
JM1=0 ] 33 0 @1]
-3
lMzzo =B[22 YL = (ﬁ'zJ’
F :—4000NJ -3 %
3y Lo = 3]'°
which implies
0= ¢1+g¢é:ﬂ=*l(ﬂz
3 2

4
3
2
3 V3

1
2] F@-dus -

Ly
2
— 4000 N = (70 x 10°) (1 x 10 ){f—(lvs) % }

V3= —7.619x10 % m

= o= (-7.619x10*) m = @ =-3.809 x 10 *rad

—1
= (/’1:7 @

= @=1904x10"rad

4 2 Z4 2
|:ly 9 3 9 3 0 o0 0
2 4 2 2
M, 303 3 03 0 0] | 1.904x10™
F, -4 22 x 5 3 3 0
y _ (70 x 109) (1 x 104) 9 3 18 6 2 2 y A
M, 2 2 5 4 =3 —3.809%10
3 3 6 3 2 1
Fay -3 -3 3 3| |-7.619®107
0o o0 2 2 2 2
M, s 5 0
L O 0 2 1 2 ]
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Fiy= (7% 10°) [2(1.904 x 104 + §G3.809><10‘4D}

= Fy=-889N

Similarly
Fay= 4889 N, M3=5333N'm
Element 1-2
T 4 2 4 2
f|y 9 3 9 3 [ 0 }
2 4 _2 2 4
m i (70 x 10 (1x10% | > 3 3 3| 1.904x107" |
f2y -4 -2 4 =2 0
9 3 9 3
[ 5 2 -2 4 ||-3.809x107*
3 3 3 3
= f;, =-89N
m =0
fzy = 889N
= 2667 N-m
Element 2-3
f 3 3 -3 3
[nyl 2 2 2 B [ 0 l
3 3 »
Tl -@ox10)axtoh| 2 2 2] -3.809%107*|
] fSyJ = = % 3 l—7.619><10 4’
Ny ,
% 1 =2 2 0

= f,, = 4000N=—f,,

m, = 2667 N-m, m, = 5333 N'-m
Elements 3—4 and 4-5 have same forces due to symmetry. Moments though will have
opposite signs.
4.10

Vi & A4 0,
12 6L -12 6L |v
El 412 6L 217 |4
(Kl=—% KL
L 12+ —6L (V2
Symmetry 412 &

Boundary conditions
Vi=@Q = 0
Applying the boundary conditions on equation {F} = [K] {d}
[F,==20001b] _ (29L6)(200)[12+ s —6L}J’v2 |
IM,=0 ) Q0m12 | _o  42)le)
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= — 6(240)v, + 4(240Y’ @
= 0=-6\KL+4(240)p = v, =160

~2000 = 419.56 [(12 + (2.38) 160¢s — 6(240)¢]

= @ =—0.005538 rad

= V,= 160(- 0.005538) = v, =— 0.886 in.
Beam element
Fiy 12 6L -12 6L J 0
Mi| _ (29x10°)200)| 6L 412 —6L 212 0
IFZyI (20x12)° |-12 —6L 12 —-6L 1 ~0.886

6L 21 —6L 4L7J1-0.005538

Fiy = 11151bs 1, M; =267 kip-in. )

F,, =—11151bs |, My=0

4.11

lm:N
4m 2 4m 3: E = 70 GPa
| =

> ioolﬁf
7

12 6L -12 6L

= 41> -6L 2L7

(K= L 12-K>  —6L
3 El

Symmetry 412

Applying the boundary conditions v; = 0, ¢ =0 we have

(M, =0 } _(70X10°)2x10 %) [4L2 6L }I(‘h}

3
[F,y == 6000 N 43 Lol L,

6 6
= 0=4¢p-6Lv, = gg=— v, > @=— V.
@ h= @ AL p) @ 16 p)

- 6000 = 218750 [—24 H%B/Z +12.457 V2:|

= wv=-79338%x10"m
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=

1,

F]y
Fay

'I'I

M

'I'I

i

M,

Fspring =

Fspring =

From symmetry F3, =

4.12

-

From symmetry

<

Dl G,

[ki2] =

|3

l..

Rlw
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— ( 7.9338 x107°) = @ =—2.

9752 x 10~ rad

12 6L -12 6L 2
(70l109 (2l10‘4) 6L 41> —6L 212 ||—2.9752%107°
12 —6L 12.457 —6L||-7.9336x%107°
6L 21> —eL 4L® 0
= 5.208 kN 1, M, =20.83 kN-m
=0kN |
kN
(200 — ) (7.9338 x 10> m)
m
1.587 kN
5.208 kN 1
4
e bt t by b
A B
14 L =) v
3 ;_‘__r*'—*-/
_1_'|___i k!

Let L=
1 2 3 6
7 L
= =2l
/ L5 =3
7\/\11_2 w2 w2 w2
3 312 12
Ny 2
—w | [ -wi (:M
2 2
1 2 3 Final nodal forces
w2 wi2 wi2 and moments
) N
R o N 3
2 2
1 2 3
(f’l V2 ‘;DZ
3 8 3
2 2 V1
-3 .
P L N L [
3 3 3|V
=5 = 52
-3 i
12 = g2
141



v, ¢ Vi 6y

7 121 g 12|_V2
fosl= |12 g2 -121 42 |6,

o4 —121 g 121y

121 g2 -121 g2 iy

—w
) [ PR Ty =0
—wl 1.5 T.DI1 .5 .0 U M1
N H5—24——t5—+H——6 Pr=0
—3wl ’ ik
T2 | _ El-s —151 255 1051 —24 1Pl ([V2=7
sl Pls b 108l 107 -120 412 |92
_wl 0 G 24 -121 24 —21||V="?
2 191 412 191 12 H. =0
le L TZ1 =1 TZ1 T U3
17
Adding third row equation to fifth row equation we have
13 3wl w
EQT_ ED: 25.5v + 1051y — 24vs — 24V — 121 + 24v3
-2wl?
= 1.5» - 1.5l
El G
—4wl*
= V= +1 A
p) 3E| @ (A)

Multiplying fourth row equation by —2 and third row equation by | and adding we have

P{-=3w  w?
—(———) = 25.5Iv, + 10.5°g — 24lv; — 211v, — 201° @ + 2413
B\ 2 2.
WY E
- 2;:" = 45V, 9.5, (B)

Substituting (A) into (B)

-owl® 4] [-4WI4

+1¢ ] -9.507
El i &

o 5 _ 5
= 2;:" = 138EVIV| +45°p, - 95,
awl® ) 4w’
= T2 = _5Pp = g, =
El 2= %=
y o —awt? +|[_4W|3) |y 3w
Y= 5El 27 5B

Substituting in third row equation.

_ 4 _ 4 T 3
W _ s (ﬁ ﬂ] +10.5l (—“"‘—J —24v;
2El 15 E 5 Bl
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—3wl*  81ewl*  42wl? -1839w*
+ + = Vy=———
2El 15EI 5El 720 El

(Remember that | = L)
Now from symmetry

|V4 :V2| and |9, =—9,

F(e)
ly - -

15 15 -15 15 0 0
M; sl 217 —15 17 0 0 0

. 1. 4
Fiy s
oy | _ Bl 1-15 -1.51 255 1051 -24 121 .
MO P st 12 108l 10 —120 42 || S
F(® 0 0 24 —12I 24 —12| | |=1830w*
3y 2 N 720 El
© L o 0 121 4* -—121 8I* ]
M .0

RO =2w, M® =24w’ FY =-1.5w

M = 0.25w> FO =—0.5w, M©® = 1.85w?

The equation

{F} = [K] {d} — {F¢} is now used to find the global nodal concentrated forces.

Fy=3wl= 3w(|g')

. . —wl
Fly 2wl w2 _WL
M, 2.4wi? : = (Ry=7
=3
Fy —-1.5wl 2w
M 0.25wl AL M, =2.73wl =3w(—]z
2 4 6
F3y _05W|2 —TW| = |u _W_Lz
M, 1.85W w? ="
12
Fby=0, M,=0, F;, =0

M3:

21.5wW2 215 (LY wL?
20T 22w M, =

12 12 L6 24

In our case Mj is the maximum at midspan. From symmetry from elements 3—4 and 4-5

_ 2
M; = wlL:
24
So M3=0, Fey=0, My=0
wL —wi?
F. =— M. =
) 12

Going back to the deflections we have

Lo issowt  —isz0 wRD | —w
R 720 El 37 507El
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NN
o
m

WL
2

@ Y
v

O
5 _wL
L 2
wi? 24 wL
M 36 ©) 36 M
©) ©)
w? w?
12 12

413

AL, Lo, °N
2 2 |
! |
wi we
2 1 2
] \ ] \
¥ ) ¥ X
wi? w2 w2 wi?
12 2 12 2

Applying the boundary conditions
Vi=@=Vv;=¢=0

Fo]- 502 -3 -

o si2lle.]
El —wi?
-W=— (24n) = |\, =
g 4w =
po - W e W o e
ly = , M = > hy =—W, m” =0,
2 4
o _ W —wl? . . , .
f3y = ? , M3 = . These are obtained from the following matrix equation.
£\ _ ;
’ 2 6 -12 66 0 0]]0
ml(e) 2 2
4a° -6l 200 0o o] 0
(e) —wi4
BB 4 0 -12 6 |)5%
m® N 812 -6l 2% || ¢
f3(§) 12 -l 0
2
m§G) - 4710 o
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{F} = [K] {d} — {Fo}

Fiy= ﬂ‘ﬁ%ﬂ“’"‘ -

2

2 a2 2 2
M= W (WI) w2 w

Fay= —W—(wW)=0,M;=0-0=0

wi wi[] wL w? —wi? w2
R e L

4 12 12
wit wid)? —wt
V)= ——=—"" = V2:
24El  24El 384El
w
2
N
v v
|
2
wi?
24
M + M
L_w_l_2 M
12 e

4.14

wL? w? o wl? i
48 48 43 43
wL 'm—]“ L f WL
w0 A E
1 2 3
W_L2 wL WL2
48 a5 43
wL wL
D | 1
1 L 2 L 3

2 2

After applying the boundary conditions

Vi= V3= ¢ =0 we have
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Now
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i Y= R
—wL )
48 L 3L 0 |[& ™
—JW
wol= =030 24 3L|{Hvyg = v, =
2 384El
i’ 0 3L e,
.48 . \N|_3
M, =
s~ aEl
{F9= [K] {d}
Flo r -
1y 2 3L -12 3L 0 0 0
(e 2 WE
M 3L L2 3L 7 0 0 24El
Fay Bl |-12 -3L 24 0 -12 3L ||z’
) [ = 2 o [y
M B0l 5 o0 22 3L S o
Fy) 0 0 -12 -3L 12 3| o
12 3
M{® Lo 0 3L 5 -3l 2l
2
© _ WL o _ WL o _WL e _
Ry = T,Ml i By _T’MZ =0,
FO _ wL M w2
A BT
{F} = (F¥)- {Fo)
ey W
F 4 4 WL
1y e e FIY_T’MIZO
:ZI‘ =] ® e
w —w
] 3y 4 2 ng_W—L,M3=0
M3 wl? w2 2
. 48 Ty
w
wL
2
Vv \Y
wL
w! >
8
M M
146




4.15

5 L

L N /7
1 2 / \ 3
*LLZ W_Lz
12 12

Total [K] for the whole beam

[1oL 62 -12L 62 0 0 ]
6L> 4> -6 21° o0 0
(K] = 51 —-12L —6L* 24L 0 -12L 6L

L' | el> 20 0o 8 -e6> 20°
0 0 -12L -6L2 12L —6L?
) 0 6L 200 -6l 4L

{F} =[K] {d}
After applying boundary conditions
V= 05 ¢l:05V2:O

M. = wL? _
2T . s} -6l 21° Irpz
1Ry="00 0= = |-62 12L 6L |4V,
l M, = 210 —6L*  4L° ]_q’g
Solving the 3 equations we get
5 wL? —wt Ul e —7w? o
= or = =
T2 gEl ) Y= BT 24E )
El 3WLEL 3wl
fD = = (6L.°@) = = or
Y : CLe) 4EIL4 4 l
El ow® B —w?
(D= = 2Ll%p) = — = or>
m L4 @e) S8El L* 4
El 3wl
M= B 2= WL
Reactions
o 3wl _3!
(5 Ll (o] 1]
—wl2 2
M1 wee L 0 _Jowrl
L: J 3:,1_ 1—‘”'-] ] 7ij I
2y e 2 4

using

{f} = [k] {d}y — {7}
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2y L 62 -12L 62 || e 2
m® | Bl e 4 -6 20| 7® | |7
@) 4 2 2 wl! _—
fyy Ll -12L -6> 12L -6 || 55 -
m,® 6L 210 —6l* 41— w2
. 24El 12
a2
o - W
2
wL
@
\% \%
©
—wL
4
\M_Z
Eap
M M
w2
2
4.16
v
w
A By
1 L 2

L
Wiistributed = [ JWX)V(X) dx and
Wiiscrete = m1")1 + mzd’z + fly Vi + f2yV2

and Wd.istributed: Wdiscrete

|:'L_|W(X)V(X) dx=ma, +me, + fiyv + fy v

Now evaluting the left side of the equation by substituting where W(X)= % (since the

load is linear and increasing to the right), and in V(X) we substitute with a’s already
evaluated, we get

@Lw(x)v(x)dx = QL # [aX + @) + asx + a]

- #][%(v. - v2)+%(¢. +¢2)] X -

3 1
[?(Vl - V2)+I(2¢1 +¢’2)}X2 +, X+ v, ]dx
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L — 2 1 .
= @TW|:E(V1_V2)+F(@1+‘.-')2)}X4_

[%(v1 - v2)+|—l_(2<,f)l + (Dz)}X} + dx2 + vy xCx

w| 2 1 . w| 3 1. .
= _[g(vl_V2)+F(¢1+¢2):|+I[?(VI_V2)+_L{2¢1+¢2,}:|

L
L L L
X[ w, Xfw X
4l L3l L2l
—va“[z 1. }
= =V, —Vy)+— (¢ + +
5 L3(1 2) L2(.1 GZ)
wll 3 Lns 4 wl  wL
e ?(Vl—Vz)+—L(201+¢’z) _Wvl
—2wL wL? 3wl
= (VI_V2)+T(¢]+¢2)+T(V]_V2)
wl wi? wlL
+— 2@, +¢)—— &, ——V,
4 ( ¥] .2) 3 CJI 2 1

mé, +myd, + v+ f 00,
Now if we take the last equation and set ¢, = ¢, =v, =0 and v, = 1, we have

-2wL 3wL wL

- =1y 1
5 4 2 Y
—8wL +15wL —10wL =3wL
= fiy = |[fy=——
20 20
If ¢, = v,=v,=0 and ¢ =1
—wL 2wl wl? —wL?
= —+ -_——=m = |"nl =
4 3 30
If ¢, =9,=v, =0and v, =1
2wl 3wl f f _—wL
A AT
If¢,=vy=v, =0and ¢, =1
- —WL5+WL2 i = _we
5 4 ™ M 20
wi? w L
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4.17

El t.
a l + l ’g cons
3wL 7le TwL 3wL
by g
T "
wL? w2 w2 WL
30 20 20 30
Work equivalent load system
12 6 -12 6l o o |(v=0 [ Fy
4% -l 217 0 0 ||¢= M,
B 12+12 —6l+6l _1p ¢l V, | _|Fy= | (3)
I 42 +412 _g )2 9, , = (4)
12 —6||%B=0 Fiy
L 412 ;= M,
Boundary Conditions Vi =@ =v; =@ =0
Use Equations (3) and (4)
[t _ﬂ[24 OHVZ}
1o Plo si2]le,
_ 4 74
vy = 7wl _ 7w (L =20
240El  3840El
=0
Reactions
{F} = [K] {d} — {Fo}
. 3wl
Fiy 12 6 -12 6 0 ol 0 e
= Wi
M, 42 -6l 2> o o f[ O 0
_ 4
Pyl _ EI 24 0 -12 6l ||zoE| e
My| 1P 817 —6l 2| ¢ 0
Fsy 12 -6l -
M, _Symmetry 4|2_. 0 o
30
El (’—7w|4) [—3wl j
Fy= — (- 12 S [
v= o D 0er ) e
wi 1 w o w
e Lo (2] 10y MW L]
20 20 20 2 4
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_ 4 _ 2 g
M, = B 6l) (7_\’\"}_(&] = [i.,_i] wi?
I3 240El 30 . 40 30

2
M= — i = S
24 96
El (—7W|4} (—7W|)
Fo= — 4)| =22 (2™ -
Yop Y Sa0m 10

M, = % 0)-0=0

_ 4 _
%_ﬂ_nﬂjﬂq{gg_m:%

3 240E] 20/ 2 4
Mfﬂ@wiﬂ}@ngwzgm4
I3 240El 30 24 96

Note: Could use symmetry

3wl Twl
20 20

J) | Cb
W’
30

0

With Vi=@g=¢=0
Get
12El 7wl

= ———

|3 20

—7wl*
240El

vy = as before

4.18

12 6L -12 6L |[w=0
M El| 6L 41> -6L 2% ||%=0
Fooy = — 204 Pl-12 —6L 12 —6L||%=0
My, = 4 6L 21 -6L 4119

2
=—4L El
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w2 B, wL?
— = — 4L = =
0 o % % = %0
SCIELL
y
e ‘ 40
Y 12 6L -12 6L o _ WL
M© 2 2 M =—
L _| 6L 4a® -6L 2L - 40
Fio -2 -6L 12 —6L|| © Fo =W
N y
e 6L 202 —6L 412]|35 420
) M(e)=WL
2
20
. 3wl - 3w
Fiy 40 20 FoowL Twl?
\ oW -
M, ol | Y 40 L 120
E = — =
Byl [ e Jiw
M, wi’ wi Y40 M, =0
20 20
4.19
E = 70 GPa
‘%I 2y l l [=3%x10"m'
7 3
: &
L 4m -1]=-. 4m
12 6L -12 6L 0 0 |
6L 41> —-6L 21> 0 0
[K]zﬂ—m —-6L 24 0 -12 6L

CleL 212 0 82 -6L 202
0 0 —-12 -6L 12 -6L
L 0 0 6L 21> -6L 412

After imposing the boundary conditions and using work equivalence

Vi= @ =V,=0, we have in {F} =[K] {d}

—wi? 2 2

wl ] 3 82 —6L 2L J% M

b= = -6L 12 —6L lv3j- )

VY—EZ 21 —6L 41 |19 (3)
From (1) and (3)

2

% = % [ 8L%¢ + 6Lvs— 2L%g3]

w?  El

TR 2L — 6Lvs +4L° @]

wl  El 2 )

T = F [-6L"@ + 2L @]
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From (2) and (3)

_ 2
V:L = % [-3L%@ + 6Lv; - 3% @]
wl  E ) 2
? = F [2L @—6LV3 +4L @]
—w? El
s T ob Lo +Lp] ©)

Adding (4) and (5) we have

2
_Wé' - % [ 6L2p+22q]
wl?  E
s " O 2L -2 @]
W B ) o e =T 5046107 rad
6 13 = '

o 2 —wl 3
Substituting in (5) = wh _ El {—Lz[ wi )+ LZ(,'}3]

6 8El
_ 3
= lo, =2 000711 rad
24El
Finally substituting in (1)
_ 4
= |v="" = 0.0244m
AE]

Reactions can be found from the global equation

{F} = [K] {d} — {Fo}

El El —w’ —3wL
Fry= — [6L 0=—6L( )=—=24kN
ME [6Le] B 8EI 4
M; = B 2L’ ] O—EZLz[__WLS] = —wl’ —_32kKN'm
e E REl . 4

Fay= 'E! [-12v; + 6L @] —[—WTL}%M:SMN

and M= 0
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Element 1-2

fiy 12 6L -12 6L |} 0] [o
m|{ _ EfeL 4 -6L 2071 O 0
lfzy Pl-12 =L 12 —6L|| O 0
3
m, 6L 21> -oL 421155 lo
-3 —wi2
fiy = Wl =-24kN, m = =—32kN'm
3
foy = 5 WL =24 KN, m, =—64kN-m
Element 2-3
fay 12 6L -12 6L || _ . 2
m | _ ElleL 4% —6L 22| 7E | |7
- L
lfsyJ Ll-12 -6L 12 -6L||3%| |
m, 6L 217 —6L 417 J|=zw’ w2
. 24El 12
= f,, =32kN
m, = 64 kN-m
fy =my=0
4.20
kN kN

Global stiffness matrix

12 6L -12 6L 0 0 |y
42 —6L 2L 0 0 |¢
24 KL
[K] = E; g 0 -12 6L |%
L s —6L 202 |%
12 —6L|"3
| Symmetry 412 ] o
vl 3wl 3wl vl
20 20 20 20
o d
w2 wi2 w2 w2
20 30 30 20
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Boundary conditions

vi=vs=@¢=0and ¢, =— @

{F} = [K] {d}
—wi2 2 _ )
(%] El " 24 |6|I<_|_3 ° Qﬁll @
(;\;)VL . = F -6L =] 6L Vv, (2)
w’ 0 6L 4L ¢3J 3)
.20 .
since ¢ = — ¢; we can ignore Equation (3)
= Multiplying (1) by 3 and (2) by L and adding we have
-3w? EH )
= — [12°@ — 18LV:
20 E (127 2]
_ 2 4
oWk _ B oz, 1| 244 K,
20 L El
w2 6El
-9 — = [—+KLJ V2
20 L2
= — 162000 = 140,060,000 > = |v, =—0.011522 m
Substituting in (1) we have
— 18000 = 5.6 x10” @ +16.1309 x 10"
= [6,=—0.0032019 rad|
since @ = — @ = |9, =0.0032019 rad|
The reactions can be found by the global matrix {F} = [K] {d} — {F¢}
Fiy 12 6L -12 6L 0 0 |[ o 0
M, 6L 42 —6L 2 0 0 ||_00032019| |70
241 KL —6wWL
Fayl _ E}' 12 6L —H 0 —12 6L |/-0.0011522( |75
M, LleL 22 0o 82 —6L 22 0 0
Fsy 0 0 -12 -6L 12 -6L 0 =L
M;. Lo o 6L 212 —6L 417110.0032019) | w2
20 .

= Fiy= 29.94kN,M; =0
Fay= 0.11522 kN, M, =0

Fay= 29.94 kN, M; =0
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Element 1-2

I fay 12 -6L|| —0011522 | |2

wlL
fiy 12 6L -12 6L 0 o
m| _El| 42 -6L 202 []-0.00332019] |70
m, Symmetry a2 0 2

= f,,=29.44kN,m; =0, f,, = 0.058 kN, m, =59.65kN-m|

Element 2-3

o .

fay 1 6L —12 eL][-o0011s22] |7

w2

m| _ El| 4 -6L 2L 0 BEn

fy| U 12 —6L‘ 0 i

my 412 ]1- 00032019 | 2

20

= f,,=0,m =~59.65kN-m, f;, =29.94 kN, m, = 0|

Force in spring

Fs= 10[::N x{0.011522}m =—0.1152 kN

4.21

2000 10

Global stiffness matrix of the beam

2 6L -12 6L 0 0
6L 4> -6L 21> 0 0
Elj-12 -6L 24 0 -12 6L
PleL 212 o0 82 -6L 212
0 0 -12 —-6L 12 -6L
Lo 0o 6L 21 -6L 417

After imposing the boundary conditions vi = @ =v3=0in {F} =[K] {d}

B :
l”Y—EZJ SleL o a2 1%.[ 3)
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Multiplying (1) by L and (3) by — 4 and adding them

El

El
e o 24 +0¢, +6L°p)]
—wi2 El
e 8L%p — 16 %]
—aw® El
4‘;“— - [8le- 10U
Adding (2) and (4) we get
T R = 2 L’
= = [-8%p] = |y =—
Substituting in (2)
£ 22w -wl’
0= — [80- +—} =
E %, 6El 2 24E
Substituting in (1)
3
—WL= E [24V2+6LWL} -wL-wL=24 —v,
B 6El L
Y
= [V, =
12El
200015 % 12)?
. # =0.02793 rad )
6[29%10°[200
— (20015 % 12)°
o Lﬁ =~ 0.0069827 rad
24[29 % 10° 00
—1 (2000)(15® 12)*
Voo -1 G Y s in. |

1229 x10° x 200
Substituting back in the global equation

{F} = [K] {d} — {Fo} we can find the reactions

Fiy 12 6L -12 6L 0 0

M, 6L 42 —6L 21> 0 0

Foyl _Elj-12 6L 24 0 -12 6L

M, PleL 212 o 82 -6L 212

Fsy 0 0 -12 —6L 12 —6L

M, Lo o 6L 217 —6L 4L’
157

0
0
—2.5138
—0.0069827
0
0.027931 .

—L=-150001b
=’ = — 450000 Ib- in.
—wL =-300001b

0
=—150001b

—wL

2

=8 = 450000 Ib-in.

“4)

© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



Fiy= 37500 Ibs, M; =225000 1b-in.
F2y= O, MZ =0
Fiy= 22500 Ib, Ms = 0

Element 1-2
£y 12 6L -12 6L 0 —15000 ]  fiy=375001b
m | _E |eL 4 —eL 20 0 {_]-450000] _ m=2250001bin.
foy £ |[-12 —6L 12 —6L|| -2.5138 } —15000J f,y=—375001b
m, 6L 212 —6L 41%211-0.0069827) | 450000 m,=1125001b-in.
Element 2—-3
foy 12 6L -12 6L ][ —25138 | [-15000] Fy=75001b
m | _ Bl 6L 4> —6L 2L°|)-0.0069827| |-450000{ _, M ==1125001b"in.
]fsy P |-12 -6L 12 —6L 0 ] —15000J f;y=225001b
m 6L 212 -6L 421! 0.027931 450000 m,=0
422
' 4000 ’;
2 E =29 x 10" psi
4 1 , 1 =150
1 :
4 &2
7
A 10 f1 } 10 ft ——=
(12 6L -12 6L 0 0 |
42 -6 212 0 0
El 24 0 -12 6L
Kl= = R R
L 82 —6L 2L
12 —6L
| Symmetry 412 |
3000 Ib 20000 Ib 17000 1b
d‘ 6666.67 1b-ft 13333.33 1b-ft 26666.7 1b-ft
N
After applying the boundary conditions
Vi=@r =V =01in {F()} = [k] {d}
J713333.33ft'1b s> —eL 212 |[%2] O
~17000 1b =3020833|-6L 12 —6L[1V3[ @
1_26666.67 ft-1b 212 6L 412 19s) (3
Rewriting equations (1) (2) and (3) we get
—0.441379 = 8¢ — 6Lv; + 2L 3 (1)
—0.562759 = — 6L + 12v3 — 6L )
0.882759 = 2L — 6Lv; + 4L 3 3)

Adding (1) to—4 x (3) we get
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~0.441379 = 8@ — 6Lvs + 2L @2
~3.53103 = — 8L +24Lvs — 16L°¢s

~3.9724 = 18Lv; — 147 (4)
Adding L x (2) to 3 x (3) we get (where L =10 ft)
—5.62759 = —6L%@ + 12Lvs — 6L
264827 = 6@ — 18Lv; + 127 @8

—297931 = —6Lv; + 6L ®)
Adding Equation (4) to 3 x (5) we have

~ 1291034 =4%¢ = |¢,=—3.22758%10 " rad

Substituting in (4)
= —3.9724 = 180v;— 1400 (— 3.22758 x 107%)

= V3=—2.73103><1071 ft=-3.27724 in.

Substituting in (1)
= —0.441379 = 8L%@ — 6L (- 2.73103 x 10 ") + 2L* (- 3.22758)

= [0,=-129655% 107 rad|

6El % 10° in.* .
RO = 29, = 6(29%10 )0520‘“ ) (129655 x 10°2) =— 23500 Ib
L (120) in.
6 -
M© = 28, - 229x10 )(15,,0‘“' ) (129655 x 10°2) = 78333 Ib-ft
L 120% 12
—12EI  6E
(e _
AT
_ 6 6
_Z1209X100)150) 4o 6(29><120 ) %150

120% 120 % 120
x (—3.22758 x 10™") = 40500 Ib

S8L’El . 6LEI 201%El .
M© = IR , + E $, =— 1333333 ft-1b
—6LEl . 12LEI 6LEl .
F}(;/?) — 5 o, + 5 V3 ————9, =—17000 Ib
21%El 6LEI 41%El
M© = 5 ¢, - 5 Vs + 5 ®; =26,666.67 ft -1b
Global forces

Fiy= —23500 + 3000 = - 20500 1b

M; = —78333.33 + 6666.67 =—71,666.67 ft-1b
Foy= 40,500 + 20,000 = 60500 Ib

M, = —13333.33 +13333.33=0
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Fsy= — 17000+ 17000 =0
M; = 26666.67 —26666.67 = 0

Element 12 Element 2-3
fiy=—20500 Ib foy =— 30,000 Ib
m; = -71666.67 ft-1b M, = 2000 kip - in.
f,y=30,500 Ib f3y=0
mp = — 2000 kip -in. m;=0
423
500%’
z 7 E=16 _><‘m" psi
12 l l l ' l l ; : I = 100 in!
7 2
2
Y, 20 ft L‘" 20 fi ;
k = 4000
K¢:Ié—||‘3 4 in.
After applying the boundary conditions on {F} = [K] {d} we have
Vi=@=Vi=@=¢=0
So
3
cwe Bl K,
K El
1.6x10° x 1 400020 12)?
500 x20 - 6%10 ><300 54 4 2000 06 ) v
(20x12) 1.6 % 10°(100)
= —10000=277.78 v, = Vv,=-2.3381in.
Reactions
Fy (12 6L -12 6L 0 0] o ] ~50001b
M, 6L 4% 6L 2 0 0 0 -200000 in-Ib
Pyl (1574 |—12 —6L 24+K' 0 —12 6L ||-2338(_] 10000
M, 6L 212 0 8 —eL 217 0 0
Fy 0 0 -12 -6L 12 -6L|| © —50001b
M, Lo o 6L 212 —eL 42Jl 0 200000 in- Ib

= Fiy=53251b
M; = 19,914 Ib-ft
Fay=01b
M2=0
Fay= 53251b
M;=— 19,914 Ib-ft
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Element 1-2

}‘flyl 12 6L -12 6L o | [ —s5000
2 2 _

M| _ 57| 6L 40 —6L 2L 0 | |-200000

IfzyJ -12 -6L 12 -6L||-2.338 ~5000

m, 6L 212 -6L 4L? 0 200000

= f,, = 53251b, m =19914 Ib-ft

f,
Element 2-3

f,, = 46751b

m, = 13419 Ib-ft

y = 46751b, m, =—13419 Ib-ft

from symmetry

f,, = 53251b

3y
m, = — 19914 Ib-ft

Note: Spring force is
Fs= (4000 & ) (2.338 in.) =9352 1b
in.

Equilibrium at node 2
1 4675 b from element 1 2Fy=0
| 4675 1b from element 2

T Fs= 9352 1b
4.24
5000
RN
2
| S5m /”%7 4m |
E=210 GPa
[=210%104m?
12500 N 22500 N 10000 N
0 i g
10416.667 N-m 3750 Nm 6666.67 N-m

Vi=0=wn=Vv;

4 2
[kia]=El|> > Z:'

L5 51%

sz 03
[kos]=El (3 7

2 4

La 4

{Fo} = [K] {d}
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—10416.667] 0.8 04 o][¢
3750 J-—(210x109)(2x104) 04 18 050,

6666.67 0o 05 1]l
—10416.667 = (210 x 10°) (2 x 10°%) [0.8¢ + 0.4 ) (1)
3750 = (210 x 10°) 2 x 10°H[0.4¢ + 1.8 + 0.5¢] )
6666.67 = (210 x 10°) 2 x 10 [0.5¢ + @] 3)

Multiplying — 2 X (2) and adding it to (1) we have
—10416.667 = 42 x 10" [0.8¢ + 0.4 ]
~7500=4.2%10"[-0.8¢1 — 3.6¢ — @]
~17916.667 =42 x 10’ [-32¢ — @] )
Adding (3) to (4) we have
~17916.667 =42 %10 [-32¢ — @]
6666.667 = 4.2 % 10" [0.5¢ + @]

~ 11250 =42 x 10" (- 2.7 )

= |6, =9.92%10" rad

Substituting into (4) we have
~17916.667 = 42 x 10" [-32(9.92 x 107) — @]

= |¢;, =1.091% 107 rad

Substituting in (1)
= —10416.667 = 4.2 x 10" [0.8 + (Uy + (— 8)) + 0.4(9.92 x 107)]

= |p,=-3.596x10 * rad

Element 1-2
' 2 6L -12 6L 0
m(e).: (210x10°)2x107%)| 6L 412 —6L 202 ||—3.596x10"
£y 5’ 12 -6L 12 —6L 0
m 6L 21> -6L 4121] 992x107°

= & = -2625N
m® = —10416.67 N-m
fyy =2625N

m(® = —2708.33 N-m

fiy 2625 ~12500
m | _ ]-10416.667 _J—10416.667
foy 2625 1 ~12500
m, 270833 | 1-10416.667

= fiy=9875N, m =0
foy= 15125 N, m, =—13125 N'm
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Element 2-3

B 12 6L -12 6L 0

m® _ (210®10°)2®107) | 6L 42 —6L 2L J 9.92x107° 1
fff" 4 ~12 -6L 12 —6Ll 0
m® 6L 207 —6L 4L°J{-1.091®10 *

= f,y= 1328125 N

m,= 13125 N'm

f3= 67185 N
m;=0
Global

Fiy= fiy=9875N

Mi=m=0

Fay= 1525+ 13281.25=28406.25N

M,=-13125+13125=0

Fiyy= f3y=6718.75 N

M3 = m3 = 0

4.25
w= 10N
AL =5 =.c
I 4 m I 4m I
¢=0.25m, =100 x 10~" m*
Figure P4-25
Bending Stress About Local 3 Axis
N/(m*2)
2.5e+007
1.75e+007
14007
2500000
-5000000
-1.25e+007
-2e+007
- N -2.75¢+007

-3.5e+007

-4.25e+007

B, CRE e SR 504007

Load Case: 10f 1
LX

Maximum \Value: 2.5e+007 Ni(m:2) 2008 m 5811 8718
Minimum Value: -5e+007 N/
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Displacement
¥ Cormponent

¥
4
Load Case: 101
X

Maximurn Value: 0 m

Minimu vaiue: -0.006ssc67 [T —
426
ENEEE R
Asl =B = c
| 10 m | 20 m |

¢ =0.25m, 7= 3500(10"% m*
Figure P4-26

Bending Stress About Local 3 Axis
Ni(m2)

25781254008
1.851562e+008
1.125e+008
398437404007
-3.261251e+007
-1.054688e+008
-1.78125¢+008
-2.507813e+008
-3.234375e+008
-3.960938e-+008

—__“-v . -4.687604008

v
Load Case: 10of 1 i
X

Maximumn Value: 2.5?312!%!“"?2)

10,908 m 20931 31397
Minimum Value: -4 6875e+008 BT

Displacement
¥ Component
m

001953125
0.001953125
00234375
-0.04492167

Load Case: 10f 1 i
X

Maximum Value: 0.0195313 m
0.000 10,966 m 20031 MW7

Minimum Value: -0.195312m
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4.27

Kip
75 kip ft
A B == c =
|—15ft——|-—15ft 30 ft

3l I
c=101in., | =500 in*

Figure P4-27

Bending Stress About Local 3 Axis

= 9028112
7230923
5433734
36365.45
18353.50
4216719
-17550.22
-38522.11
53494
-71485.68

e o -89437.77

-
v
Load Case: 10f1
b4
-y

Maxdmum Value: 90281.1 Iof{in-2)

261478 in 522052 Te4.428
Minimum Value: -88437 8 It

Displacement
¥ Component
in

a
0244518
-0 469036
07335541
-0.9780721
-1.22269
-1.467108
-1.711626
1956144

\v/’-— 2200652

-2.44518

;[
Load Case: 10f1
s 4

Maximurm Value: 0 in
0.000 281478 in 522062 784428

Minimum Value: -2 4451810

4.28

| 10m sm—»|

¢=0.30m, 7=700% 100 m"

Figure P4-28
1 **** BEAM ELEMENTS
number of beam elements 2
number of area property sets =1
number of fixed end force sets =4
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number of materials =1
number of intermediate load sets = 4

1 **** BEAM ELEMENT FORCES AND MOMENTS
ELEMENT CASE

AXIAL SHEAR SHEAR TORSION BENDING BENDING
NO. (MODE) FORCE FORCE FORCE MOMENT MOMENT MOMENT
R1 R2 R3 M1 M2 M3
1 1 0.000E+00 4.688E+04 0.000E+00 0.000E+00  0.000E+00  1.562E+05
0.000E+00 4.688E+04 0.000E+00 0.000E+00  0.000E+00 -3.125E+05
2 1 0.000E+00 —1.250E+05 0.000E+00 0.000E+00  0.000E+00 —3.125E+05
0.000E+00 0.000E+00 0.000E+00 0.000E+00  0.000E+00  0.000E+00
1 **** BEAM ELEMENT STRESSES
ELEMENT CASE P/A  P/A+M2/S2 P/A-M2/S2  P/A+M3/S3 P/A-M3/S3 WORST SUM
NO. (MODE)
1 1 0.000E+00 0.000E+00 0.000E+00 6.6973+07 —6.697E+07 6.697E+07
0.000E+00 0.000E+00 0.000E+00 —1.339E+08  1.339E+08 1.339E+08
2 1 0.000E+00 0.000E+00 0.000E+00 —1.339E+08  1.339E+08 1.339E+08
0.000E+00 0.000E+00 0.000E+00 —1.192E-07 1.192E-07 1.192E-07
4.29
kip
1.5 &
REREEREEEEEES
== B —_
| 10 fi | 10 ft |
c=10in. | =400 in?
Figure P4-29
Bending Stress About Local 3 Axis
Tnff(ine2)
W 20714
1607.143
GEEAE
| as
-1607.143
2410714
3214286
-4D17.857
W -4821.429
;f."
Load Case: 10of1 i
o=X
Madmum Value: 3214.29 Iof{in"2) o108 " P oanto
Minimum Value: -4821.43 Ibt(inZ——— ey .
Displacement
¥ Component
in
0
-0.001366071
0002732143
40004098214
0005464286
0006830357
0008196429
-0.0095525
001092857
v 001229464
001386071

Load Case: 10f1

Manirmurn Value: 0in
0.000 81.608 in

——————————
Minimum Value: -00136607 In |

123213
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430

1()& 100 kN

EERERRENNY: :

A O C
| 12m | 6m |
I T I 27 I

¢=0.30m, 7=700% 10 m"
Figure P4-30

Bending Stress About Local 3 Axis
Ni(m*2)
= 5 1478R4c407
2.057146¢+007
=1.028573e+007
-4.114292e+007
-7.200011e+007
-1.028573e+008
-1.337145e+008
-1.645717e+008
-1.95428%e+008
-2.26286e+008

o )

Y
4
Load Case: 10of1
X

Maximurm Value: 5 14286e+007 NA(m*2)
0.000

4510 m 0.020 12530
Minimum Value: -2.57143e +00ETBIIT e

Displacement
¥ Cormpanent
m

0.01157143
0001671429
| -0.008228571

4
Load Case: 10f 1 i
X

Maximum Value: 0.0115714 m
0.000 4510 m 9020 13,530

Minimum Value: -0.0874286m P

4.31 Design a beam of ASTM A36 steel with allowable bending stress of 160 MPa to support
the load shown in Figure P4-31. Assume a standard wide flange beam from Appendix F
or some other source can be used.

w=30 KN
m

Figure P4-31
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1**** BEAM ELEMENT FORCES AND MOMENTS

ELEMENT CASE AXIAL SHEAR SHEAR TORSION BENDING BENDING
NO. (MODE) FORCE FORCE FORCE MOMENT MOMENT MOMENT

R1 R2 R3 Ml M2 M3
1 1 0.000E+00 —4.500E+04 0.000E+00  0.000E+00  0.000E+00  0.000E+00
0.000E+00 1.500E+04 0.000E+00  0.000E+00  0.000E+00  3.000E-+04
2 1 0.000E+00 1.500E+04 0.000E+00  0.000E+00  0.000E+00  3.000E+04
0.000E+00 7.500E+04 0.000E+00  0.000E+00  0.000E+00 —6.000E+04
3 1 0.000E+00 —7.500E+04 0.000E+00  0.000E+00  0.000E+00 —6.000E+04
0.000E+00 —1.500E+04 0.000E+00  0.000E+00  0.000E+00  3.000E+04
4 1 0.000E+00 —1.500E+04 0.000E+00  0.000E+00  0.000E+00  3.000E+04

0.000E+00 4.500E+04 0.000E+00  0.000E+00  0.000E+00  0.000E+00

1 **** BEAM ELEMENT STRESSES

ELEMENT CASE  P/A  P/A+M2/S2 P/A-M2/S2 P/A+M3/S3  P/A-M3/S3 WORST SUM
NO.  (MODE)

1 1 0.000E+00 0.000E+00 0.000E+00  0.000E+00  0.000E+00  0.000E+00
0.000E+00 0.000E+00 0.000E+00  4.658E+06 —4.658E+06 4.658E+06
2 1 0.000E+00 0.000E+00 0.000E+00  4.658E+06 —4.658E+06 4.658E+06
0.000E+00 0.000E+00 0.000E+00 -9.317E+06  9.317E+06  9.317E+06
3 1 0.000E+00 0.000E+00 0.000E+00 —9.317E+06 9.317E+06 9.317E+06
0.000E+00 0.000E+00 0.000E+00  4.658E+06 —4.658E+06 4.658E+06
4 1 0.000E+00 0.000E+00 0.000E+00  4.658E+06 -4.658E+06 4.658E+06

0.000E+00 0.000E+00 0.000E+00  0.000E+00  0.000E+00  0.000E-+00

S75%x11.2 1430 76 64 66 89 120 31.6 29.0| 0254 7.72 13.1

8.5 1070 76 59 66 43 103 271 31.0‘ 0.190 6.44 13.3

+ It may be noted that an American Standard Beam is designated by the letter S followed by the
nominal depth in millimeters and the mass in kilograms per meter. S75 x 8.5 acceptable for Oy
< 160 MPa. But not for deflection. Try larger section. W 10 X 112 works.

4.32 Select a standard steel pipe from Appendix F to support the load shown. The allowable
bending stress must not exceed 24 ksi, and the allowable deflection must note exceed

_L_
56 of any span.

500 1b 500 Ib 500 Ib

l l J
oM ok

o
— 6t —f— 61 i 6 ft |

Figure P4-32
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F 4-32 Standard steel pipe Bending Stress About Local 3 Axis
ToA(ine2)

11237 56
9150909
706386
4976.81

2885.761
8027114
-1284.338
-3371.388
-5458.437
-7545.487

\v,/‘—-———\.’,/ 96325%

Load Case: 10of 1
Lx

Maximum Value: 11238 Mf(% 72675 in 145350 218025

Minimum Value: -963254 bttt

P 4-32 Standard steel pipe Displacement
¥ Companent
in

1]

001107176
002214352
303521526
-0.04428705
-005535881
006543057
007780233
-0.06357409

‘\M .0 09964555
-0.1107176

L

Load Case: 10of1
LX

Maximurn Value: 0 in
0.000 72075 in 145 350 218.025

Minimurn Value: -0 110718 in

|

1 **** BEAM ELEMENTS
number of beam elements =
number of area property sets =
number of fixed end force sets
number of materials =

Il
B N e e

number of intermediate load sets =
1**** BEAM ELEMENT FORCES AND MOMENTS

ELEMENT CASE AXIAL SHEAR SHEAR TORSION  BENDING  BENDING
No. (MODE) FORCE FORCE FORCE MOMENT MOMENT  MOMENT

R1 R2 R3 Ml M2 M3
1 1 0.000E+00 —-1.751E+02 0.000E+00  0.000E+00  0.000E+00  0.000E-+00
0.000E+00 —1.751E+02 0.000E+00  0.000E+00  0.000E+00  6.303E+03
2 1 0.000E+00 3.249E+02 0.000E+00  0.000E+00  0.000E+00  6.303E+03
0.000E+00 3.249E+02 0.000E+00  0.000E+00  0.000E+00 —5.394E+03
3 1 0.000E+00 —2.500E+02 0.000E+00  0.000E+00  0.000E+00 —5.394E+03
0.000E+00 —2.500E+02 0.000E+00  0.000E+00  0.000E+00  3.606E+03
4 1 0.000E+00 2.500E+02 0.000E+00  0.000E+00  0.000E+00  3.606E+03

0.000E+00 2.500E+02 0.000E+00  0.000E+00  0.000E+00 —5.394E+03

5 1 0.000E+00 —3.249E+02 0.000E+00  0.000E+00  0.000E+00 —5.394E+03
0.000E+00 —3.249E+02 0.000E+00  0.000E+00  0.000E+00  6.303E+03
6 1 0.000E+00 1.751E+02 0.000E+00  0.000E+00  0.000E+00  6.303E+03

0.000E+00 1.751E+02 0.000E+00  0.000E+00  0.000E+00  0.000E-+00
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1 #*** BEAM ELEMENT STRESSES

ELEMENT CASE P/A  P/A+M2/S2 P/A-M2/S2 P/A+M3/S3 P/A-M3/S3 WORST SUM
No. (MODE)

1 1 0.000E+00 0.000E+00 0.000E+00  0.000E+00  0.000E+00  0.000E+00
0.000E+00 0.000E+00 0.000E+00 1.124E+04 -1.124E+04 1.124E+04

2 1 0.000E+00 0.000E+00 0.000E+00 1.124E+04 —1.124E+04 1.124E+04
0.000E+00 0.000E+00 0.000E+00 —9.621E+03  9.621E+03  9.621E+03
3 1 0.000E+00 0.000E+00 0.000E+00 —9.621E+03  9.621E+03  9.621E+03
0.000E+00 0.000E+00 0.000E+00  6.432E+03 —6.432E+03 6.432E+03
4 1 0.000E+00 0.000E+00 0.000E+00  6.432E+03 —6.432E+03  6.432E+03
0.000E+00 0.000E+00 0.000E+00 —9.621E+03  9.621E+03  9.621E+03
5 1 0.000E+00 0.000E+00 0.000E+00 —9.621E+03  9.621E+03  9.621E+03
0.000E+00 0.000E+00 0.000E+00 1.124E+04 -1.124E+04 1.124E+04
6 1 0.000E+00 0.000E+00 0.000E+00 1.124E+04 —-1.124E+04 1.124E+04

0.000E+00 0.000E+00 0.000E+00 0.000E+00  0.000E+00  0.000E+00
Omax = 11.24 ksi < Oyjiow = 24 ksi (For 2 in. schedule 40 steel pipe, | = 0.666 in.4)

4.33 Select a rectangular structural tube from Appendix F to support the loads shown for the
beam in Figure P4-33. The allowable bending stress should not exceed 24 ksi.
Rectangular tube 4" x 2% "% % "

I, =2.89 in.*
l;=6.13 in.*

jl kip E
R Z

|<7 6 ft 4>|<7 6 ft 4>|
Figure P4-33
1 **** BEAM ELEMENT FORCES AND MOMENTS

ELEMENT CASE AXIAL SHEAR SHEAR TORSION BENDING BENDING
No. (MODE) FORCE FORCE FORCE MOMENT MOMENT MOMENT

R1 R2 R3 Ml M2 M3
1 1 0.000E+00 1.000E+03 0.000E+00  0.000E+00  0.000E+00  0.000E+00
0.000E+00 1.000E+03 0.000E+00  0.000E+00  0.000E+00 -3.600E-+04
2 1 0.000E+00 1.000E+03 0.000E+00  0.000E+00  0.000E+00 —3.600E-+04
0.000E+00 1.000E+03 0.000E+00  0.000E+00  0.000E+00 —7.200E+04
3 1 0.000E+00 —1.500E+03 0.000E+00  0.000E+00  0.000E+00 —7.200E+04
0.000E+00 —1.500E+03 0.000E+00  0.000E+00  0.000E+00 —1.800E+04
4 1 0.000E+00 —1.500E+03 0.000E+00  0.000E+00  0.000E+00 —1.800E+04

0.000E+00 —1.500E+03 0.000E+00  0.000E+00  0.000E+00  3.600E+04

1 **** BEAM ELEMENT STRESSES

ELEMENT CASE P/A  P/A+M2/S2 P/A-M2/S2 P/A+M3/S3 P/A-M3/S3 WORST SUM
NO.  (MODE)

1 1 0.000E+00 0.000E+00 0.000E+00  0.000E+00  0.000E+00  0.000E-+00

0.000E+00 0.000E+00 0.000E+00 —1.176E+04  1.176E+04  1.176E+04
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2 1 0.000E+00 0.000E+00 0.000E+00 —1.176E+04  1.176E+04 1.176E+04
0.000E+00 0.000E+00 0.000E+00 -2.353E+04 2.353E+04 2.353E+04

3 1 0.000E+00 0.000E+00 0.000E+00 —2.353E+04 2.353E+04 2.353E+04
0.000E+00 0.000E+00 0.000E+00 —5.882E+03  5.882E+03  5.882E+03

4 1 0.000E+00 0.000E+00 0.000E+00 —5.882E+03  5.882E+03  5.882E+03
0.000E+00 0.000E+00 0.000E+00 1.176E+04 -1.176E+04  1.176E+04

Oumax = 23,530 psi < Oy = 24,000 psi

4.34 Select a standard W section from Appendix F or some other source to support the loads
shown for the beam in Figure P4-34. The bending stress must not exceed 160 MPa.

Qoﬂ

m
kg
W310¥39 (mm¥—= )

ool
7797 7%27 7797 Smax = 139 MPa < 160 MPa
|‘7 6.0 m;>|47 6.0m4+7 6.0 m4_|

6 m spans

Figure P4 -34

Displacements/Rotations (degrees) of nodes

NODE X- Y- Z— X- Y- Z—

number translation translation translation rotation rotation rotation
1 0.0000E+00 0.0000E+00  0.0000E+00  0.0000E+00 0.0000E+00 0.0000E+00
2 0.0000E+00 —4.2861E-03  0.0000E+00  0.0000E+00 0.0000E+00 —5.8470E-03
3 0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 0.0000E+00  2.3388E-02
4 0.0000E+00 —2.4492E-03  0.0000E+00  0.0000E+00 0.0000E+00 1.7541E-02
5 0.0000E+00 0.0000E+00  0.0000E+00  0.0000E+00 0.0000E+00  —9.3553E-02
6 0.0000E+00 —-9.7968E-03  0.0000E+00  0.0000E+00 0.0000E+00 —6.4317E-02

1 #*** BEAM ELEMENT FORCE AND MOMENTS

ELEMENT CASE AXIAL SHEAR SHEAR TORSION BENDING BENDING
NO. (MODE) FORCE FORCE FORCE MOMENT MOMENT MOMENT

R1 R2 R3 Ml M2 M3
1 1 0.000E+00 —6.115E+04 0.000E+00  0.000E+00 0.000E+00 —6.231E+04
0.000E+00 —1.154E+03 0.000E+00  0.000E+00  0.000E+00  3.115E+04
2 1 0.000E+00 -1.154E+03 0.000E+00  0.000E+00  0.000E+00  3.115E+04
0.000E+00 5.885E+04 0.000E+00  0.000E+00  0.000E+00 —5.538E-+04
3 1 0.000E+00 —5.654E+04 0.000E+00  0.000E+00  0.000E+00 —5.538E-+04
0.000E+00 3.462E+03 0.000E+00  0.000E+00  0.000E+00  2.423E+04
4 1 0.000E+00 3.462E+03 0.000E+00  0.000E+00  0.000E+00 2.423E+04
0.000E+00 6.346E+04 0.000E+00  0.000E+00  0.000E+00 -7.615E+04
5 1 0.000E+00 —7.269E+04 0.000E+00  0.000E+00  0.000E+00 -7.615E+04
0.000E+00 —1.269E+04 0.000E+00  0.000E+00  0.000E+00  5.192E+04
6 1 0.000E+00 —-1.269E+04 0.000E+00  0.000E+00  0.000E+00  5.192E+04

0.000E+00 4.731E+04 0.000E+00  0.000E+00  0.000E+00  0.000E+00
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1*#** BEAM ELEMENT STRESSES

ELEMENT CASE P/A P/A+M2/S2 P/A-M2/S2 P/A+M3/S3 P/A-M3/S3  WORST SUM
NO.  (MODE)

1 1 0.000E+00 0.000E+00 0.000E+00 —1.139E+08  1.139E+08  1.139E+08

0.000E+00 0.000E+00 0.000E+00  5.695E+07 —5.695E+07  5.695E+07

2 1 0.000E+00 0.000E+00 0.000E+00  5.695E+07 —5.569E+07  5.695E+07

0.000E+00 0.000E+00 0.000E+00 —1.013E+08  1.013E+08 1.013E+08

3 1 0.000E+00 0.000E+00 0.000E+00 —1.013E+08 1.013E+08 1.013E+08

0.000E+00 0.000E+00 0.000E+00  4.430E+07 —4.430E+07  4.430E+07

4 1 0.000E+00 0.000E+00 0.000E+00  4.430E+07 -4.430E+07 4.430E+07

0.000E+00 0.000E+00 0.000E+00 —1.392E+08  1.392E+08  1.392E+08

5 1 0.000E+00 0.000E+00 0.000E+00 —1.392E+08  1392E+08  1.392E+08

0.000E+00 0.000E+00 0.000E+00  9.492E+07 -9.492E+07  9.492E+07

6 1 0.000E+00 0.000E+00 0.000E+00  9.492E+07 -9.492E+07  9.492E+07

0.000E+00 0.000E+00 0.000E+00 0.000E+00  0.000E+00  0.000E+00
4.35 For the beam shown in Figure P4-35, determine a suitable sized W section from
Appendix F or from another suitable source such that the bending stress does not exceed

150 MPa and the maximum deflection does not exceed FLO of any span.

70 kN 70 kN
17 kN
25m| 2.5m
-|<f5m4>|
|<7 10m | 10 m
Figure P4-35
ASTM A36 steel
LM 6278 m
360 360
AV = 0.0556 m
. g N
Bending stress max = 150 MPa=1.50 x 10° —
m
Beam l; (m?) S(m’) A(m?) Bending AYax (M)
N
stress ( > )
W310x 143  0.000348  0.002150  0.018200 | 1.010 x 10° —0.0269
W460 x 158  0.000796  0.00340 0.0201 6389 x 10 -0.0118
W760 %257  0.003420  0.008850  0.0326 2455 x 10’ —0.00275
W310 x44.5 0.0000992 0.000634  0.00569 3426 x 10 —0.0944
W310 x 74 0.000165  0.001060  0.009480 | 2.049 x 10° —0.0568
W310x 107  0.000248  0.001590  0.013600 | 1366 x 10° —0.03776

For the problem given a W310 x 107 beam was chosen made of ASTM A36 steel. This
made for a maximum deflection of 0.0378 m (see above table) which is less than the
0.0556 m maximum restraint.
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P.4-35 Bending Stress About Local 3 Axis
NA(er2)

1.356328e+008
1.146042¢+008
9257567 e4+007
7.054712e+007
4.651858e+17
2649003e+007
4461480

-1.756707 e+007

-3.959562e+007
-6.1624162+007
-8.36527 104007
Y
A
Load Case: 10of 1
X

Masimurn Value: 1.36633e+008 NA(m*2)
‘0.000

7 02 m 14,804 22.208
Minimum Value: -8 36527e+00 T T ]

P 4-35 Displacement
¥ Cormponent
m
0.01676006
0.01130758
0005855109
0.0004026351
-0.00504%839
001050231
-001595479
002140726
-0,02685573
-003231221
003776468

Y
¥
Load Case: 10of1
X

Maximum Value: 0.0167601 m
0.000 5501 m 11423 18.884

Minimum Value: -0.0377647 m

4.36 For the stepped shaft shown in Figure P4-36, determine a solid circular cross section for
each section shown such that the bending stress does not exceed 160 MPa and the

maximum deflection does not exceed 35 of the span.

200 kN

Figure P4-36

Try small radius of 140 mm
Large radius of 166 mm
Yields Opax = 166 MPa close to
Oax allow = 160 MPa.
Need to increase smaller diameter

Loom L 53m
360 360 30
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Other trials shown below

dag and dpe deo, mm o (MPa) O (m)
279.6 332.5 166.3 MPa > 160 0.064 >0.033
290 340 155.5 0.058 O0Too Large
310 360 131 0.046 OToo Large
340 390 103 0.0330 OFinally at Limit of
L
360
Final dag = 340 mm = dpe
dBD = 390 mm
4.37
P
1 L 2 L 3
2 2
E.I constant

Applying the boundary conditions

Vi= @ =@=w; =@ =0 in the global equation {F} = [K] {d} we have

b+ WTLD: = 4wy
<)
wL -p wL?
—-P—= 8El 24v; = |V, = -
2 B 192E  384El
Reactions
M 6L L T 4
‘e Y Y o0 ol oy [
Iy
- 6L 2
M, 4 4GB0 3 2 0 ul
6L L _p3 4 —
Byl _8El-12 = 24 0 -12 5|5kl e
3 2 2 —6L 2
Mypb Ble & o % & & 0 0
F _ —6L —wl
'\;y 0 0 -2 75 12 % :
3 2 2 WwL”
[0 o ¢ & B 4] 48
P+wlL PL  wl?
= Fy- Y
v 2 g T Y
P+wL -PL  wl®
M= 0, F3y =  M; = =
’ Y 2 8 T 12
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438

Lo L -
PR R
I %
11 |<L—> 2 3k
| o |
| n . n |
2 2
P —20P —20P P
io 27 o7 2lo
% y A U
2P 4PL 4P 2P
9 9 9 9
After applying the boundary conditions
Vi=@gr=@g=Wm=@¢=0
We have in the equation {F} =[K] {d} the following
_ _ 3
—40P _ EI [24v5] = v, = 40P
27 @y 24El
-5P° L
Vy = since | = —
3El 6
—5P(%)’ -5PL?
V= ——"— = |V,=
3El 648 El
439
P w
1
a1 . 2
Lo3wif =L 7w
2720 2 20
S/ N\
PL w2 PL o, w2
g 30 8 20

j_E_M
_l 2 20 zﬂ[lz —6L].(Vzl )
PL EJ Clost a2)les] )
8§ 20
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Multiplying (1) by L and (2) by 2 and then adding

-PL 7wl® E 5
— - = — [12Lv;—6L
2 a0 p Eveobel
PL 2wl E )
—+—— = — [F12Lwn, +8L
4 20 E [ ¢l @]
-PL wl® _ E L) = |6, - —(PL2 +wL®)
4 4 2 =
— _pl2_ 3
Substituting in (1) = LA E|:12V2 - 6L[M:H
2 20 ¢ 8EI
-5P_20wL _ 12EI _—(25P+22w)l°’

= |V
4 20 3 2 240

o ) [-moaw
Fiy 12 6L -12 6L 2o
M| _ElfeL 42 —6L 20 _(25P+02M)L3 R
Fyl LCfl-12 6L 12 —6L||7 mm | |-8-2u
M, 6L 217 —6L 417]| ZPo_w’ L w’
El 8 20
wL PL 1
Fy=P+— M =—+—wL’
= 2 2 3
F2y=O,M2=O
440
P=5kN

—
S
(X}
Ay
w

o

=

Assume the hinge as a part of the first element. Therefore, stiffness matrix for element 1 is

f .
Vi v 9

1 2 -1 0
3EI
K"]= 5|2 420
-1 2 1 0
0O 0 0 O

Stiffness matrix of element 2 is

12 12 -12 12 |w%
K= | 12 16 -12 8 9,
12 -12 12 -12 |V
12 8 —12 16 J¥;
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Adding the matrices by superposition

i b8 v 9

D6 0
(KI= 43 46 15 12 -1 1p
o 0 12 16 -1p
12 —12 12 12
- —2—= HP—6-
Applying the boundary conditions
V1:0>¢]:0’V3:05¢3:0
. E[IS 12“'%1 _ _J'—5kN}
8 Liz 1elle) 1o
El
= 3 [15v2 + 12¢] = — 5000 (1
12v, + 16 = 0 (2)
4
From (2),vo= — 3@ 3)

Substituting (3) in (1)

5 ; 3

4 —5®103%8
j/fx[——) @+ 12 @=

A 210%10° x 2% 107

-5x10°x8
= -8p= ———
420%10°
5000
= = —_—
420%10°

= |68 =1.19% 107 rad

v ﬂ @
T3
4 4
=—-—x1.19%10
3
Hence |V2 =—157x107* m|

441

5kN
2

?16)};@3
¢ |

2m I

2m
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1 2 -10

K= 3El{2 4 20
8 (-1 =2 1 0

0 0 0 0

12 12 -12 12

El -
K- B 12 16 -12 8
8|1-12 -12 12 -12
12 8 —-12 16
By superposition
/O v, 9, Vv, &,
i 39 o |
h 12 -6 1] 0
_El
[K]= <73 6 15 12 -2 12
D 0 12 16 -2 8
1 —12 12 —12
L 2 8 -2 16

Boundary conditions

vi=0,¢=0,v3=0

15 12 12 [v; —5000
=112 16 8 {e,t =1 0
2 8 16 l¢3_ 0

Solving by Gaussian Elimination we have

15 12 121-95%10*
216 81 0
2 8 16 0

Select a;; = 15 as the pivot

(a) Add the multiple % = _1—152 = _—54 of the first row to the second row
(b) Add the multiple _:3]‘ = _?4 of the first row to the third row.

15 12 12 |-95x107

0 64 —16! 7.6x107
|

0 -1.6 64| 760"

Select ay, = 6.4 as the pivot
Repeating the same procedure

15 12 12 —95%107*
0 64 —16 7.6x107
o 0o 6 95%"i0*
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= ¢, =1583x107" rad

#,=1.583x10 * rad

v, =—3.175810"* m

442

1 2 3‘ ‘ ‘//’4

Q

SNNNNNNN

Z
\-‘—2111——1-——]!11 -—lm—i‘l

v o v, RN R R |
1 1 2 ¢2 P 2 2 2
gl 12 12 -2 3, 2

m,_ El —El| 2 2
K=< 12 16 -12 8 BS 5 5 5
12 -12 12 -12 o
2 8 -12 16 21 22

Assume the hinge as a + right end part of element (2)

V, 9, vy gy

o 38 11 -10
[ ]—@ 1 1 =10
-1 -1 1 0
LO O 0 O
(2 S VA A
o El 12 6 —-12 6
[K™]= @ 6 4 —6 2
-12 -6 12 -6
L 6 2 -6 4

By superposition
Vi @ vy, 9y V3 93 Vv 9y
7 T30 0 )
2
1 /A | 0 0
T e e
K=+ s 5 0 )
3 =3 15 6 -2 ¢
:{; D 0 0 6 4 —H6 2
(P 0 —-12 -6 12 —6
K0 06 2 6 ¥J

Applying the boundary conditions
ViIZ= @ =Va=Vy=@=0
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0 6 4] |_167kN-m
- @:§v3 (1)
6v3+4(p3=%
> = [_4;6'75—1.54 @)
El- 3@+ 15 +6@) = — 10000 3)

Substituting (2) and (1) in (3)

9 2500 -10000
——=V3t15v;— —— —9v3 =
5 El El
21 12500
= —V3=—- ——
5 El

v, =—42528107 m

¢, =—2.551®107 rad

#,=5.386x107" rad

4.43 From Equation (4.7.15)

%= 0

ool
Tl

L} (BT [B]Ld) i~ [Jwid}T [NI c—{d}" {P}

Pl N||T|

EI — constant

?\Z" - [% @Lrsﬂrsldx}dly—ﬂjr\ulwdx} f,=0 M
21:’ - P2 yersiodf - nanend) - m o o
?;\Zp ) (% mL[BlTIBldx]dzy—DjNdeDll— foy =0 3)
?;;f - 5 prermiodh. - [fnamed, - m o @

Equations (1) — (4) in matrix form are
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]IVI 1 Nll J flyl

. & LIN, m _

El |;|[Bl [Bldx[vz}—m N, wadx — fzy‘ =0
&, N, m,

Simplifying

El |;L_|LBJT[Bde{d}— |j[N]TWdX—{P} -0

4.44
L L
Yo, Y, v,
Positive node force Element in equilibrium
sign convention (neglect moments)
Figure P4—44
V, =V,
Y= AwT =AwGy = AWG{%]
-AyG
Y=o v= RS )
L
G
Y,=Y= A G (v, —v;}
L
{Yll _ AG [ 1 —1}]%1
Y, ) L1 v
Gl 1 -1
w20
L -1 1
447

wix}

L

2R3

L1 "2 kaV2 L
= @E El (V) dx+ @de— @vwdx

3

|

i

7775

74

_ YL
V=N -y
&=~ y[B] {d)

[B] from Equation (4.7.10)
= QLQ% &7 (m 1 dAdx— |ijyvdx @%kf @ NTIIN](d} ok bT,=w
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N||T|

[[){d71BTB] (d} dx— [] w {dT I[N ]dx + :]'% "} [INTI[N] {d} dx

aﬂ'p:El L[BT][B]dX d [ d L T I d
ad N fd} = [JINT wdx+ [ JK¢[NTI[N]cxd}

L L
. [k] = El |;|[BT][B]dx+ Kq |;|[NT][N]dx

f |
Equation.(4.7.19) New part similar
to convection part
of heat transfer
stiffness matrix.

4.77 Find the deflection at the mid-span using four beam elements, making the shear area zero
and then making the shear area equal to 2 times the cross-sectional area (b times h). Then
make the beam have decreasing spans of 200 mm, 100 mm, and 50 mm with zero shear
area and then % times the cross-sectional area. Compare the answers. Based on your

program answers, can you conclude whether your program includes the effects of
transverse shear deformation?

Beam Span (m)  Shear Area | Displacement at center (m) % difference
0.400 0 1.28E-03 4.61.E+00
0.400 0.001042 1.34E-03
0.200 0 1.60E-04 16.21
0.200 0.001042 1.91E-04
0.100 0 2.00E-05 43.62
0.100 0.001042 3.55E-05

0.0500 0 2.50E-06 75.58
0.0500 0.001042 1.02E-05

It would appear that the program DOES include the effects of transverse shear area
which can be seen in the increasing per cent differences as the width of the beam
approaches the span of the beam. As these width and span get closer and closer together
the shear area becomes a larger factor, this would be the expected outcome if the
program includes the effect of transverse shear area in the calculations.

Note: For all of the beams the element definitions remained the same except the beam
spans were changed. The figure below shows one example of when the 400mm beam
was run with shear area included.

Displacement
Magnitude
m

0.001341982

.0.001207784

0.001073686

0.0009393675
0.0008051993
0.0008709911
0.0005367929

. 0.0004025940
0.0002083964
0.0001341982
0

s

Figure 1: 400mm beam deflection with shear area included
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Chapter 5

51
5 10,000 Ib
y i
: E=30 x 10 psi
L A=10in2
1=500in#
1 | 3 4
| =
lo—30 4& 30 ft—=|
Element (1)
LY = V40? +30% =50 ft =600 in.
cosf= 2% _30-0 _,¢
M 50
sin 9= 2~ N 40_0—0.8
M 50
E 6l
= =50000, 121 0167, St 5o
L L’ L
[ 361 479 —4  —361 —-479 —4
479 641 3 -479 -641 3
0 -4 3 2000 4 -3 1000
[k"’1=50000
=361 =479 4 361 479 4
-479 —641 -3 479 641 -3
-4 3 1000 4 -3 2000
Element (2)

L® =50 ft =600 in.

3070 _ 6 sino=20"0_g
50 50

cos 8=

[361 —479 -4 -361 479 -4
~479 641 -3 479 641 -3
4 -3 2000 4 3 1000
-361 479 4 361 -479 4
479 —641 3 -479 641 3
~4 -3 1000 4 3 2000]

K] = 50000
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After imposing the boundary conditions on each element stiffness matrix and assembling,

we have
Fyy = 10000'l 7220 8
Fby=0 =50000 0 1282 0
M, =0 J 0 0 4000

Solving simultaneously, we obtain

|

Lo

U= 0.0278 in.,v2 =0, o = — 0.555% 10 *rad

The element forces are obtained using

{7} = [KT[T] {d}

Element (1)
(10 0 0 -10 0 0 ]
0 00167 5 0 —00167 5
(F) = (K9 [T (dy =s0000 | © 1 20000 =5 1000
-10 0 0 10 0 0
0 =-00167 -5 0 00167 =5
L0 5 0 0 -5 2000 |
[ 06 08 0 0 0 0(u=0 i) =-83001b
-08 06 0 0 0 0[|vw=0 fj, =461b
. 0 0 1 0 0 Of|%=0 _|m =27751bin.
0 0 0 06 08 000278 f, =83001b
0 00 -08 06 0 0 f5, =—4.61b
L 0 00 0 0 1J|-0.555x107" m =0
Element (2)
10 0 0 -10 0 0 ]
0 00167 5 0 -00167 5
A 2000 0 -5 1000
=110 o 0 10 0 0
0 -00167 -5 0 00167 —0.5
L0 5 1000 0 —05 2000 |
[-06 08 0 0 0 0] 0
-08 —0.6 0 0 0 0 0
y 0 0 1 0 00 0
0 0 0 -06 08 0 0.0278
0 0 0 —0.8 —0.6 0 0
L0 0 0 0 0 1f]-0.555®10*
f4, =83001b
f5, =4.61b
m, =2775Ib-in.
5, =—83001b
fh =-4.61b
m, =0
184
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Equilibrium check

8300 Ib
8300 Ib
461b
2
4.61b
4
v
2775 Ibin.
2775 Ib-in. i61h
8300 Ib
8300 Ib
Node 2
46l 3687°
36.87°M00 b
53137 %\53.1?
8300 1b
8300 Ib
ZF=10
1000 — 2(8300) cos 53.13°— 2 (4.6) cos 36.87° =32.61b® (
ZFy= 0
8300 (sin 53.13° — sin 53.13°) + 4.6 (sin 36.87° — sin 36.87°) =0
5.2
5000 1b ®
2 3
20 8
® ©)
i 4
T SN\
!-—— w08 —ol
E = 0.04167, 6—| =5.0, E =125,000
L L L
Element (1)

ch—o, sV-

[0.04167 0 —5 —0.04167 0 5]
10 0 0 -10 0
) 800 5 0 400
[k*’]= 125,000
0.04167 0 5
10 0
| Symmetry 800 |
185
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Element (2)

c®=1, s$V=0
[ 10 0 0 -10 0 0 ]
0.04167 5 0 0.04167 5
800 0 -5 400
[K?1= 125,000
10 0 0
0.04169 -5
Symmetry 800
Element (3)
c¥P=0, SV=-1
[0.04167 0 10 -0.04167 0 10 |
10 0 0 -10 0
800 -10 0 400
k1= 125,000
0.167 0 -10
10 0
| Symmetry 800 |
Boundary conditions are
U=vi=¢=0,uy =V, =¢4,=0
Global equations {F} = [K] {d} are
[9.958 0 -5 -9.958 0 0 {u, 5000
-9958 5 0 10.0417 5 ||v, 0
1200 10 -5 1200 | | &, 0
125000 = :
0 0 -10 ||y, 0
—-9958 =5 ||V, 0
Symmetry 1200][¢;) | 0
Solving simultaneously
U= 0.688 in., v, =0.00171 in., $» =— 0.00173 rad
us= 0.686 in., v; =—0.00171 in., ¢3=—0.00172 rad
Local element forces
{ft = [K']{d"} = [K'] [T] {d} for each element
Element (1)
To 10 00 0][0 0
-100 00 0|0 0
001 000[] 2O 0
[T 4y = = B
000 0 1 0f|0688 0.171x 10
00 0 -1 0 0f[0.171x107 —0.688
LO O 0 0 0 1J|-0.173®107? —0.173® 1072
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2. 0=-21401b
£, =25031b
m _ r
{fr}(l) — [k!](l) [T](l) {d}(l) _ rn’] _343,600 1b-in. L
5,0 =21401b
£, =-25031b

i, ' = 257,000 Ib- in.

Similarly
f,, =24971b
f,, =—21401b
=—257,000 Ib-in.
£ = @ @ @ = 1™ ’ _
{737 = [KT7[T]7 {d} £, =—24971b
f,, =21401b
m, =—256,600 Ib-in.

f,, =21401b
f,, =24971Ib

m, = 256,600 1b-in.
fo =—21401b
foy=—24971b

m, =342.700 Ib-in.

{f'}(3) = [k’](3) [T](3) {d}(3) =

Free body diagram of frame
(using local force results)

5000 Ib

( 2503 Ib 2497 Ib
| 2503
| A

343,600 Ib-in. 342,700 Ib-in.

2140 1b 2140 1b

Check equation
ZFy= 0:5000—-2503 —2497=0
EFy= 0:-2140+2140=0

M, = 343,600 + 342,700 + 2140 (20°) (12 % ) — 5000 (207) (12 % )|
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53

Obend < % @y < 24000 psi
(T = —
*
Assume channel section, C6 X 8.2

lk=13.1in*, A=2.40in>
Element (1)

= =12.3148® 1071 =0.03032

8.33% 10721 =1.092

6
E_29X10°0 _ 4 ogx10°
L (12)(6)
A1 9, ) Vv, ¢,
T 24 0 0 24 0 0

00303 1.0917 0 0303 10917
KV = (4.028%10°)| 0 10917 524 0 -10917 262
—24 0 0 24 0 0

0 —0.0303 —1.0917 0  0.0303 —1.0917
L0 10917 262 0 -10917 524

Element (2)

C=c0s45°=0.707,S=sin45°=0.707
121 121

. s -8528%10°
L (&2+8) 12

ol 0.5789, E ) 136x10°
L L
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[ 1

k= 2.136x%10°

Element (3)
C=cos0°=1,

KP1= 4.028 % 10°

Boundary conditions
Uu=vi=¢ =0

1.196

@)
1.196

1.204

204

| Symmetry

S=sin0° =
(3)
0

0.0303

0

[2.4

| Symmetry

—0.409 -1
0409 -1
524 0
1
0
1.092
52.4

Uy =V =¢4=0
Applying boundary conditions the reduced global equations become

[12.24 2554 -0.8745 -2.573 =—2.554
2.695 —3.523 -2.554 -—-2.573
10° 323 0.8745 —0.8745
12.24 2.55
2.69
Symmetry
Fy=0
F,, ==2000
_ M, =
R =0
F;, =—2000
M; =0

Solving simultaneously, we obtain

U= —3.008® 10~ in.

Vo = —0.402 in.

$,=—6.663% 10~ rad

Us=3.30% 107
vs = —0.402 in.
P3= 6.663% 10

Element forces

in.

3 rad

189

204

—2.4

3)
~1.196

—1.204

204
.196
4094
1.196
1.204

4
0

—-0.0303

—1.092
0
0.0303

0
0
24

—-0.8745]
0.8745
5597
0.8745
3.523
323

—0.4094

—0.4094
0.4094
26.2
0.4094

-0.4094
52.4

0
1.092
26.2
0

~1.092
524 |
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Element (1)

fix” 24 0 0 -24 0 o ]9
Y 0.0303 1.092 0 -00303 1092/ 0
m® | 4028 % 10° 524 0 -1.092 22 || 0
£r.0 ' 24 0 0 -3.008x10"°
5,0 0.0303 0.1092 | [—0.402

| Symmetry 524 | |-6.663x107°

. mz(l)
1,0 =0

f]y(l) = 2000 Ib

m" =106,900 Ib-in.
0 =0

f'zy(l) =-2000 Ib
m," =370601b-in.

106,9>()Ollb.in. @ 370301)1)111‘
2000 Ib 2000 Ib
\Y
2000
Shear Diagram
0
M 37,060 Ib-in.
0
Moment
Diagram
106,900
Element (2)
T 1204 1.196 —0409 —1204 —1.196 —0.409] | 3.008x107°
1204 0.409 —1.196 —1.204 0.409 | |—0.402
s 52.4 0409 —0.409 262 ||-6.66%10"°
2.316x 10

1.204 1.196  0.409 33%10 2
1.204 —0.409 | |_0.402

S t
| Symmetty 524 1| 666x107
e
f2x( ) o
s (2
ny( ) 0
_m® | ]-370601b-in.
+ (2
f3><( ) 0
e 0
3y .
@ - 37060 1b*in.
my
190
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37060 Ib-in. 37060 Ib-in.

(Vf 1)

0
M 37060 1b-in.
0
Element (3)
24 0 0 24 0 0 7 [33m0°
00303 1092 0 —0.0303 1.092 -0402
524 0 -1.092 262 -3
4.028%10° 16.66x107 |
24 0 0 0
0.0303 —1.092 0
| Symmetry 524 ]| 0
S
6O,
£r.3)
3y —20001b
m® | [-370601b-in.
] o
fr @ 2000 Ib
4
(y3) ~106900 Ib-in.
m,
37060 1b-in. 106900 Ib-in.
( 1C
2000 Ib 2000 Ib
\Y
0
—-2000
M
37060 Ib-in.
0
—106900 Ib-in.
Reactions

Fu= 1,0 =0
Fiy= 1, =20001b

M; = m® =106900 Ib-in.
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Fix= 3,9 =0
Fay= £, =20001b

Ms= m,® =—-106900 Ib-in.

_ Mc_ 106900 (3 in.)

= 24480 psi
[ 13.1in.* P
Close to Gaow= 24,000 psi
5.4
20 kip
I 25 fe 25 it
2
()2
E=30¥%10°ksi
A= 8 in2
I = 800 in4
40 ft
|~—mn fe—20 ft I 30 fi
Element (1)
c= %X _ 20 447 5= 30 _ 505
L~ 447
121 6l E

—— =10.0334, — =8.949, — =55.93
L2 L L

Imposing boundary conditions U=V =¢; =0, U=V, =@, =0,U3;=V; =¢; =0

Uy Vy Py
90.87 1782 447.9
kM= 358.8 —223.7
Symmetry 179000

Element (2)

[00.87 —178.2 4479
k7= 3588 2237
| Symmetry 179000
(400 0 0
K= 1.334 400
| Symmetry 160000
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Equivalent forces (element 3)

b —(20kip) (50 1) (12%)

My= —— = =—1500 kip-in.
04 3 3 p
f04y =—-10 kip
Global equations
0 ‘ 582 0 896 Ju4]
—10 kip = 719 400 Vyr
-1500 kip-in.J Symmetry 517900 l%]
Solving

Us= 0.445% 10 %in.,v;=—0.123 % 10 " in.
$4=—0290 x 102 rad
Element forces

{75 = [KT[T]{d} - {5}

Element (1) [T] {d}
[ 447 0 0 -477 0 0 110 0
0 1.868 5005 0  —1.868 500.5 0 0
0 500.5 179000 0  —500.5 89490 || O 0
—447 0 0 447 0 0 ~0.90193®™102( o
0 -1.868 —5005 0 1.868 —500.5 | |-0.94808®™102| |0
L 0 500.5 89490 0 —500.5 179000] |_(.2895M 102 0
fix 4.04 kip
fly ~1.43kip
m _|—254kip-in.
fo. [ |-404kip |
fy 1.43kip
m, —513 kip-in.
Element (2)
Similarly
o 5.82 kip
f5y ~1.45kip
m, | =260kip-in.
. | |-5.82kip
fy 1.45 kip
m, 519 kip-in.
Element (3)
{fo}
flax ~178kip | [ 0 ] [-1.78kip
fly 1.17 kip 10 —8.83 kip
m, _ 7468kip-in.’_. fISOOL ) 1032 kip-in.
£ 1.78 kip 0 1.78 kip
f4y ~1.17 kip 10 —11.17 kip
m o —236kip-in. 1500 —1736 kip-in.
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Free-body diagrams at each element

8.83 kip 20 kip 11.17 kip
] l ;
1.78 kip 9— 1.78 kip
10.32 kip-in. @ 17.36 kip-in.
4.041dp 5.82 kip

1.43 kip fi\* 519 kip-in.
4 /77 513 kip-in.

@

254 kip-in. 1.45 kip

1.43 kip

5.82 kip

4.04 kip

Equilibrium at node 4
M4 = — 513 kip-in. — 519 kip-in. + 1032 kip-in.™ 0

ZFy= 1.43 c0826.57° + 1.45 c0s 26.57° — 1.78 + 4.03 c0s 63.43°
—5.82c0s 63.43°=0

XFy= sin 26.57° (145 - 1.43)— 8.83 + sin 63.43° (4.03 +5.82)= 0

8.83 kip

1.43 kip

26 h\

26.51°
)
145kip &

1.78 kip

4.03 kip 5.82kip

Reactions
Support node 1

1.43 ki
g 254 kip-in.

265 TN

63.43°

4.03 kip
TFy= 4.03 sin 63.43° — 1.43 sin 26.57°=2.96 kip T
ZFx= 4.03 cos 63.43° + 1.43 cos 26.57° =31 kip =
M = 254 kip- in. 2
Reactions support node 2
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260 kip-in.

o
2@/ 63.43°

14.5 kip

5.82 kip

ZF,= 1.45 c0s 26.57° — 5.82 cos 63.43° =—1.31 kip or &
IFy = 5.82 sin 63.43° + 1.45 sin 26.57° = 58.86 kip T
M, = 260 kip-in. 2
Reactions support node 3
Already in global x-y directions
ZF,= 11.17 kip, ZF, = 1.78 kip ™, M = 1736 kip- in. )

8.83 kip
4 Ij: @ 3
—11.17 kip
Shear Diagram
1 27_1.45kip
—1.43 kip
1617 kip-in.
519 kip-in. +
4 A\ 3
513 kip-in. _
1736 kip-in.
| 2 Moment Diagram
254 kip-in. 260 kip-in.

5.5

E=30 x 104 psi
A=10in2
=200 in4

195
© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



Element 1-2 (1)

£2| =0.0178, E. 69.338, o 2.7735,C=0.555,S=0.832
L L L
After imposing the boundary conditions U; = V| = ¢ and Us = V3 = ¢ = we have
2142 319.8 160
[kio]=1319.8 4802 -106.7
160 -106.7 55470
Element 2-3 (2)

% = 0.0185, ol =3.33, E
L L L

85.53,C=1;S=0

—-8533 0 0
[k3]=10 1.54 27749
0 277.49 66664
Equivalent forces
10 kip ) ) )
5.5 kip L/832 kip 20 kip 20 kip
N a
/ N
600 kip-in. 1800 kip-in. 1800 kip-in.
70 kip 20 kip
10 ki
ssskip | 1 A ‘ l
\J N J N
/ 600 kip-in. 1200 kip-in. 1800 kip-in.
832 kip
10 kip
600 kip-in.
Assembled global equations.
0 1047.5 319.8 160 u,

=70 = 481.74 1708 Vv, ¢

—1200 122134.4 q'}z_]
Solving

u, = 0.0562 in.
Vo =—0.1792 in.

= —0.00965 rad
Element forces
{73 = [k’ {d"} — {fo} =[K'][T] {d} —{f0}
Element (1)
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0
0
0
T =15 1179 in.
—0.1462in.
—0.00965 rad
(kT [T] {d} —{f"0} =
[ 693.38 0 0 -693.38 0 0 ]
0.8875 192 0 -0.8875 192
55380 0 -192 27690
69333 0 0
0.8875 —192
| Symmetry 55380 |
0 —832] [ fix] flx=90.07kip
0 —5.55 'y f', =3.83kip
0 -600| |m m, = 360.86 kip-in.
o179 {7 =832{ " | £, #,,=—7343kip
—0.1462 ~5.55 o, f5,=727
—0.00965 600 m, m, =-110.635kip-in.
Reactions

From the free body diagram of equivalent forces gives
Fix= fi, (0.555)— f’ly (0.832) = Fix=46.8 kip

Fiy= 7, (0.832)— f{, (0.555)= Fiy=77.06kip

M, = 360.86 kip-in.

Element (2)
(8333 0 0 -8333 0 0 71 0.05618
1.5416 277486 0 ~1.5416 277.488 | |-0.1792
66591 0 —277.488 33299 | [-0.00965
8333 0 0 0
1.5416  —277.488|| 0
| Symmetry 66597 || O
0 e 46.8 kip
-160 %y 17.1kip
-1800/ |m, | | 1108kip-in.
o ]| |-aeskp |
-20 5y 22.95kip
1800] | m, ~2171 kip-in.
Reactions

Fa= 4, =—46.8 kip +
Fay= f4, =22.95kip T

M; = my=—2171 kip-in. 2
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5.6

40 kap
128 —fe—128 ‘-b
-‘6 E =30 x 104 psi
A=10in?
I=200in*
20 ft
20 kip | =
|-w 10 & ! 10 ft —t 15 ft {
Replacement (Equivalent) force system
10kip 60 kip 60 kip
600 kip-in. 1440 kip-in. 1440 kip-in.

10 kip
600 kip-in.

Element 1-2 (1)
121 E kip 61

C=S5=0.707, — =0.0208,— = 88.3881 —. ,— =3.536
L2 L o L
Since u=vi=¢ =0
U, \Z] 0,

442.82  441.06  220.97
441.06 442.82 —220.97
220.97 =220.97 70710

[ki2] =

Element 2-3 (2)

C=1,S=0, 121 =0.0289, 61 =4.166, E_ 104.167
L2 L L

WL=Vvi=¢=0

Us V3 o3

1041.67 0 0
[ky3]=

0 3.01 434.03

0 434.03 83333.28

Element 4-2 (3)
C=-0.60,S=0.80, 121 :0.0267,6—| :4,E =100
L2 L L
361.71 —478.72 320

[kio]=|—478.72 641 240
320 240 80000
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By direct stiffness method

J’ 0 18462 —37.66 54097 U,
—~70 = |-37.66 1086.83 453.06 A
l,—840 540.97  453.06 234043.28] |6,
Solving
u, -0.000269 in.l
V, = 4—0.0363in.
@ —0.00347radl
Element 1-2 (1)
0
0
0
T =1 ) 0447 i,
—0.0426 in.
~0.00347 rad
{t [K] [T]d}
£, [ 883.88 0 0 —-883.88 0 0 100
£y 1838 31192 0 -1.838 31192 0
m | =(10°% 705792 0 —-311.92 35290 0
0 883.88 0 0 —0.0447
£, 1838 =311.92 | |-0.0426
m, | Symmetry 70579.2] |-0.00347
_{f’o}
-7.07]  fix=46.6kip
—7.07 f'|y=6.07kip
—-600 | = m, =491.3kip-in.
C|-7.07] £, =-324kip
-7.07|  f,,=807kip
600 =-831.3 kip-in.

From FBD of element (1)

m,

1
Fix= E«/E (46.6 — 6.07) = 28.65 kip

Fiy= %x/i (46.6 + 6.07) =37.24 kip

M;=m=491.3 kip'
Similarly
Element 2-3 (2)
f5,=—028kip
fly = 5831 kip
m, = 1123.9 kip- in.
i = 0.28 kip

f3, = 21.69 kip-in.

m, = — 1611 KN-in.

in.

Element 4-2 (3)

fax = 50.2 kip

f4y = —1.49 kip

m, = —154.2 kip-in.
fi, = —50.2 kip

fh, = 1.49

m, = —293.2 kip-in.
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F,.=0.28 kip l F,.=—28.93kip
Fyy =21.69kip - ™ Reaction ™ < F, = 41.05 kip
M3=m3=—1611.8kip-in.l M, =—154.2 kip-in.

5.7
80 kN
’%d m—ete—434 m —-4
2 ! _‘l'[; E =210 GPa
©) e A=10x102m’
4m | | =1.0x10%m*
I
40 kN ©] l
* O, |
dlm I
L |
ST n
40 kN - 40 kN
P S0 kNm \ 8 m l
20kN [,/
\/%: 40é8) =40 kN-m
8m
ZOkN—/’\% =40 kN.m
Equivalent force system
Boundary conditions L=vi=¢,;=0
U= W= (-53 =0
W=V,=¢4=0
Element (1)
C=0, S=1
% =2.344%10°, Ho_smyps
L L
6—2' =9.375%10°, A 125x107
L L
. 1.875%10 ° 0 9.375%10 ©
k"= —210;10 1.0x10 2 0
Symmetry 4.0x107*
Element (2)
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1.0x10? 0 0

210%10°
K= — 1875%10°° 9.375x 107
Symmetry 4.0%10 *
Element (3)
C=0.707, S=-0.707
121

4] .
F:8.286><107, n =3536%x10°

6—2' - 4687510, 2 -8839 10
L L
[5.005%10 * -4.995x10° 3.75x10 *

210x10° _ _
K= == 5.005x107°  3.75x107°

&2

Symmetry 40810 4
Global equations
[1.917®102 —4.995®10 3 1.436®10 *|(y

_ 210®10°

—40 NG 19171072 1.436x107* |{v,
—40. Symmetry 1.531m1073 | ¢,

Solving simultaneously
Uy = 0.4308 % 10 *m, v, =— 0.9067 x 10 * m
@2=—10.1403x 10 rad

Local element forces
Element (1)
Effective forces = [k’] {d’}

f1<xe) =238 kN, f1<ye) =274 kN, m(e) =—7.28 kN'm

fr =—23.8kN, £ =274 kN, m® = 14.65 kN'm
Actual forces

{3 =[KT{d} - {5}

f1,=238-0=238kN T

f1, =—2.74+200=1726 kN «

m =-7.28+40=3277kN-m 7
f4, =—-238kN{
f, = 2.74 +20=22.74 kN «

=—-14.65-40=-5464kN-m D
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23.8 kN

2 J-‘— 22.74kN

X~ 54.64kN-m
@
R
¥
32.77 KN'm <l \ 17.26 kKN
23 .8 kKN
FBD element (1)
Element (2)
Effective forces
9 = 1131KN, £ =—281 kN, m® =— 149kN'm
£ = — 1131 KN, f{Q =281 kN, m{® =—754 kN-m
Actual forces
{f) = [K1{d} - {f5}
f,,=11.31-0=1131kN ™

fy, =—281-(-40)=37.19kN T

m, = —14.91 — (- 80)=65.09kN-m D
f4, =—11.31 -0=—11.31 kN «

f,, =281 —(-40)=4281kN T

3y
m =-754-80=-8754kN-m D
¥
3719 KN 80 kN 4281kN
131kN —2 l 3j>—1131kN
65.09 kN-m 87.54 kN.-m
FBD of element@
Element (3)
tfor =0 1755 kN y
7, = 17.55kN \
f5, = - L40KN /
m, = —10.51 N'm )
f,, = —17.55 kN N
f4y: 1.40 kKN LAOKN 755N
m, = - 5.30kN-m )
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87.54 KN-m
T L G 11.31 kN
~
4281kN
40 KN —
530 kN-m
3277 kN-mf 4 a2
He——1726 kN [
17.55 kN
13.40 kN
23.80kN
FBD of frame
5.8
. Ib
UE ® .
E=30¥ 106 psi
A=15in?2
| =250 in?
®© ® uw
! 4
NS «t‘v —_—
A
8333 Ib-ft
1500 b —{ >
NE .
F=tb- 20220 —5500m
_ w®_ 250(202 _
M=% = =5 =833 bft
8333 Ib-ft =100,000 Ib-in.
-ft
N
2500 Ib 1 4

Equivalent force system

Calculate [K]’sbased on node 2 and 3 contributions as

UW=Vi=¢=0,Us=Vy=¢4=0

Element (1)
C=0, S=1
3)
121 6l
= O _—
() _ & L
Ki-ElT
L

Symmetry 41
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Element (2)

C=1, S=0
() 3
A 0 0 -A 0 0]
121 161 -121 161
T v Y 4= T
K- E 41 0 ¢ 2
L L
A 0 0
121 -6l
N
ey
Element (3)
C=0, S=-1
3)
121 61
_ 0 _
K= v 5
K7]1= E A 0
L
Symmetry 41

Assemble global [K] and Equations {F} = [K] {d} use numerical values for E, I, A, L

2500 [15.05 0 625 ~-15 0 0 1] (u
0 1505 625 0 00521 625 | |v,
100,000 E 2000 0 —625 500 | |o,
0 L 1505 0 625 | |u
0 1505 -625| |v,
0 _ | Symmetry 2000 | |@,

Solve simultaneously using an equation solver
5.9

Element [k]’s
Element (1)

C=0, S=1

—4
BL_BEX0 )y sxi0m?

LZ 42
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61 _ 6(2x107

=3.0x10"*m’
4
E 6 kN
= = M =525%10" —
L 4 m
U, v, o,
1 1.5x107 0 3x107
[KD]= 5.25 %107 >
210 0
8x10 4
Element (2)
C=1, S=0
4
BL_BE ) _g6x10%m?
LZ 52
4
x
Ol _0@x10 ) s 410 md
L 5
E 6 kN
== 200 o7 X2
L 5 m
(2)
2m02 0 0
K= 4.2x10 9.6x107° 24x10™*
Symmetry 8x10 *
Assemble global equations for node 2
0 8.48m 10 2 0 1.58®10 * {1y,
0 =10 1.05®107" 1.01™107° |4v,
200 Symmetry 756%107 ¢'2_[

Solving simultaneously
U=—-495%x10"m,v,=—2.56%x 10" m
$2=2.66% 107 rad

Element forces {f’} = [K'] [T] {d}

To 10 00 o]0
-100 00 0fl 0
T (d) = 001 00o0o0|0 B
000 0 1 0[|-495x10
0 00 -10 0[/-256x10°
L 000 00 [ 266x107
205
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0
0
{1 = KV 0
-2.56x10 °
4.95%10 °
2.66 %107
[ —2x107 0 o 1o
0 -15x10* 3x10*]|| 0
(£} =5.25%107 0 -3mi0* 4mio || 0 s
2x107 0 0 —2.56%10
0 15x10%  —3x10~ || 495x10°
. 0 -3x10% 8x10* 266810 °

Multiplying matrices yields

1,0 =269kN=—f, @ 1 =42kN=—1) O

mD =559 kN-m, m” = 111.7 kN-m
Similarly for element (2)
{132 = [K]@[T]® {d}? yields
5,2 =420 kN=— 5,

f5,3 =-269kN=—-f;®

mi® = 89.2 kN-m, m{¥) =44.7 kN-m

269 kN
89.2 kN'm 44.7 KN-m
42N —~ ® —~ .
(_/ 42 kKN J 5m
111.7 kN-m
26.9 kN 26.9 kN
Ol,.
>
42 kN <—> 56.9 kN-m
26.9 kKN Free-body diagrams
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5.10

Element (1)
9
E_20A0_gomye, 2L g 67m g0
L 3m L2
6l L,
T = 4x10 ,C=1,5=0
U=vi=$=0and uy=vs=y=0
U, \/) ®,
x10 * 0 0
KP1=70% 10° . .
2.67M10 4 —4x10
Symmetry gm0
Element (2)
9 4
X X
E_2I00 _ygsxqe, BLoBEXI0 ) 55,04
L W2 12 18
6l

T - 2.83x10%, C=0707=-S41=8x 10"

[3.58 —3.48 0.1415 3.58 3.48 0.1415
3.58 0.1415 —3.48  —3.58 0.1415
2 0566 —0.1415 —0.1415  0.2828 s
[K¥1= 70 10
358 -3.48  —0.1415
358 —0.1415
| Symmetry 0.566
Element (3)
E 121 |
= =70x10°, — =2.67><1o*‘,6— =4x10"
L L2 L
C=1,S=0
U; V3 &,
181072 0 0
K'1=70x10°| 0  267W107* 4®i0
Symmetry 8x107*
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Global equations

[0.0135 —0.0035 0.00014  0.0036 0.0035  0.00014 7 (u, 0
0.0038 —0.0003 —0.0035 —0.0036  0.00014 | |V, —10000
oW 10’ 0.0014 —0.00014 —0.00014  0.00028 | |¢,|  |-5000
00135 —0.0035 —0.00014] |y 0
0.0038  0.0003 | |v —10000
Symmetry 0.0014 | (g, 5000
Using an equation solver
U= 0.16x 10" m U =0.85x 10"
V= —0.1423%10°m v =-0.1423x 102 m
$o=—05917x 10" rad ¢3=0.5917 % 10" rad
Element forces
Element (1)
1 00 0 0 0]
01 0000 0
001 000 ~0
[T] {d} =
000100 0
0000 101_014231072
000001
- “1-0.5917%x107°
{f’}(l) _ [kf](l) [T](l) {d}(l)
- 3 -(0
c 0 0 cC 0 0
12C, 6CL 0 -12C, 6CL
0% 10° 4C,2 0 -6CL 2CL 0 .
c 0 0 || 016x10 0
12C, —6GL | 1_¢1903%1072
| Symmetry 4CL T (Zos917x10°
fr.0 =0

f1, = 10028 N
m" = 23276 N-m

i =0

f5,) =—-10028 N

m" = 6709 N-m
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Element (2)

[0.707 -0.707 0/0 0 0]
I
0.707 0707 0!0 0 0
- 0 0 110 0 0
|
I
|
i i ]
0
—0387%x10%=0
{f/}(2) — [k)](2) [T](z) {d}(z) _ -11,720
0
0.387x10%=0
11,720

where [k'1? from Equation (6.1.8) text

0.16x107""=0
—0.1423%10 *
-0.5917%107°

0.85®107"=0
—0.1423 %1072

0.5917% 107

)=

Similarly for element (3)
5 =0
f4,) =—-10,028N
m{’ = - 6709 N-m
f? =0
f5, = 10,028 N

m{? = -23276 N-m
5.11

70 GPa
3% 1072m?
3% 107 m?

@®/ 20k ©) 4m

L)
_m
oo

|
N .
|———3 m—-----—}m——‘

Figure P5-11
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This problem is done using symmetry and Mathcad

E=70x10°

A=31107

I=3x%x107"
Element 1

X1=0

yi=0

X2 =3
y.=4

Li= \/(Xz - Xl)z +{y, - yl)2

c- X% g_¥"¥%
I‘l Ll
C=0.6 S=0.8
6l
Ne 2Ly
L L
[ AC’+NS*  (A-N)CS -MS
(A—N)CS AS’+NC* MC
) E -MsS MC 41
‘_ fl] ~[AC?+NS?[] —(A-N)CS MS
~(A-N)cs  —[As’+Nc?[] -mcC
L -MS MC 21
~[Ac?+NsS ] -(A-N)CS  -MS]
—(A-N)CcS  -[As?+NC2[] mMC
MS -MC 21
AC? + NS (A-N)CS  MS
(A-N)CS AS’+NC> -MC
MS -MC 41
Boundary conditions with symmetry
u =0 M,=0 w=0
vi=0 (1‘32:0
®1=0
Reduced set of equations
Guess
Vo= 1
Given
Fay=—10®10°

(Fay) = E [AS? + chq W)
Vv, = find (Vz)

V, = — 3.7102 % 10°° Displacement of node 2
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Fix u, U 0

Fiy Vi Vi 0

M, & O 0 . .
E, =k u, " = 0 Displacements and rotations
Fy vl -3.71x107°

M, & 0, 0

Fo]  (7443.901

Fy = 10000 | Reaction forces

M, 112.197

Fi= R +FR,

Fi = 12466.422 Reaction magnitude at node 1 same as node 3 by symmetry.

Forces in elements

C S00 0 0 U,
-SC00 00 v,
0 010 0 0 &
T= d=
0 0 0C S 0 u,
0 0 0 -S C 0 v,
0 0 00 0 I &,
AE El
Ci=— GCG=—
L, L,
o 0 0 -G 0 0
0 12C, 6C,L, 0 -12C, 6GL
K] = 0 6C,L 4C,C 0 -6C, L 20U
-G 0 0 ' 0 0
0 -12C, -6G L, 0 12C, -6C, L
0 6C,L, 2,10 0 -6C,L 4CL
fix fie ) (12466341
fiy fiy 44.879
m , m 112.197
= [k d =
f) (KT T 4dl f,, —12466.341
f,y f,y - 44.879
m, m, 112.197

Forces in element 1 and 2 by symmetry.
5.12 Determine displacements and rotations of the nodes, element forces, and reactions.
Material properties & geometry

EE=210x 10’ Pa
AA=80x 107 m’
M=12x10"*m*

Modulus of elasticity
Area of cross section of all elements

Area moment of inertia of all elements
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LL1:3m

Length of element 1

LL,=6m Length of element 2
&= 0 deg Angle between local x and global x for element 1.
&, = —90 deg Angle between local x and global X for element 2.
1 2
|
100 kN
y @,

L.

Figure P5.12

Applied loads
Fiy= —100000 N

Boundary conditions

d3x= 0
d3y: 0
$3=0

3

Applied load (down at node 1)

X-displacement 3 is zero.

y-displacement at node 3 is zero.

Angular displacement. at node 3 is zero.

Defining element properties in unitless format. (Mathcad does not allow elements with
dissimilar units within the same matrix.)

o EE
Pa
AA
M
AA
Az_—2
m
]
= —
m
I
I = —
2=
Lol
m
Lo
m
Ci= cos (&)
S; = sin (&)

Modulus of elasticity (Pa).

Cross sectional area of element 1 (m"2)

Cross sectional area of element 2 (m"2)

Area moment of element 1 (m"4)

Area moment of element 2 (m”"4)

Length of element 1(m)

Length of element 2 (m)

Cosine of angle between local X and global X for
element 1.

Sine of angle between local X and global X for
element 1.
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Cy= cos (&) Cosine of angle between local X and global x for

element 2.

S, = sin (8,)

Sine of angle between local X and global X for
element 2.

Functional equations for the global stiffness matrix for a 2D beam/frame element with
axial effects.

Refer to text Equation (5.1.11)
Functional expressions for large repeated terms in global stiffness matrix.

M(A, C,S1,L)= AC2+% g

M,(AC,SIL)= (.A—%) Cs

Ms(A, C,S1,L)= AS + ITZ' c’

2

Functional equation for global stiffness matrix of beam/frame element.

M, (AC,SI,L) M,(AC,SI,L)  [Fs]]
M,(AC.SI.L) M;(ACSIL)  &cC
-6l 6l
KACSEILL=-ZS| T3 Tc 4
L|-M,(ACSI,L) -M,(AC.SI,L) 4S
~M,(AC,SI,L) -My(AC,SI,L) —2XC
6l
L =TS Tc 21
~M,(AC,S,I,L) —-M,(AC,SI,L) ~Zs]
-M,(AC,SI,L) -M;(AC,SI,L) —2C
[
6—LIS TC 21
M,(AC,SI,L) M,(AC,SI,L) s
M,(AC,SI,L) M (AC,SI,L) -[cl]
sls -Btcl 41

Calculate global stiffness matrix for 1st element.
i=1

expression.

kl = k(Ah Ci7 S) E’ Iis Ll)

5.6x10° 0 0
0 1.12%107  1.688107
= 0 1.68x107  3.36x10’
—5.6%10° 0 0
0 -1.12%x10" -1.68%10’
0 1.68M107  1.688107
213

Set i =1 so that the properties of element 1 are used in the functional

-5.6x10°
0
0
5.6x10°
0
0

© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



0 0
—1.12®107  1.68M10’
-1.68x10"  1.68x10’
0 0
1.12x107  —1.68x107
-1.68x10"  3.36%107

Augment element global k matrix with rows and columns of zeros to facilitate the
assembly of the total global stiffness matrix. The global k matrix for each element needs
to have the same number of rows and columns as there is degrees of freedom in the

model. In this case, it is 9 (3 nodes, 3DOF),
node

ZeroCol = ZeroRow=(000000000)

S O O O O O

kla= augment (ki, ZeroCol, ZeroCol, ZeroCol)

klp = stack(k;a, ZeroRow, ZeroRow, ZeroRow)

Kip=
0 1 2 3 4 5 6 718 9
1 56 x%10° 0 0 -5.6%10° 0 0 0|0 o
2 0 1.12x10’ 1.68% 10 0| -1.12x10" | 1.68x10" 0| 0|0
3 0 1.68x10’ 336x 107 0| —1.68x107 | 1.68%10" | 0| 0| O
4 56x%10° 0 0| s5.6x%10° 0 olo]olo
5 0 -1.12x107 | -1.68x10’ 0 1.12%x 107 | -1.68x10" | 0| 0| O
6 0 1.68x 10’ 1.68% 107 0| -1.68x 107 | 3.36%10" | 0| 0] 0
7 0 0 0 0 0 olo|o]o
8 0 0 0 0 0 ojlojo]o
9 0 0 0 0 0 olo|olo
~ Calculate global stiffness matrix for 2nd element.
i=2 Set i=2 so that the properties of element 2 are used in the functional
expression.
ko= k(A, G, S, E Ii, L)
0 0
14x10°  —L7M%10]  42x10°  —14x10°  1ZMxT00 42x10°

0
L7107 28x10° M M -2.8x10° M
Ky= | 42x10° 2 —42x10°  -2572x10 © 84x10°
_ 6 =7 6 6 _ 7 6
14x10°  L7I4<T0 4200 140 LMRI0T 42107

7 _ _ -0 _ =7 9 . =10
LT 28100 2520 L0 2810 25210
42mI0°  2SPEUTC  g4mi®  —42mI00  2SPEIGO  16smI0]
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Augment element global k matrix with rows and columns of zeros to facilitate the
assembly of the total global stiffness matrix. As before, we need 9 rows and columns.

koa= augment (ZeroCol,ZeroCol, ZeroCol, k»)

kop = stack(ZeroRow, ZeroRow, ZeroRow, Kjz)

kop =

01|2] 3 4 5 6 7 8 9
1{0/0] 0 0 0 0 0 0 0
2]0]|o] o 0 0 0 0 0 0
3]0|o] o 0 0 0 0 0 0
4|olofl o 1.4® 105 —-1.714® 107 42®10°|  —1.4®™10° 1714107 42m10°
5(0l0] 0|-1.714x 107 28%10°| 2572x107°] 1.714x107 -2.8x10°| 2.572x 107"
6|0]|of o 42x%10° 2.572%107° 1.68%107| —4.2x10° -2.572% 107" 8.4% 10°
710/0[ 0 -14%10° 1.714x107| —42%10° 1.4x10° -1.714%x107| —4.2x10°
8 |olo] o 1.714x 107  —28x10"| 25728 107" | —1.714® 1)) 28810 2572m 107"
910/0] 0 42%10° 2.572%x10™° 84X 10°| —4.2x10°-2.572x107" 1.68 % 10

Calculate total global stiffness matrix by adding augmented matrices for each element.

K= Kip+ kap

K =
0 1 vl 3 4 5 4 7 g 9
1| 5.6x10° -5.6x10 0 0 0
2 0] 1.12M10” | 1.68%10 0| -1.12"10"  1.68%10 0 0 0
3 1.68x10]  3.36x10] ~1.68®107  1.68x 10]] 0
4 | -5.6x10 5601x10% —1.714x107  42x10{ -14x10{ 1.714%x 107  42®0°
5 —1.12%10] —1.68x10] —1.714x107|  2.811x10° —1.68x 10 1.714x 107 —2.8x 1072.572% 107"
6 1.6810]  1.68%10] 42x10Y  -1.68%x107  5.04x10] -42x10{2.572x 10" 84x10°
7 0 —1.4x106 1.714x107 —4.2% 10 14%10]-1.714% 10 —4.2x% 10°
8 17142107 —2.8%10°2.572x 10')-1.714x 107]  2.8x 10 2.572x107"°
9 0 0 42x1092572¢10™°  84x109 -42x 109 2.572x10™" 1.68%107

Solve for displacements and rotations at node 1 and 2.

First partition out rows and columns associated with homogenous boundary conditions
(rows/columns 7, 8 and 9)

Kpart = submatrix (K, 1, 6, 1, 6)

Kpan =

56x10°
0
0
-56"10°
0
0

0
1.12%10’
1.68 %107

0

0
1.68%10’
3.36x107

0

-5.6x10°

0
0

5.601M1(’

—1.12%10° —1.68x10" —1.714%107’

1.68%107
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0 0
-1.12x10"  1.68x10’
-1.68x107 1.68M107
—1.714%x107 4.2®0°
2811x10° —1.68x10’
-1.68x10"  5.04x10’
Define partitioned vector of applied loads.
Fy y
Fpar= | 0 W 0 0 0 O

Solve for displacements and rotations at node 1 and 2.

u

Vi
@ _

"= Kpart ! Fpart
U,
\J)
2

U’ -0.214
Y —-0.25
o | 0.089
U, -0.214
v, —3.571x1073
o, 0071

0.089 rad = 5.099°
0.071 rad = 4.068°

Solving for reactions.

A (u
Fly \
M, ?
Fax )
Fy [=K]| v,
M, @,
Fix U
Fsy V3

M, @,

(m)

(m)
(rad)

[Displacements are in meters, rotations in radians.]
(m)

(m)
(rad)

Multiplying global stiffness matrix by displacement vector.
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Fl)( . 0

y -10x10*
M, 2328 167
Fox 0
F2y = 0
M, 0
Fsy 0
Fsy 1m10°
M —-3%10°

Forces are in newtons, moment in N-m.

Values agree with what one would expect given the simple nature of the problem.
Vertical reaction at node 3 should be equal and opposite the applied load Fiy and it is.
Moment reaction at 3 (Ms) should equal the applied load (Fiy) times it’s moment arm
(L) and it does.

Solve for element forces.
Functional equations for local beam elements

Functional equation for local stiffness matrix for a 2D beam/frame element with axial
affects. Refer to text Equation (5.1.8).

LE 0 0 4 0 0

0 123EI 6_EZI 0 1st| 6_I§I

L L L L

Kioea (A, C, S E, I, L) = e
local( 5 sy s 1y )_ —‘ALE 0 O ALE 0 O
12El 6El 12El 6El

0 =5 = 0 5

0 SEL 2Bl (g GEL 4E

. L2 L L2 L

Functional equation for transformation matrix between local and global coordinates.

cC S0 0 00O
-S CO0 0 0O
TC. 5= 0 01 0 0 O
0 00 C S o0
0 0 0-SCO
0 00 0 0 1

Solving for element forces in element 1
i=1
Kiocall = Kiocal(A, Ciy S, E, 1i, L))  Local kmatrix for element 1

5.6x10° 0 0 -5.6m1(°
0 1.12x107  1.68x10’ 0
0 1.68%107  3.36x%10’ 0
klocal1 = 9 9
—5.6%10 0 0 5.6x10
0 —1.12x107 —1.68x10’ 0
0 1.68x10"  1.68x10’ 0
217
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0 0
—1.12®107 1.63® 10’
-1.68%107  1.68x10’
0 0
1.12x107 —1.68M107
-1.68%107 3.36x107

T, = T(C;, S) Transformation matrix for element 1.

1 00 00O

o o o o o
o o o o —
o o o — o
o - o o o
- o o o ©

0
0
1
0
0

y

Vi

f1 = Kiocal T1 9 Calculate local forces/moments in element 1.

u,
A/
@,
1 @ 2
0) Z?
lfuoSN / 1.105N
3¥105N-m
0 flx
-100000 | | fiy
0
fl = rnl
100000 | | f,,
—300, 000 m,

Forces are in Newtons, moments in N- m.

fiy comes back out of the equations as expected.

f,y must be equal and opposite—and it is.

m, also checks (resists in CW direction the applied load of 1*1075N over 3m moment
arm)

Solving for element forces in element 2
i=2

Kioca2 = Kiocal(Ai, Ci, S, E, 15, Li)  Local k matrix for a element 2
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2.8%10° 0 0 —2.8x%10°

0 1.4%x10° 4.2x10° 0
0 42x10° 1.68M10’ 0
klocal2: o 9
—2.8%10 0 0 2.8%10
0 —1.4x10° —4.2x10° 0
0 42%x10%  8.4x10° 0
0 0

—14x10° 42x10°

-42x10°  8.4x%10°
0 0

14%10° —42x10°
—42x10° 1.68%10’

T, = T(Ci, §) Transformation matrix for element 2.
-1

0

T, =
’ -1

S =, O O O O

S O O o O
S O O = O O

0

o o o o~ o
- o o o ©o o

Calculate local forces/moments in element 1.

f2 = klocal 2 TZ

Forces are in Newtons, moments in N- m.
f,y and f3y again are of same magnitude as applied load at node 1 as expected.

m, and My also have correct magnitude. m; must be equal and opposite of applied
moment. M, must be opposite of My for equilibrium.

—

100,000

2x
0 foy
| 300000 m,
27 |=100000 | | fy,
0 fyy
300000/ | my
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)
300 kNom

l/o\z

100 kN
)

™
() 300 kNm ()
T 3

100 kN (-)

5.13

E= 30 x 10*psi
A= 10 in?

| = 200 in?
(for elements 1,
2, and 3)

Boundary conditions Uj=Vvi=¢;=0, W=wu=0=0

Element (1) by Equation (6.1.11)

C=0; S=1
u v #
121 6L
w- Efe 0
L0 A O
0 41
Element (2)
C=1, S=0
b vV, 0, U Vv &,
A 0 0 -A 0 0 ]
Lo e g 2L 6l
2 L & L
E
1= = -6l
K91= - 41 0 =L 2
A 0 0
121 =6l
2 L
| Symmetry 41 |
220
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Element (3)

=0, S=-1
U vy 05
121 61
3) E L2 0 L
[K1=
L A 0
41
Element (4)
N
C=—=, s=—=, L=20, LY=21L
2 2
Ay 6L ~AL 6l 3l
2t T te V23t
E
= A 6l 3l
Symmetry 41
Assembling
5000 [10.75 -0.707 50 =10 0 0 | [u,
0 10.75 5.0 0 -0.0417 5 v,
0| E 1603 0 -5 400 | |,
0 L 1004 0 50 |y
0 10.04 -5 A
0 L 1600 |4,
6
E_ 300 155108 %
L 200 (12 g) in.
ft
Solving simultaneously
Uz = 0.055916 in. us =0.05576 in.
V2= 0.003817 in. v; =—0.000133 in.
$,=-0.00015rad ¢;=-0.000149 rad
PLANE FRAME PROBLEM 6.13
NUMBER OF ELEMENTS =4
NUMBER OF NODES =4
NODE POINTS
K IFIX XC(K) YC(K) ZC(K) FORCE(1,K)
1 111 0.000000 0.000000 0.000000 0.000000
2 000 0.000000 240.000000 0.000000 5000.000000
3 000 240.000000 240.000000 0.000000 0.000000
4 111 240.000000 0.000000 0.000000 0.000000
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5.14

ELEMENTS

K NODE(], K) E(K) G(K) A(K) XI(K)

1 1 2 3.0000000E+07  0.0000000E+00 1.0000000E+01 2.0000000E+02

2 2 3 3.0000000E+07  0.0000000E+00 1.0000000E+01 2.0000000E+02

3 3 4 3.0000000E+07  0.0000000E+00 1.0000000E+01 2.0000000E+02

4 2 4 3.0000000E+07  0.0000000E+00 2.0000000E+00 1.0000000E+00

NODE DISPLACEMENTS Z-ROTATION

X Y THETA

1 0.00000E+00 0.00000E+00 0.00000E+00

2 0.55918E-01 0.38170E-02 — 0.14987E-03

3 0.55760E-01 —0.13304E-03 —0.14913E-03

4 0.00000E+00 0.00000E+00 0.00000E+00

ELEMENTS

K NODE(, K) X-FORCE Y-FORCE Z-MOMENT X-FORCE Y-FORCE

1 1 2 —0.4771E+04  0.1976E+03  0.2746E+05 —0.4771E+04 —0.1976E+03

2 2 3 0.1972E+03 —0.1663E+03 —0.1997E+05 —0.1972E+03  0.1663E+03

3 3 4 0.1663E+03  0.1972E+03  0.1994E+05 —0.1663E+03 —0.1972E+03

4 2 4 0.6513E+04  0.1547E+00 0.1301E+02 —0.6513E+04 —0.1547E+00
Z-MOMENT
0.1996E+05

—0.1994E+05
0.2739E+05
0.3950E+02
2000E
Element (1)
c- 2 52
2 2

Use only node 2 part of [K"]

1)=E
[K"1= T

AC? +15%L s DA—léLD:s

1

AS?
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Uy v o,
4 8 2

=| & -5/2|x125v2 x10°
Symmetry 800

Element (2)
C=1, S=0
2,121 g2 _ 121 -6l
AC?+1Ls (A 2 oS
K= = AS? +12Lc? slc
L, L2 L
Symmetry 41
5 0 0 s
— S
=10 £ 2 xgxlo
800
[K]= [K"]+ K]
Then
{F} = [K] {d}
Equivalent nodal forces
-wL,
b= 0 foy=— = =-150001b
2
= W 45,000 Ib-in.
J’ 0 J’1282600 434580 125000 '”uz'
—15000; = 461650 —138900 v,
1—45000 l 27,475,000J l_qﬁz
Solving
= 0.0174 in.
Vv, = —0.0481 in.

= —0.00165 rad

Element forces

{f!}(l) _ [Kf](l) [T](l) {d}(l)
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Element one (1)

[T]{d}
0 S0 0 == o 0
'fflx(l)' 2 W2 0
) ! 3 0 -1 3 0
fily 432 4 482 4
) | Z o8 o2 o = szl 0
. 5 -0.02167
f/ (1) 4\5 0 0
2x , s 0.0463
s (1
fo," w4 1 0.00165
m(zl) Symmetry 100\/5

f1. = 1916016 = - 5,0

s (1
fzy()

—13851b=— 5,

mY = — 59050 Ib-in.
(' = — 176000 Ib-i
m, m.
Element two (2)

1 = KT TPy — {5

[ 0.0174
—0.0481
—0.00165
T1O @@ =
[T]1 {d} 0
0
0
'f" 2y
2xe r T ’
oo 50 0 = 0 0 0.0174
Sy 1o o =L _00481
m? e 0 g =10 21| 0,00165
0 A
-10
(o i oo 0
ye 400 0
n}a) - 3
14530
— 2432
— 273,980
£2 0@ = ’
o - 14530
2432
— 163,700
Finally {f'} = {f/} - {f;}
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2 (2)
f2x

i 14530 0 145301b
Fay 2432 15000 12568 Ib
m? | [-273,980 | |-450,000| | 176020 1b-in.
£, 14530 | 0 —145301b
7,2 2432 — 15000 17432 1b
2 — 163,700 450,000 —613700 Ib- in.
m;
19.16 kip
PN 176 kip-in. 2000 613.7 kip-in.
1.385 kip “=
14.53 kip l \ L | ! l / 1514.53 kip
[/ @ 180
/ 12.57 kip 17.43 kip
19.16 kip 1.385 kip Free-body diagrams
5.15
Element (1)
C=0, S=1
4
x
21 2EX0Y gy
L 4)
Sl 3 ox10%m’
L
E LT k
— = Rl =1.75x107_N
L m
) \Z ¢,
1.5%107 0 3.0%x107
(KM= 1.75 x 107 4m102 0
Symmetry 8x107*

Element (2)
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U, A/ o, Uz @5

[4%1072 0 0 —4x107 0

1.5%10™ 3x107* 0 3%107*

K= 1.75 x 107 8x107 0 4107
4%10 2 0

| Symmetry 8|10 4]

where boundary conditions
u=vi=@¢;=0and ;=0

have been used in [K"] and [k®]

The global equations are

[4.015%1072 0 3107 —4x1072 0,
4.015x107  3x107 0 3107 ||y,
1.75 x 10 1.6%10 ° 0 4x10 % |48;
4x1072 0 Us
| Symmetry gm0 4| %5
F,, =—20
Fy=0
= {M,=30
Fi=0
M,=0

Solving simultaneously
b=—176%10"m,v,=—1.87%x10"m
#,=5x10"rad
W=-1.76%x107"m, @¢;=-2.49 x 10" rad

Element forces

Element (1)
(140 = 1] g

T0o10 00 0] [w=0
“100 00 of [W=0
h =0
[T (3@ = 00 1 00 0%
000 01 0|]|u=—176x102
000 -10 0f|v,=—187%x10"
L0 00 00 1] |p=50x10"
0
0
0
[T](l) {d}(l) - .
—1.87x107
1.76 1072
- 5.00%107°
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{f'}(l): [k’](l) [T](l) {d}(l) =

[ 7x10°° 0 0 -7x107 0 0
2625%10° 525x%10° 0 —2.625%10°  525%10°
1.4x10* 0 -5.25%10° 7%10°
78 0 0
2625%10°  —525x10°
| Symmetry 14x10* ]
0
0
0
-1.87x107°
1.76x 1072
5.0%1073
f1, =13.1kN
fr, ==200kN

m, =-574kN'm
fi = -13.1kN
f’zy =20.0 kN
m, = -22.4kN-m
Similarly for element (2)
(9 = KIPm® (@
fox= 3 =0
f5, = 13.1 kN, fgy:fl3.l kN
m, = 52.47kN-m, my =0
5.16

1 3 5 |20 kN

E =200 GPa
A=1¥102m?
L=Im

@ @

O ®
™
o © o ® Y o
=
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Element (1)

C=0, S=1
ﬁ ﬁ @ o
200%10° (1x1072 0000
x
[KD]= { )10 10 -1
|l 0 00 0
0-10 1
Element (3)
C=0, S=1
4) (3)
EA 0 00 0
K= —|o 0 -1
L
0 0 0
0 -1 0
Element (2)
C=1, S=0
(2) (4)
e 10 -10
K= - 00 00
-1 0 10
00 00
Element (4)
C=1, S=0
0] (3)
e 10 -10
(K= - 00 00
-1 0 10
00 00
Element (5)
i
2 2
(2) 3

05 05 —05 —05
[Wﬁ=-£5- 05 05 -05 —05
-05 -05 05 05
-05 —-05 05 05
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Boundary conditions
Uu=vi=w=wn=0

Assemble appropriate parts of [K]’S

0 1.3535 03535 0 Of[y
9 1.3535 0 —1]||v
Sl =2x10 : (a)

1 0ffu,
0 Symmetry 11y,

3 © 5

®
@
4 6

Similarly assembling [k(6)] through [k“o)] we obtain

(TRERYA u, v, U Vs TERVA
100 0 ~1 0 1
[Ke]= 1 0 -1 0 0 0 = [Kq]

1
0
0 0 13535 0.3535
0

|
I
I
I
E
|
-1 03535 13535 | 9
[K] =|—=-—=-27>-—-7--- e —| %2 %10
|
I
I
I
|
I
|

-1 0 -0.3535 —-0.3535) 1.3535 03535 0 0

[Kel=| 0 0 —0.3535 —03535! 03535 13535 0 —1| =[K;{]
0 -1 0 0 0 1 0
0 0 0 0 -1 0 1

Now [Kiil - [Kiel [Kee'] [Kail {U} = {fi} — [Kiel [Kg'] {fe}

113535 03535 0 0] [-1 0 —03535 —0.3535
}0.3535 13535 0 —1| | 0 0 —0.3535 —0.3535
] 0 0 1 o]0 0 -1 0
0 -1 0 1] Lo o 0 0
1 0 0 o T -1 0 0 07| [u
oo -1 oo 0 0 0 le
0 0 13535 03535 ~03535 —-0.3535 -1 0|[|u,
0 —1 03535 13535 ~0.3535 —0.3535 0 0 ]v4J
0] [-1 0 —03535 —0353571 0 0O 0o T'[ o
- M 0 0 —03535 —03535/(0 1 0 -1 —20000]
_'lo[_ 0 -1 0 0 0 13535 03535 0 J
0 0 0 0 0 —1 03535 13535 0
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0 00

o0 10
2%10

0 0

0 -1 0

(b)

0][us —20000
-1 Jv31 ~ J—zoooo
olluf ‘ 20000
vy 0

Adding two sections (a) and (b)

1.3535 0.3535 0 0] (uy — 20000
9 103535 23535 0 =2 |V —20000
2x10 = -
0 0 1 0] |u, 20000
0 -2 0 ARAA 0
Solving
W=2.832%x10"m,v;=-2828%x10"m
W=1.0x10"m,v=-2.828 x 10°m
517
10 kip 10 kip 10kip
20 0| ol ey
1 2 3 4 5
% 10¢ 10¢ 10¢ 10¢ %
Substructure @ Substructure @
Substructure (1) Substructure @
10 kip 10 kip 10 kip
% o | e | @
1 2 3 3 4 sz
[K]’s for each element are
@ ()
12 720 -12 720
3 3
(120)° 12 -720
Symmetry 57600

Adding [K]’s of elements (1) and (2) for substructure (1) and apply boundary conditions

Vi= @1 = 0
24 0 -12 720 Vv, -10
115200 —720 28800 |#, 0
16.78 =
12 =720 | |V, -10
Symmetry 57600 [, 0
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Now rearrange the equations with interface displacement first
12 =720 —12 -7207 [w] [-10
—720 57600 720 28800 | |¢ 0
16.78 =
—12 720 24 0 1v2 ~10

—720 28800 0 115200 (&, 0

Using Equation (6.6.6) [Kii] — [Kiel [Kg'] [Kel {u} = {fi} - [Kidl [K'] {fe}
1678[ 12 —720]_[12 —720}[24 0 T{—lz 720 }
"~ |-720 57600] [720 28800[ 0 115200] [-720 28800

y v, :J—lo [-12 -720][24 0 'r-10
&, | o 720 28800]| 0 115200 0

[25.17  —3020 [vﬂ B {'—15} M
| —3020 483260 [(353_ 300
Considering substructure (2) with boundary conditions Vs=fs=0
(12 720 -12 720 u, 0
57600 —720 28800 | |4, 0
16.78 =
24 0 v, -10
| Symmetry 115200 | L4, 0
Simplifying as per substructure (1)
[25.17 3020 (v -5
vl _[-5 ] @
| 3020 483264 [%J 1 —300[
Adding (1) and (2)
[50.34 0 } {V3 } 7 J—20]
0 966528] | o] | of
Solving
v;=-0.3973in. ¢ =0
5.18
E =200 GPa
[ =2¥10-4m
A=1¥10"2m?

—4
*
121 _ 12x2x107* s

L2 12

4
61 6x2x10 —12x10°
L 1
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E o 00xi0 N
L m?

Considering substructure (1) and applying boundary conditions

u=v=0
C=0,5=1
k"] {dj
0.0008 0.0012 0  0.00047 (&, 0
0 0.0024 0 0.0012| |u, 0
=200 x 10 -
001 0 v, 0
Symmetry 0.0008] |d, 40m 10}

Rearranging equations (rows and columns) we place interface displacements first

0.0024 0  0.0012 | 0.0012] [u,’ 0
|
0 0.01 o | 0 v, 0
200 x 10 i 4=
0.0008 | 0.0004 | | g, 40103
Symmetry _E 0.0008 | | ¢, 0
Using Equation (6.6.6)
0.0024 0 0.0012 ]'0.0012' ' uzl
200 x 10° 0.01 0 |=4 0 »[1250][0.0012 0 0.0004]:4V,
| Symmetry  0.0008 10.0004 .%J
]' 0 l 0.0012
= 0 ;- 0 [1250] [0]
1_20 % 1()3J 0.0004
Simplifying
012 0 0.12] [u, [ 0 }
1x10° 20 0 | qvy; = 0 (1)
0.12] 14, 140x103J
Considering substructure (2) and applying boundary conditions
C=1,S=0
0.01 0 0 |-0.01 u, 0
|
0 0 0.0024 0.0012} © v, 0
200 x 10 I =
0 0.0012  0.0008 | 0 o, 0
-001 0 0 1001 | les) o

Simplifying by applying Equation (6.6.6)

fo.or 0 0 I’—0.01 1 ' {uz'
200x10° 1| 0 0.0024 0.0012[-¢ 0 [m}[—o.moo] v,
0.0008 1 0 ' L.oz
= {0} - {0}
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20 0 0 7[u, [0
1x10° 0.12 0.12|1v, =-[0

Symmetry 0.12] (¢, 0
Adding (1) and (2)
212 0 0.12](u, { 0
1x10° 212 0.124{v,} = 0
Symmetry (.24 | |9, 140 x10°
Solving
bh=V,=-0.010 x 10> m
$=17.67x 10 rad
5.19
p
E=30 x 106 psi
1 1 =200 in#
A=10in2
NUMBER OF ELEMENTS = 3
NUMBER OF NODES = 4
NODE POINTS
K IFIX XC(K) YC(K) ZC(K)
1 000 0.000000 120.000000 0.000000
2 000 96.000000 192.000000 0.000000
3 111 0.000000 0.000000 0.000000
4 111 96.000000 0.000000 0.000000
FORCE(2, K) FORCE (3, K)
0.000000 0.000000
0.000000 180000.000000
0.000000 0.000000
0.000000 0.000000
ELEMENTS
K NODE(, K) E(K) G(K) A(K)
1 3 1 3.0000000E+07 1.0000000E+00 1. 0000000E+01

2 1 2 3.0000000E+07  1.0000000E+00
3 2 4 3.0000000E+07  1.0000000E+00

DISPLACEMENT
X Y
0.70180E+00 0.79708E-02
0.72656E+00 —0.12753E-01
0.00000E+00 0.00000E+00
0.00000E+00 0.00000E+00

233

1.0000000E+01
1.0000000E+01

Z-ROTATION
THETA
—0.44578E-02
—0.49949E-03
0.00000E+00
0.00000E+00

@)

FORCE(1, K)
10000.000000
15000.000000
0.000000
0.000000

XI(K)
2.0000000E-+02
2.0000000E+02
2.0000000E+02
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ELEMENTS

K NODE(LK) X-FORCE  Y-FORCE Z-MOMENT X-FORCE  Y-FORCE  Z-MOMENT
1 3 1 —0.1993E+05  0.I810E+05 0.1309E+07  0.1993E+05 —0.1810E+05 0.8629E+06
2 1 2 —0.1843E+05 —0.1108E+05 —0.8629E+06  0.1843E+05  0.1108E+05 —0.4671E+06
32 4 0.1993E+05  0.6903E+04  0.6471E+06 —0.1993E+05 —0.6903E+04 0.6783E+06
5.20
3000 1b-f
12001k .
NG 91 f
@ @ 158
: E=30x 106 psi
1 =3001n* p
2400 1b e
® . + | =200 in4
| A=101in2
® ® ’5!ﬁ =300 in4
& &%
I"——— 25 & -—-——i
PLANE FRAME PROBLEM 5.20
NUMBER OF ELEMENTS =6
NUMBER OF NODES =6
NODE POINTS
K IFIX XC(K) YC(K) ZC(K) FORCE(1, K)
1 1 1 0 0.000000 0.000000 0.000000 0.000000
2 0 0 0 0.000000 180.000000 0.000000 2400.000000
30 0 0 0.000000 360.000000 0.000000 1200.000000
4 0 0 0 300.000000 360.000000 0.000000 0.000000
5 0 0 0 300.000000 180.000000 0.000000 0.000000
6 1 1 o0 300.000000 0.000000 0.000000 0.000000
FORCE(2, K) FORCE(3, K)
0.000000 0.000000
0.000000 0.000000
0.000000 36000.000000
0.000000 0.000000
0.000000 0.000000
0.000000 0.000000
ELEMENTS
K  NODE(], K) E(K) G(K) A(K) XI(K)
1 1 2 2.9000000E+07  0.0000000E+00  1.0000000E+01  2.0000000E+02
2 2 3 2.9000000E+07  0.0000000E+00  1.0000000E+01  2.0000000E+02
3 3 4 2.9000000E+07  0.0000000E+00  1.0000000E+01  2.0000000E+02
4 4 5 2.9000000E+07  0.0000000E+00  1.0000000E+01  2.0000000E+02
5 5 6 2.9000000E+07  0.0000000E+00  1.0000000E+01  2.0000000E+02
6 2 5 2.9000000E+07  0.0000000E+00  1.0000000E+01  3.0000000E+02
DISPLACEMENTS Z-ROTATION
X Y THETA
0.00000E+00 0.00000E+00 —0.69680E—-02
0.95468E+00  0.17130E-02 — 0.19754E-02
0.12408E+01 0.20315E-02 — 0.55648E-03
0.12403E+01 0.20315E-02 —0.79750E-03
0.95333E+00  —0.17130E-02 ~ 0.19213E-02
0.00000E+00  0.00000E+00 — 0.69838E-02
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ELEMENTS

K NODE(, K) X-FORCE Y-FORCE Z-MOMENT X-FORCE Y-FORCE
1 I 2 —0.2760E+04  0.1787E+04 0.7438E-01 0.2760E+04 — 0.1787E+04
2 2 3 —0.5131E+03  0.6953E+03 0.1686E+05 0.5131E+03 — 0.6953E+03
3 3 4 0.5045E+03 - 0.5131E+03 —0.7230E+05 —0.5045E+03  0.5131E+03
4 4 5 0.5131E+03  0.5046E+03 0.8162E+05 —0.5131E+03 — 0.5046E+03
5 5 6 0.2760E+04  0.1813E+04 0.3263E+06 —0.2760E+04 — 0.1813E+04
6 2 5 0.1308E+04 — 0.2247E+04 —0.3386E+06 —0.1308E+04  0.2247E+04
Z-MOMENT
1 2 0.3217E+06
2 3 0.1083E+06
3 4 —0.8162E+05
4 5 0.9200E+04
5 6 0.3091E-01
2 5 —0.3355E+06

5.21 For the slant-legged rigid frame shown in Figure P5-21, size the structure for minimum
weight based on a maximum bending stress of 20 ksi in the horizontal beam elements
and a maximum compressive stress (due to bending and direct axial load) of 15 ksi in
the slant-legged elements. Use the same element size for the two slant-legged elements
and the same element size for the two 10-foot sections of the horizontal element.
Assume A36 steel is used.

Figure P5-21

Ichose to use an ‘I’ beam for my cross sectional area because it is commonly used in bridges.
My final design was chosen because the design meets the constraints of the problem while not
being overly large.

The center part of the cross member (25 foot section) was taken to be W14 x 26. This has a
thickness of 0.420 inches, a depth of 13.91 inches and a width of 5.025 inches.

The two angle members and the outside 10 foot members are also designed as ‘I’ beams.
These members were taken to be W14 x22. This size has a thickness 0f 0.335 inches, a depth
0f 13.74 inches and a width of 5.00 inches.

The maximum bending stress (about the local axis 3) in this member is 19.51891 ksi. This is
under to 20 ksi constraint put on the design in the problem. It is near the center of the cross
member.

The maximum stress in the angle member is — 11.51989 ksi and is well below the 15 ksi
allowed in the problem.

The sizes were determined by taking some commonly used sizes from my Mechanics of Materials
book and using trial and error. When I got the lower members too small the bending stress went
too high in the cross member. The final design was chosen because it minimized the size of the
cross section while also minimizing the size of the angle members.
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5.22 For the rigid building frame shown in Figure P5-22, determine the forces in each
element and calculate the bending stresses. Assume all the vertical elements have A= 10
in.?and | = 100 in* and all horizontal elements have A= 15in.”and | = 150 in.*. Let E =
29x 10° psi for all elements. Let ¢ =5 in. for the vertical elements and ¢ = 6 in. for the
horizontal elements, where € denotes the distance from the neutral axis to the top or

bottom of the beam cross section, as used in the bending stress formula & = D’:—“D

4 g 12
1000 1b 7
10 ft
3 7 .
20001 : L ~—¥»~
ltifr
2 6 10
200016 T
\“11920 psi m+&

5 9
!L 30 # } — 308 4-*
Figure P5-22

1**** BEAM ELEMENT STRESSES

ELEMENT CASE  P/A P/A+M2/S2 P/A-M2/S2 P/A+M3/S3 P/A-M3/S3 WORST SUM

NO.  (MODE)
1 1 1.500E+02  1.500E+02  1.500E+02  1.500E+02 1.500E+02  1.500E+02
1.500E+02  1.500E+02  1.500E+02  4.676E+03 —4.376E+03  4.676E+03

2 1 1.500E+02 1.500E+02  1.500E+02 4.676E+03 —-4.376E+03  4.676E+03
1.500E+02 1.500E+02  1.500E+02  9.203E+03 —8.903E+03  9.203E+03

3 1 5.591E+01 5.591E+01  5.591E+01  1.605E+02 —-4.866E+01  1.605E+02
5.591E+01 5.591E+01  5.591E+01  2.054E+03 -1.942E+03  2.0543+03

4 1 5.591E+01 5.591E+01  5.591E+01  2.054E+03 -1.942E+03  2.054E+03
5.591E+01 5.591E+01  5.591E+01  3.947E+03 -3.835E+03  3.947E+03

5 1 1.480E+01 1.480E+01  1.480E+01 1.329E+02 -1.033E+02 1.329E+02
1.480E+01 1.480E+01  1.480E+01  7.855E+02 —7.559E+02 7.855E+02

6 1 1.480E+01 1.480E+01  1.480E+01 7.855E+02 -7.559E+02  7.855E+02
1.480E+01 1.480E+01  1.480E+01  1.438E+03 —1.409E+03 1.438E+03

7 1 8.096E-02 8.096E-02  8.096E-02 8.096E-02  8.096E-02 8.096E-02
8.096E-02 8.096E-02  8.096E-02  5.962E+03 —-5.962E+03 5.962E+03

8 1 8.096E-02 8.096E-02  8.096E-02  5.962E+03 -5962E+03 5.962E+03
8.096E-02 8.096E-02  8.096E-02  1.192E+04 -1.192E+04 1.192E+04

9 1 1.920E-01 1.920E-01 1.920E-01 —-4.031E+03  4.032E+03 4.032E+03
1.920E-01 1.920E-01 1.920E-01  1.177E+03 -1.177E+03 1.177E+03

10 1 1.920E-01 1.920E-01 1.920E-01 1.177E+03 -1.177E+03 1.177E+03
1.920E-01 1.920E-01 1.920E-01  6.386E+03 —6.386E+03 6.386E+03

11 1 1.098E-01 1.098E-01 1.098E-01 -8.724E+02  8.726E+02 8.726E+02
1.098E-01 1.098E-01 1.098E-01  8.076E+02 —-8.074E+02 8.076E+02

12 1 1.098E-01 1.098E-01 1.098E-01  8.076E+02 —8.074E+02 8.076E+02
1.098E-01 1.098E-01 1.098E-01  2.488E+03 —2.487E+03 2.488E+03

13 1 —1.500E+02  —1.500E+02 —1.500E+02 -1.500E+02 —1.500E+02 -1.500E+02
—-1.500E+02  —-1.500E+02 -1.500E+02 4.361E+03 —4.661E+03 —4.661E+03

14 1 —-1.500E+02  —-1.500E+02 —1.500E+02 4.361E+03 —4.661E+03 —4.661E+03
-1.500E+02  -1.500E+02 -1.500E+02 8.873E+03 -9.173E+03 -9.173E+03

15 1 —5.610E+01  —5.610E+01 —-5.610E+01  3.192E+01 —1.441E+02 —-1.441E+02
-5.610E+01  -5.610E+01 -5.610E+01  1.930E+03 —2.042E+03 -2.042E+03

16 1 -5.610E+01  —5.610E+01 -5.610E+01 1.930E+03 -2.042E+03 -2.042E+03
-5.610E+01 -5.610E+01 —-5.610E+01 3.828E+03 —-3.940E+03 -3.940E+03

17 1 -1.491E+01 -1.491E+01 -1.491E+01 8.670E+01 —1.165E+02 —1.165E+02
—-1.491E+01  —-1.491E+01 -1.491E+01 7.542E+02 -7.840E+02 -7.840E+02

18 1 —1.491E+01  —-1.491E+01 —-1.491E+01 7.542E+02 —7.840E+02 -7.840E+02

-1.491E+01  -1.491E+01 -1.491E+01 1.422E+03 -1.451E+03 —-1.451E+03
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5.23

Problem 5-23
NUMBER OF ELEMENTS =10
NUMBER OF NODES =6

NODE POINTS

K IFII
1 110
2 110
3 000
4 000
5 000
6 000
ELEMENTS
K  NODE (I, K)
1 13
2 2 4
3 35
4 4 6
5 5 6
6 3 4
7 30 2
8 1 4
9 5 4
10 3 6
NODE
1
2
3
4
5
6
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XC(K) YC(K) ZC(K) FORCE(L, K)
0.000000 0.000000 0.000000 0.000000
300.000000 0.000000 0.000000 0.000000
0.000000 180.000000 0.000000  2400.000000
300.000000 180.000000 0.000000 0.000000
0.000000 360.000000 0.000000  1200.000000
300.000000 360.000000 0.000000 0.000000
E(K) G(K) AK) XI(K)
3.0000000E+07  0.0000000E+00  1.0000000E+01  1.5000000E+02
3.0000000E+07  0.0000000E+00  1.0000000E+01  1.5000000E+02
3.0000000E+07  0.0000000E+00  1.0000000E+01  1.5000000E+02
3.0000000E+07  0.0000000E+00  1.0000000E+01  1.5000000E+02
3.0000000E+07  0.0000000E+00  1.2000000E+01  2.0000000E+02
3.0000000E+07  0.0000000E+00  1.2000000E+01  3.0000000E+02
3.0000000E+07  0.0000000E+00  2.0000000E+00  1.0000000E+00
3.0000000E+07  0.0000000E+00  2.0000000E+00  1.0000000E+00
3.0000000E+07  0.0000000E+00  2.0000000E+00  1.0000000E-+00
3.0000000E+07  0.0000000E+00  2.0000000E+00  1.0000000E-+00
FORCE(2, K) FORCE(3, K)
0.000000 0.000000
0.000000 0.000000
0.000000 0.000000
0.000000 0.000000
0.000000 36000.000000
0.000000 0.000000
DISPLACEMENTS Z-ROTATION
X Y THETA
0.00000E+00 0.00000E-+00 ~0.90513E-04
0.00000E+00 0.00000E+00 ~0.11175E-03
0.15236E-01 0.10352E-02 —0.72478E-04
0.14269E-01 ~0.99244E-03 ~0.13558E-04
0.20440E-01 0.12193E-02 0.20690E-03
0.20082E-01 ~0.11183E-02 —0.74145E-04
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ELEMENTS
K NODE(I, K) X-FORCE

1

— 00 O\ L A W
W= W W Wk W —

(=3

5.24

Y-FORCE Z-MOMENT

X-FORCE Y-FORCE

Z-MOMENT

0.1725E+04 —0.5246E+01  0.9230E+03
0.1654E+04 —0.2770E+02  0.4948E+04
0.3069E+03 —0.1602E+03  0.2140E+05
—0.2097E +03  0.1926E+02 — 0.3248E+04
—0.4288E+03 —0.5934E+02  0.3279E+04
—0.1160E+04  0.4351E+02 — 0.4759E+04
—0.2149E+04  0.1976E+00 — 0.3793E+02
0.2011E+04  0.8417E-01 - 0.8126E+01
0.5227+03 0.1791E+00 —0.3148E+02

3 —0.1725E+04 0.5246E+01 0.2132E+02
4 0.1654E+04 0.2770E+02 0.3793E+02
5 —0.3069E+03 0.1602E+03 0.7434E+04
6 0.2097E+03  —0.1926E+02 - 0.2187E+03
6 0.4288E+03 0.5934E+02 0.1452E+05
4 0.1160E+04 —0.4351E+02 —0.8294E+04
2 0.2149E+04 —0.1976E+00 —0.3119E+02
4 —-0.2011E+04 -0.8417E-01 —0.2132E+02
6 —0.5227E+03 0.1791E+00 — 0.3119E+02
Reactions
Node 2
From X and y'forces in elements (2) and (7)
1654 Ib
2149 Ib
0.1976 b =0
2771b
2
Fax= —27.7-1843=18711b ™
Fay= 1654+ 1106 =2760 Ib T
Similarly
Fix= 17301b «
Fiy= 2760 1b L.
Problem 5.24
NUMBER OF ELEMENTS = 6
NUMBER OF NODES =6
NODE POINTS
K IFIX XC(K) YC(K) ZC(K)  FORCE(l, K)
1 110 0.000000 0.000000 0.000000 0.000000 0.000000
2 110 300.000000 0.000000 0.000000 0.000000 0.000000
3 000 0.000000 180.000000 0.000000 4500.000000 0.000000
4 000 300.000000 180.000000 0.000000 0.000000  0.000000
5 000 0.000000 360.000000 0.000000 2250.000000 0.000000
6 000 300.000000 360.000000 0.000000 0.000000 0.000000
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FORCE(2, K) FORCE(3, K)

—67500.000000
0.000000
0.000000
0.000000

67500.000000
0.000000
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ELEMENTS
K  NODE( K)
1 13
2 305
3 2 4
4 4 6
5 34
6 5 6
NODE
1
2
3
4
5
6
ELEMENTS
K NODE X-FORCE
I, K) (Ib)
1 1 3 - 0.5400E+04
2 3 5 —0.1253E+04
32 4 0.5400E+04
4 4 6 0.1253E+04
5 3 4 0.2744E+04
6 5 6  09014E+03
525 (a)

E(K) G(K) A(K) X1(K)
3.0000000E+07  0.0000000E+00  1.5000000E+01  2.0000000E~+02
3.0000000E+07  0.0000000E+00  1.5000000E+01  2.0000000E+02
3.0000000E+07  0.0000000E+00  1.5000000E+01  2.0000000E+02
3.0000000E+07  0.0000000E+00  1.5000000E+01  2.0000000E+02
3.0000000E+07  0.0000000E+00  1.5000000E+01  2.0000000E+02
3.0000000E+07  0.0000000E+00  1.5000000E+01  2.0000000E+02

DISPLACEMENTS Z-ROTATION
X(in.) Y(in.) THETA
0.00000E+00 0.00000E+00 ~0.15591E-01
0.00000E+00 0.00000E+00 ~0.15054E-01
0.21212E+01 0.21601E-02 —0.51828E-02
0.21193E+01 —0.21601E-02 —0.52135E-02
0.28221E+01 0.26614E-02 ~0.13916E-02
0.28215E+01 —0.26614E-02 —0.17770E-02
Y-FORCE Z-MOMENT X-FORCE Y-FORCE  Z-MOMENT

(1b) (Ib- in.) (1b) (Ib) (Ib- in.)
0.3105E+04 —0.6750E+05  0.5400E+04 — 03105E+04  0.6264E+06
0.1349E+04 —0.4968E+04  0.1253E+04 —0.1349E+04  0.2478E+06
0.3645E+04  0.8592E-01 —0.5400E+04 — 0.3645E+04  0.6561 E+06
0.9017E+03 —0.3340E+05 — 0.1253E+04 —0.9017E+03  0.1957E+06
—04147E+04 —0.6214E+06 — 0.2744E+04  0.4147E+04 - 0.6227E+06
~0.1253E+04 —0.1803E+06 —09014E+03  0.1253E+04 — 0.1957E+06
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Using 51 =00299in.3, 52 =0050in.3,S3=0.168 in.3 Bending Stress About Local 3 Axis
for areas 1, 2, and 3 for bending stress Ibif{in"2)

575.0859

4732625

371.4392

2696158

677525

65.9691

-35.85426

-137.6776

-239.501

-341.3243

-443.1477
2]

Now pinned supports at both ends

¥
Load Case: 10f1 i

> 4

- =

Maximum Value: 575.086 MI‘I&?) P . e ey
Minimum Value: -443.148 Ibfi(]

Using 51 =0.0299 in.3, 82 = 0.050 in.3, S3 = 0.168 in.3 Displacement
for areas 1, 2, and 3 for bending stress Magnitude
n

0.001109882
_J 0.0009988934
I 0.0008879052
0.0007769171
0.0006659289
0.0005549408
0,0004439526

0.0003329645
| 0.0002219763
0.0001109882
0
Y

4
Load Case: 10of1
X
Maximum Value: 0.00110988 in
0.000

Now pinned supports at both ends

8887 in 17.774 206.001
Minimum Value: 0 in
5.26
b
IOGOK
/ V,
11 Pv 4 1 v
17 /6
Ae—sn 222 hoA skmig n—aF
@ ® ®
@ [h A 12 ft I, A E =30 x 10° psi
1, = 300 in*
I, = 600 in*
@li Af:lSin*
A; = 30 in?

E

Ti

|
-l

Solution: From appendix D for distributed load
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4000 | 60001 6000 | 4000 b
SN A N A N o Y
PFRAME ~_ ~ / / J 1/ /
64000 Ibin 144000 Ib-in 64000 Ib-in
NUMBER OF ELEMENTS =5
NUMBER OF NODES =6
NODE POINTS
K IFIX XC(K) YC(K) ZC(K) FORCE(1, K)
1 110 —72.000000 0.000000 0.000000 0.000000
2 000 —72.000000 144.000000 0.000000 0.000000
3 111 -168.00000 144.000000 0.000000 0.000000
4 110 72.000000 0.000000 0.000000 0.000000
5 000 72.000000 144.000000 0.000000 0.000000
6 111 168.00000 144.000000 0.000000 0.000000
FORCE(2, K) FORCE(3, K)
0.000000 0.000000
—10000.000000 —-80000.000000
0.000000 0.000000
0.000000 0.000000
—10000.000000 80000.000000
0.0000000 0.000000
ELEMENTS
K NODE( K) E(K) G(K) A(K) XI(K)
1 1 2 3.0000000E+07  0.0000000E+00 1.50000000E+01  3.0000000E+02
2 2 3 3.0000000E+07  0.0000000E+00  3.00000000E+01  6.0000000E+02
3 2 5 3.0000000E+07  0.0000000E+00  3.00000000E+01  6.0000000E+02
4 5 4 3.0000000E+07  0.0000000E+00  1.50000000E+01  3.0000000E+02
5 5 6 3.0000000E+07  0.0000000E+00  3.00000000E+01  6.0000000E+02
NODE DISPLACEMENTS Z-ROTATION
X Y THETA
1 0.00000E+00 0.00000E+00 0.49989E-04
2 0.59560E-05 ~0.33163E-02 —0.10010E-03
3 0.00000E+00 0.00000E+00 0.00000E+00
4 0.00000E+00 0.00000E+00  — 0.49989E-04
5 —0.59560E-05 —0.33163E-02 0.10010E-03
6 0.00000E+00 0.00000E+00  0.00000E+00
ELEMENTS
K NODE(L,K) X-FORCE Y- FORCE Z-MOMENT  X-FORCE Y-FORCE
1 1 2 0.1036E+05 —0.1303E+03 —0.7533E-04 — 0.1036E+05 0.1303E+03
2 2 3 —0.5584E+02 - 0.3634E+03 - 0.3621E+05 0.5584E+02 0.3634E+03
3 2 5 0.7445E+02 0.1703E-04 —0.2503E+05 — 0.7445E+02 - 0.1703E-04
4 5 4 0.1036E+05 0.1303E+03 0.1876E+05  — 0.1036E+05 — 0.1303E+03
5 5 6 —0.5584E+02  0.3634E+03 0.3621E+05 0.5584E+02 —0.3634E+03
K Z-MOMENT
1 1 2 —~ 1876E+05
2 2 3 1325E+04
3 2 5 .2503E+05
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4 5 4 — 1137E+02
5 5 6 — 1325E+04

Refer to computer print out for displacement and rotations

Corrected elemental forces

Element (1)
£0)
Ix 10360 Ib
f(l)
Iy ~130.31b
m"| | 0lb-in.
£ ~103601b
fz(;) 130.31b
o —18760 1bin.
m,
10360 1b
1303 1b /'1
18760 1b-in.N—
&
§—7 12 ft
130.31b
10360 1b
Element (2)
o 558 ) [ 0 ] [-5581b
oy -36341b + 4000 —4363.41b
m | |-362101b-in. +64,000] | -100,210 Ib-in.
7 5581b 0 55.81b
£y 363.41b + 4000 -3636.61b
m, C13251b-in. ] |-64,000] | 653251b-in.
65325 Ib-in. 8000 1b 100210 Ib-in.
X )3 l 2 >
55.81b <—/ [ ] 55.81b
T 4 ft | 4 ft _r
y¢ | [ |
3636.6 Ib 4663.4 1b
Element (3)
f.r 3)’
2*(3) 74.41b 0 74.41b
Is
fay 0 ~6000 6000 1b
m® | ] -250301b ~144,000{ | -118870 Ib-in.
£ ~74.41b 0 ~74.41b
e 0 -6000 6000 1b
5
Y 250301b-in.| | 144,000 —118870 Ib-in.
m®
242
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ye 118970 Ib-in.

12000 Ib 118970 Ib-in.

N4 /s
74.4 1b —[] (] <— 7441
x¢ / \
6000 Ib 6000 b
Element (4) No correction refer to computer print out
Element (4)
10360 Ib
18760 Ib-in. 1303 1b
5
,—9
X
4
130.31b
10360 Ib
Element (5)
fr
5*(5) -55.811b 0 ~55.811b
sy -363.41b —4000 4363.4 1b
m® | |362101b-in.|  |-64,000] |100,2101b-in.
fr ® 5581b 0 55.81b
fr 0O -363.41b —4000 3636.61b
6
zls) —13251b-in. 64,000 —653251b-in..
mg
100210 Ib.in. 8000o 65325 Ibin.
3 2
5581b <—> [ ] )—»55.8 b
4 ft \
46634 b 3636.6 Ib
Reactions
NODE 1
Fix= 17, =+ 1303 1b
Fiy = 7, =+10360 Ib
M; =—m{’ =01b-in.
NODE 3

Fax = f'3x(2)

=55.81b

Fay = f5,) =—3636.6 Ib

M; =-m{® =-65235 Ib-in.
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NODE 4

— 1. =13031b

Fax 4y

Fay= £, =-103601b

<
N
Il

~m{® =01b-in.
NODE 6

Fox = — f5 > = —55.81b

Foy =— 5, = —3636.61b

Mg =— m{) = 65325 1b-in.

5.28

| |

[ 10 m |

4 T 5, E=210GPa
4 1=05¥10%m*
lm A=05¥102m?

2 T 3V
4m

N

300 KN/m N\

Figure P5-28

'y
Nodal Displacement
X Component
m
0.005696952
- 0.005127256
0.004557561
0.003987866
0.003418171
0.002848476
0.002278781
0.001709085
0.00113939
0.0005696952
0
Max.
displacement
Load Case: 1 of 1
Maximum Value: 0.00569695 m
Minimum Value: 0 m
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5.29

E =30 x 10° psi
I = 150 in* 16 kip 16 kip
A =10in? 4 kip
' ® 2y @ 43 @l 41 @:s ® 5
ey S '&‘1 &
‘-——— 30 ft — ——l-—u it e 7 fi-of-Tft ot 301t |
Figure P5-29
Displacements/Rotations (degrees) of nodes
Node X— Y- Z— X— Y-
number translation translation translation rotation rotation
1 0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 0.0000E+00
2 0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 0.0000E+00
3 0.0000E+00 —1.8330E+00  0.0000E+00  0.0000E+00 0.0000E+00
4 0.0000E+00 —1.2242E+00  0.0000E+00  0.0000E+00 0.0000E+00
5 0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 0.0000E+00
6 0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 0.0000E+00
7 0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 0.0000E+00
8 0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 0.0000E+00
5.30
E = 30 = 10° psi 30 kip 30 lap
=200 in*
A=12in? 15 ft 2 ft !sr:--‘
3 4 f
10 fi
.
2 5
30 fi
I 6 R
== e
I |
I 50 fi -1

Plane Frame-Problem 5.30

NUMBER OF ELEMENTS =5

NUMBER OF NODES =6

NODE POINTS

K

AN N R W~

IFIX
111
000
000
000
000
111

XC(K)
0.000000
0.000000

180.000000

420.000000

600.000000

600.000000

YC(K)
0.000000
360.000000
480.000000
480.000000
360.000000
0.000000

7—
rotation
3.4030E-01
—6.8060E-01
—3.7774E-02
7.6168E-01
7.4186E-01
—3.7093E-01
0.0000E+00
0.0000E+00

ZC(K) FORCE(1,K) FORCE(2,K) FORCE(3, K)

0.000000
0.000000
0.000000
0.000000
0.000000
0.000000
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0.000000
0.000000
0.000000
0.000000
0.000000
0.000000

0.000000
0.000000
—-30000.000000
—-30000.000000
0.000000
0.000000

0.000000
0.000000
0.000000
0.000000
0.000000
0.000000
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Elements

E(K)

3.0000000E+07
3.0000000E+07
3.0000000E+07
3.0000000E+07
3.0000000E+07

NODE

AN Bk W~

ELEMENTS

K

(LK)

[ N O R S
O N O R

532

[o NN, I NV )

NODE X-FORCE

0.3000E+05 —0.1169E+05
0.1848E+05
0.1738E+00
0.2637E+05 — 0.1848E+05
0.1169E+05

0.2637E+05
0.1169E+05

0.3000E+05

Problem 5.32
NUMBER OF ELEMENTS =3

NUMBER OF NODES =4

NODE POINTS

K IFIX

1

2
3
4

11
00
00
11

XC(K)
1 0.000000
0 0.000000
0 6.000000
1 6.000000

ELEMENTS
NODE(LK)

K

G(K)

0.0000000E+00
0.0000000E+00
0.0000000E+00
0.0000000E+00
0.0000000E+00

A(K)

XI(K)

XJ(K)

1.2000000E+01
1.2000000E+01
1.2000000E+01
1.2000000E+01
1.2000000E+01

2.0000000E+02
2.0000000E+02
2.0000000E+02
2.0000000E+02
2.0000000E+02

0.0000000E+00
0.0000000E+00
0.0000000E+00
0.0000000E+00
0.0000000E+00

DISPLACEMENTS

Z-ROTATION

X
0.00000E+00
—0.44021E+01
0.33879E-02
—0.44038E-02
0.44011E+01
0.00000E+00

Y
0.00000E+00
— 0.30000E-01
— 0.66668E+01
—0.66669E+01
— 0.30000E-01
0.00000E+00

THETA
0.00000E+0
-0.17622E-0
—0.32000E-0
0.32000E-0
0.17624E-0
0.00000E+0

Y-FORCE

0.000000
6.000000
6.000000
0.000000

Z- MOMENT X-FORCE
—0.1810E+07
0.2398E+07
—0.1600E+07
—0.1600E+07
0.2397E+07

—0.3000E+05
—0.2637E+05
—0.1169E+05
—0.2637E+05
—0.3000E+05

YC(K)  ZC(K)
0.000000
0.000000
0.000000

0.000000

0.000000
15000.000000
0.000000
0.000000

E(K) G(K)

FORCE(1,K) FORCE(2,K)

Y-FORCE Z-MOMENT

0.1169E+05 — 0.2398E+07
—0.1848E+05  0.1600E+07
—0.1738E+00  0.1600E+07
0.1848E+05 — 0.2397E+07
—0.1169E+05 0.1810E+07

FORCE(3,K)
0.000000
10000.000000
0.000000
0.000000

0.000000
0.000000
0.000000
0.000000

A(K) XI(K)

1 1
2 2
3 3

2
3
4

2.1000000E+11
2.1000000E+11
2.1000000E+11

1.0000000E+00  2.0000000E-02 2.0000000E-04
1.0000000E+00  2.0000000E-02 2.0000000E-04
1.0000000E+00  2.0000000E-02 2.0000000E-04
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NODE

1

2

3

4
ELEMENTS
K NODE X-FORCE

LK)

I 1 2 -0.4995E+04

DISPLACEMENTS Z-ROTATION

X Y THETA
0.00000E+00 0.00000E+00 0.00000E+00
0.42966E-02 0.71361E-05 - 0.24093E-03
0.42871E-02 —0.71361E-05 —0.47744E-03
0.00000E+00 0.00000E+00 0.00000E+00

Y-FORCE Z-MOMENT X-FORCE Y-FORCE  Z-MOMENT

0.8339E+04

0.2620E+05  0.4995E+04 - 0.8339E+04  0.2333E+05

2 23 0.6661E+04 —0.4995E+04 — 0.1333E+05 —0.6661E+04  0.4995E+04 —0.1664E+05

3 3 4 0.4995E+04

Reactions

0.6661E+04

0.1664E+05 —0.4999E+04 —0.6661E+04  0.2333E+05

Fix= —8339 N, Fjy=—4995 N, M; =26,700 N-m
Fax= —6661 N, F4y=4995N, My =23,330 N-m

533

**%%% Frame Problem 5.33

skesk sk skok

NUMBER OF ELEMENTS =9

NUMBER OF NODES =8

NODE POINTS
K  IFIX XC(K)

1 111 5000000
2 111 5.000000
3000  —5.000000
4 000 5.000000
5 000  -5.000000
6 000 5.000000
7 000 5000000
8 000 5.000000
ELEMENTS

K NODE E(K)

(LK)

1 1 3 2.1000000E+06
2 2 4 2.1000000E+06
3 3 4 2.1000000E+06
4 3 5 2.1000000E+06

YC(K)  ZC(K) FORCE(I1,K) FORCE(2,K) FORCE(3,K)
0.000000  0.000000 0.000000  0.000000  0.000000
0.000000  0.000000 0.000000  0.000000  0.000000
4000000  0.000000  20.000000  0.000000  0.000000
4.000000  0.000000 0.000000  0.000000  0.000000
7.000000  0.000000  20.000000  0.000000  0.000000
7.000000  0.000000 0.000000  0.000000  0.000000

10.000000  0.000000  20.000000  0.000000  60.000000
10.000000  0.000000  0.0000000  0.000000  0.000000
G(K) A(K) XI(K) XIJ(K)

0.0000000E+00 9.9999998E—-03 9. 9999997E-03 0.0000000E+00
0.0000000E+00 9.9999998E—-03 9. 9999997E-03 0.0000000E+00
0.0000000E+00 2.0000000E-02 1.9999999E-04 0.0000000E+00
0.0000000E+00 9.9999998E—-03 9. 9999997E-03 0.0000000E+00
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5 4 4 2.1000000E+06 0.0000000E+00 9.9999998E-03 9.9999997E-03 0.0000000E+00
6 5 6 2.1000000E+06 0.0000000E+00 2.0000000E-02 1.9999999E—04 0.0000000E+00
7 5 7 2.1000000E+06 0.0000000E+00 4.9999999E-03 4.9999999E—03 0.0000000E+00
8 6 8 2.1000000E+06 0.0000000E+00 4.9999999E-03 4. 9999999E-03 0.0000000E+00
9 7 8 2.1000000E+06 0.0000000E+00 2.0000000E-02 1.9999999E—04 0.0000000E+00
NODE DISPLACEMENTS Z-ROTATION
X Y THETA
1 0.00000E+00 0.00000E+00 0.00000E+00
2 0.00000E+00 0.00000E+00 0.00000E+00
3 0.13109E-01 0.40236E-04 —0.26944E—02
4 0.13092E-01 —0.40236E-04 —0.27869E-02
5 0.22043E-01 0.50737E-04 —0.19861E-02
6 0.21994E-01 —0.50737E-04 —0.15658E—02
7 0.26380E-01 0.46314E-04 0.17098E-02
8 0.26376E-01 —0.46314E-04 —0.11140E-02
ELEMENTS
K NODE(LK) X-FORCE Y-FORCE Z-MOMENT
1 1 3 -0.2112E+02 0.3040E+02 0.7493E+02
2 2 4 0.2112E+02 0.2960E+02 0.7383E+02
3 3 4 0.7451E+01 —0.1377E+02 —0.4847E+02
4 3 5 —0.7351E+01 0.1785E+02 0.2182E+02
5 4 6 0.7351E+01 0.2215E+02 0.2468E+02
6 5 6 0.2046E+02 —0.8899E+01 —0.4626E+02
7 5 7 0.1548E+01 0.1831E+02 0.1453E+02
8 6 8 —0.1548E+01 0.1693E+01 0.9578E+00
9 7 8 0.1691E+01 0.1548E+01 0.1960E+02
X-FORCE Y-FORCE Z-MOMENT
0.2112E+02 0.3040E+02 0.4665E+02
-0.2112E+02 —0.2960E+02 0.4457E+02
—0.7451E+01 0.1377E+02 —0.6925E+02
0.7351E+01 —0.1785E+02 0.3173E+02
—0.7351E+01 —0.2215E+02 0.4177E+02
—0.2046E+02 0.8899E+01 —0.4273E+02
—0.1548E+01 —0.1831E+02 0.4040E+02
0.1548E+01 —0.1693E+01 0.4120E+01
—0.1691E+01 —0.1548E+01 —0.4120E+01
5.34
Taog z
S S T I T 2 X
~ & X m
] R '3 IS A= x 107w
L_. 7m _.L_ Tm 4..',..7 Tm J
Solution: From appendix D for distributed load
24,500 40,000 40,000 24,500
ooy b
28,583 N-m 28,583 N-m
NUMBER OF ELEMENTS =3
NUMBER OF NODES =4
NODE POINTS
K IFIX XC(K) YC(K) ZC(K) FORCE(1,K) FORCE(2,K) FORCE(3,K)
1 110 0.000000 0.000000 0.000000 0.000000 0.000000 28583.000000
2 110 7.000000 0.000000 0.000000 0.000000 0.000000 0.000000
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3 010 14.000000  0.000000 0.000000 0.000000 0.000000 0.000000
4 010 21.000000 0.000000 0.000000 0.000000  0.000000  —28583.000000
ELEMENTS
K NODE(LK) E(K) G(K) A(K) XI(K)
1 1 2 2.1000000E+11 1.0000000E+00 1.0000000E-02  1.0000000E—04
2 2 3 2.1000000E+11 1.0000000E+00 1.0000000E-02  1.0000000E-04
3 3 4 2.1000000E+11 1.0000000E+00 1.0000000E-02  1.0000000E—04
NODE DISPLACEMENTS Z-ROTATION
X Y THETA
1 0.00000E+00 0.00000E+00 0.28583E-02
2 0.00000E+00 0.00000E+00  —0.95277E-03
3 0.00000E+00 0.00000E+00 0.95277E-03
4 0.00000E+00 0.00000E+00  —0.28583E-02
ELEMENTS
K NODE(L,K) X-FORCE  Y-FORCE Z-MOMENT X-FORCE Y-FORCE Z-MOMENT
1 1 2  0.0000E+00 0.4900E+04 0.2858E+05 0.0000E+00 — 0.4900E+04 0.5717E+04
2 2 3 0.0000E+00 0.1201E-03 —0.5717E+04 0.0000E+00 —0.1201E-03 0.5717E+04
3 3 4  0.0000E+00 —0.4900E+04 —0.5717E+04 0.0000E+00  0.4900E+04 0.2858E+05
Element (1)
.0 0 0 ON
f’ly(l) 4900 — 24500 29400 N
m | _ 28580 |-28580| _ | 57160N-m
£, 0 0 0N
f’zy —4900 — 24500 19600 N
m, 5717 28580 — 22860 N-m
49,000 N
57,160 N-m l.—. 22,800 N-m
] )
)
7
29,400 N 19,600 N
Element (2)
’ £/ (2)
2x 0 0 ON
)
oy 0 —24500 24500 N
m® | |-5717| |-28580| | 22,860N-m
(2
£, 0 0 0
e 0 — 24500 24500 N
3y
5717 28580 — 22860 N-m
m®
49000 N
22,860 N-m | 3.5 22,860 Nem
N v 7
) 1
1 ol
24,500 N 24,500 N
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Element (3)

) :
3x 0 0 ON
s (3
£, —4900 | |-24500 19600 N
m® || =5717 —28580| | 22860N-m
£,0 0 0 ON
fr.0 4900 — 24500 29400 N
y
3 — 28580 28580 ~57160N'm
Cmy
49,000 N
22,860 N'm j
X
'/\ ] )57160N-m
1”2 i
19,600 N 29,400 N
Reactions
Node 1
Fix=— 1, =0N
Fiy= -}, =—29400N
Mi=-m® =0N'm
Node 3
Fam — 5,2 =0N
Fay=—-[F5,% + 13,0[=-44100N
M3 =0Nm
Node 2
Fox=— 15,2 =0N
Foy= ~[F5,0 + 15,@[=-44100N
M,=0N-m
Node 4

Fix=— 15,0 =0N
Fay= — 13, =—29400 N

My=-m,® =0N-m
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535

NUMBER OF ELEMENTS =12
NUMBER OF NODES = 10

NODE POINTS
K IFIX XC(K) YC(K) ZC(K)
1 111 0.000000 0.000000 0.000000
2 111 10.000000 0.000000 0.000000
3 000 0.000000 6.000000 0.000000
4 000 10.000000 6.000000 0.000000
5 000 0.000000 10.000000 0.000000
6 000 10.000000 10.000000 0.000000
7 000 0.000000 14.000000 0.000000
8 000 10.000000 14.000000 0.000000
9 000 0.000000 18.000000 0.000000
10 000 10.000000 18.000000 0.000000
FORCE(1,K) FORCE(2,K) FORCE(3,K)
0.000000 0.000000 0.000000
0.000000 0.000000 0.000000
12000.000000 0.000000 0.000000
0.000000 0.000000 0.000000
8000.000000 0.000000 0.000000
0.000000 0.000000 0.000000
8000.000000 0.000000 0.000000
0.000000 0.000000 0.000000
4000.000000 0.000000 2800.000000
0.000000 0.000000 0.000000
ELEMENTS
K NODE(L,K) E(K) G(K) A(K) XI(K)
11 3 2.1000000E+11 0.00000000E+00 2.0000000E-02 2.0000000E-04
2 3 5 2.1000000E+11 0.00000000E+00 1.5000000E-02 1.5000000E—04
35 7 2.1000000E+11 0.00000000E+00 1.0000000E-02 1.0000000E—04
4 7 9 2.1000000E+11 0.00000000E+00 1.0000000E—02 1.0000000E—04
502 4 2.1000000E+11 0.00000000E+00 2.0000000E-02 2.0000000E—04
6 4 6 2.1000000E+11 0.00000000E+00 1.5000000E-02 1.5000000E—04
76 8 2.1000000E+11 0.00000000E+00 1.0000000E-02 1.0000000E—04
8 8 10 2.1000000E+11 0.00000000E+00 1.0000000E—02 1.0000000E—04
9 3 4 2.1000000E+11 0.00000000E+00 4.0000000E-02 6.0000000E—04
0 5 6 2.1000000E+11 0.00000000E+00 4.0000000E—02 6.0000000E—04
1n 7 8 2.1000000E+11 0.00000000E+00 4.0000000E-02 6.0000000E—04
2 9 10 2.1000000E+11 0.00000000E+00 4.0000000E-02 6.0000000E—04
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NODE DISPLACEMENTS Z-ROTATION
X Y THETA
1 0.00000E+00 0.00000E+00 0.00000E+00
2 0.00000E+00 0.00000E+00 0.00000E+00
3 0.92499E-02 0.32295E-04 —0.79668E-03
4 0.92428E-02 —0.32295E-04 —0.79610E-03
5 0.13440E-01 0.45836E-04 —0.45169E-03
6 0.13435E-01 —0.45836E-04 —0.45347E-03
7 0.16322E-01 0.53376E-04 —0.23126E-03
8 0.16317E-01 —0.53376E-04 —0.22138E-03
9 0.17395E-01 0.54706E-04 —0.25437E-04
10 0.17393E-01 —0.54706E-04 —0.88782E-04
ELEMENTS
K NODE X-FORCE Y-FORCE Z-MOMENT X-FORCE Y-FORCE Z-MOMENT
(LK)
1 1 3 —0.2261E+05 0.1601E+05  0.5360E+05 0.2261E+05 —0.1601E+05  0.4244E+05
2 3 5 —0.1066E+05 0.1000E+05  0.1728E+05 0.1066E+05 — 0.1000E+05  0.2272E+05
3 5 7 —0.3959E+04 0.5969E+04  0.1078E+05 0.3959E+04 — 0.5969E+04  0.1310E+05
4 7 9 —0.6981E+03 0.2206E+04  0.3331E+04 0.6981E+03 —0.2206E+04  0.5492E+04
5 2 4 0.2261E+05 0.1599E+05  0.5355E+05 —0.2261E+05 —0.1599E+05 0.4241E+05
6 4 6 0.1066E+05 0.1000E+05 0.1730E+05 - 0.1066E+05 —0.1000E+05 0.2270E+05
7 6 8 0.3959E+04 0.6032E+04  0.1085E+05 —0.3959E+04 —0.6032E+04  0.1328E+05
8 8 10 0.6981E+03 0.1796E+04  0.2896E+04 —0.6981E+03 —0.1796E+04  0.4288E+04
9 3 4 0.5993E+04 —0.1194E+05 - 0.5973E+05 —0.5993E+04 0.1194E+05 —0.5971E+05
10 5 6 0.3968E+04 — 0.6704E+04 — 0.3350E+05 —0.3968E+04 0.6704E+04 —0.3354E+05
1 7 8 0.4237E+04 - 0.3261E+04 — 0.1643E+05 —0.4237E+04 0.3261E+04 —0.1618E+05
12 910 0.1799E+04 — 0.6981E+03 — 0.2692E+04 —0.1795E+04 0.6981E+03 —0.4288E+04
5.36
10 kN 10 kN E=210GPa
I=1x104m*
A=1x102m?
7
: O 20 kN .
@ @ @ 0 Bm
5 @ @ N ¢ 25m
Im @ @ @ @ I m
4 ~ © t
@ \:@Q“ I @ @
2m % 3m 2 m~—|
Figure P5-36
Displacements/Rotations (degrees) of nodes
NODE X- Y- Z- X- Y- Z-
number translation  translation translation rotation rotation rotation
1 —1.5416E-07 9.7204E-06 0.0000E+00 0.0000E+00  0.0000E+00 -3.2761E-04
2 0.0000E+00 0.0000E+00 0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00
3 -2.9451E-06 0.0000E+00 0.0000E+00  0.0000E+00  0.0000E+00 —1.2720E-03
4 -3.0149E-06 —6.6462E-05 0.0000E+00 0.0000E+00  0.0000E+00 -1.7954E-03
5 1.6304E-05 —4.5862E-06 0.0000E+00  0.0000E+00  0.0000E+00 —3.1306E—04
6 5.2760E-06 9.7805E-06 0.0000E+00  0.0000E+00  0.0000E+00 —3.6825E—04
7 2.7047E-05 —-2.6136E-05 0.0000E+00  0.0000E+00  0.0000E+00 —3.4281E—04
8 2.2989E-05 —4.5872E-05 0.0000E+00  0.0000E+00  0.0000E+00 —1.4049E-03
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Displacement magnitude m 4

= 6.653052¢- 005
- 5.987747¢-005
- 5.322442¢-005
- 4.657136e- 005
- 3.991831e-005
- 3.326526e-005
- 2.661221e-005
- 1.995916e-005
- 1.33061e-005

- 6.653052¢ - 006

537
I8kN 72 kN 72 kN

l‘*bm—*'--im‘l-ﬂm-l—ﬁm 6m——-| ~ E=210GPa
=

I=4x104m?

o
3 4 ,\5 é A= 4x10 % m?
)

Figure P5-37

Displacements/Rotations (degrees) of nodes

NODE X- Y- Z- X- Y- Z-

number  translation translation translation rotation rotation rotation (deg)
1 1.1203E-05  0.0000E+00  0.0000E+00 0.0000E+00 0.0000E+00  4.0957E-02
2 1.1203E-05 -1.1000E-04  0.0000E+00 0.0000E+00 0.0000E+00 —8.5066E—02
3 -3.5606E-06 —1.0371E-02  0.0000E+00 0.0000E+00 0.0000E+00 —1.3515E-01
4 —1.4633E-05 —1.2879E-02 0.0000E+00 0.0000E+00 0.0000E+00 6.2412E-02
5 -3.3087E-05 -2.9915E-04 0.0000E+00 0.0000E+00 0.0000E+00  8.5353E-02
6 0.0000E+00  0.0000E+00  0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00
7 0.0000E+00  0.0000E+00  0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00
8 0.0000E+00  0.0000E+00  0.0000E+00 0.0000E+00 0.0000E+00  0.0000E+00
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P5-37

- —

Load Case: 1of1

Maximum Value: 0 m

Displacement
¥ Compaonent
m

0
-0.001233978
| -0.002467957

A AnSTATOaE

S —

-0.003701535
-0.004935913
-0.006169892
-0.007 40387
-0.008637848
-0.009871827
-0.01110881
-0.01233978

i

— 9

0.000 0.013 m 12.020 18.040
Minimum Value: -0.0123398 m
5.38
E= 210(]1’2:14
1=2.0%10 " m?
A=1.0x10*m’
Figure P5-38
NODE X- Y- Z- X- Y- Z-
number translation translation translation rotation rotation rotation (deg)
1 0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 0.0000E+00 0.0000E+00
2 1.4372E-01  —1.1344E-04  0.0000E+00  0.0000E+00 0.0000E+00 1.4397E-01
3 1.4300E-01 —-1.3696E-04  0.0000E+00  0.0000E+00 0.0000E+00 —4.1178E-01
4 1.4282E-01 -2.1948E-03  0.0000E+00  0.0000E+00 0.0000E+00 2.2790E-01
5 1.4265E-01 —4.7155E-04  0.0000E+00  0.0000E+00 0.0000E+00 —-5.1623E-01
6 0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 0.0000E+00 0.0000E+00
7 0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 0.0000E+00 0.0000E+00
BEAM ELEMENT FORCES AND MOMENTS
ELEMENT CASE AXIAL SHEAR SHEAR TORSION BENDING BENDING
NO. (MODE) FORCE FORCE FORCE MOMENT MOMENT MOMENT
R, R, R; M, M, M;
1 1 -2907E+04 -9.878E+05 0.000E+00 0.000E+00 0.000E+00 —1.538E+06
—2.907E+04  2.122E+05 0.000E+00 0.000E+00 0.000E+00 —3.605E+04
2 1 -2.122E+05 -2.907E+04 0.000E+00 0.000E+00 0.000E+00 -3.605E+04
—2.122E+05  7.593E+04 0.000E+00 0.000E+00 0.000E+00 -2.001E+05
3 1 —1.024E+05 4.084E+04 0.000E+00 0.000E+00 0.000E+00 2.022E+05
—1.024E+05 4.084E+04 0.000E+00 0.000E+00 0.000E+00  5.932E+04
4 1 —-1.024E+05 1.208E+05 0.000E+00 0.000E+00 0.000E+00  5.932E+04
—1.024E+05 1.208E+05 0.000E+00  0.000E+00 0.000E+00 -3.636E+05
5 1 —1.208E+05 -1.024E+05 0.000E+00 0.000E+00 0.000E+00 —4.560E+05
—1.208E+05 -1.024E+05 0.000E+00 0.000E+00 0.000E+00  3.636E+05
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6 1 -3.510E+04 -1.098E+05 0.000E+00  0.000E+00  0.000E+00
-3.510E+04 -1.098E+05 0.000E+00 0.000E+00 0.000E+00

Superview

5.39

20

20

(a) Truss model
NUMBER OF ELEMENTS (NELE) = 15
NUMBER OF NODES (KNODE) =8

NODE POINTS
K IFIX XC(K) YC(K) ZC(K) FORCE (1,K) FORCE (2,K)
1 111 0.000000E+00 0.000000E+00 0.000000E+00 0.000000E+00 0.000000E+00
2 111 4.000000E+00 0.000000E+00 0.000000E+00 0.000000E+00 0.000000E+00
3 001 0.000000E+00 3.000000E+00 0.000000E+00 2.000000E+04 0.000000E+00
4 001 4.000000E+00 3.000000E+00 0.000000E+00 0.000000E+00 0.000000E+00
5 001 0.000000E+00 6.000000E+00 0.000000E+00 2.000000E+04 0.000000E+00
6 001 4.000000E+00 6.000000E+00 0.000000E+00 0.000000E+00 0.000000E+00
7 001 0.000000E+00 9.000000E+00 0.000000E+00 1.000000E+04 0.000000E+00
8§ 001 4.000000E+00 9.000000E+00 0.000000E+00 0.000000E+00 0.000000E+00
ELEMENTS
K NODE(LK) E(K) A(K)
1 1 3 2.0000E+11 2.0000E-04
2 1 4 2.0000E+11 2.0000E-04
3 2 3 2.0000E+11 2.0000E-04
4 2 4 2.0000E+11 2.0000E-04
5 3 4 2.0000E+11 2.0000E-04
6 3 5 2.0000E+11 2.0000E-04
7 3 6 2.0000E+11 2.0000E-04
8 4 5 2.0000E+11 2.0000E-04
9 4 6 2.0000E+11 2.0000E-04
10 5 6 2.0000E+11 2.0000E-04
255

—4.760E+05
4.023E+05

FORCE (3,K)

0.000000E+00
0.000000E+00
0.000000E+00
0.000000E+00
0.000000E~+00
0.000000E+00

0.000000E+00
0.000000E+00
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11
12
13
14
15

NN N

000 3 o0

2.0000E+11 2.0000E-04
2.0000E+11 2.0000E-04
2.0000E+11 2.0000E-04
2.0000E+11 2.0000E-04
2.0000E+11 2.0000E-04

NUMBER OF NONZERO UPPER CO-DIAGONALS (MUD)-11

DISPLACEMENTS X Y Z
MODE NUMBER 1 0.0000E+00 0.0000E+00 0.0000E+00
MODE NUMBER 2 0.0000E+00 0.0000E+00 0.0000E+00
MODE NUMBER 3 0.7935E-02 0.3730E-02 0.0000E+00
MODE NUMBER 4 0.7315E-02 —0.3583E-02 0.0000E+00
MODE NUMBER 5 0.1738E-01 0.5276E-01 0.0000E+00
MODE NUMBER 6 0.1681E-01 — 0.4849E-02 0.0000E+00
MODE NUMBER 7 0.2603E-01 0.5662E-02 0.0000E+00
MODE NUMBER 8 0.2572E-01 —0.5026E-02 0.0000E+00

STRESSES IN ELEMENTS (IN CURRENT UNITS)
ELEMENT NUMBER

STRESS

0.24864E+09
0.14809E+09
—0.16441E+09
—0.23886E+09
—0.30998E+08
0.10311E+09
0.78155E+08
—0.10934E+09
—0.84393E+08
—0.28261E+08
0.25697E+08
0.19671E+08
—0.42828E+08
—0.11803E+08
—0.15737E+08

(b) Rigid frame model
NUMBER OF ELEMENTS =15
NUMBER OF NODES =8

NODE POINTS

K IFIK XC(K) YC(K)  ZC(K) FORCE(1,K) FORCE(2,K) FORCE (3,K)
1 110  0.00000 0.000000 0.000000 0.000000 0.000000 0.000000
2 110 4000000 0.000000 0.000000 0.000000 0.000000 0.000000
3000  0.000000 3.000000 0.000000 20000.000000 0.000000 0.000000
4 000  4.000000 3.000000 0.000000 0.000000 0.000000 0.000000
5 000  0.00000 6000000 0.000000 20000.000000 0.000000 0.000000
6 000 4000000 6.000000 0.000000 0.000000 0.000000 0.000000
7 000  0.000000 9.000000 0.000000 10000.000000 0.000000 0.000000
8 000  4.000000 9.000000 0.000000 0.000000 0.000000 0.000000
ELEMENTS

K NODE(, K) E(K) C(K) A(K) XI(K)

1 1 3 20000000E+11  0.0000000E+00  2.0000000E-04  4.0000000E-04
2 1 4 20000000E+11  0.0000000E+00  2.0000000E-04  4.0000000E-04
3 2 3 2.0000000E+11  0.0000000E+00  2.0000000E-04  4.0000000E-04
4 2 4 20000000E+11  0.0000000E+00  2.0000000E-04  4.0000000E-04
5 3 4 2.0000000E+11  0.0000000E+00  2.0000000E-04  4.0000000E-04
6 3 5 2.0000000E+11  0.0000000E+00  2.0000000E-04  4.0000000E-04
7 3 6  2.0000000E+11  0.0000000E+00  2.0000000E-04  4.0000000E-04
8 4 5 20000000E+11  0.0000000E+00  2.0000000E-04  4.0000000E-04
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9 4 6 2.0000000E+11 0.0000000E+00 2.0000000E-04 4.0000000E-04
10 5 6 2.0000000E+11 0.0000000E+00 2.0000000E-04 4.0000000E-04
11 5 7 2.0000000E+11 0.0000000E+00 2.0000000E-04 4.0000000E-04
12 5 8 2.0000000E+11 0.0000000E+00 2.0000000E-04 4.0000000E-04
13 6 7 2.0000000E+11 0.0000000E+00 2.0000000E-04 4.0000000E-04
14 6 8 2.0000000E+11 0.0000000E+00 2.0000000E-04 4.0000000E-04
15 7 8 2.0000000E+11 0.0000000E+00 2.0000000E-04 4.0000000E-04
NODE DISPLACEMENTS K-ROTATION
X Y THETA
1 0.00000E+00 0.00000E+00 —0.14936E-02
2 0.00000E+00 0.00000E+00 —0.14200E-02
3 0.54772E-02 0.32294E-02 —0.17329E-02
4 0.51685E-02 —0.32554E-02 —0.16980E—-02
5 0.11556E-01 0.40230E-02 —0.20908E-02
6 0.11199E-01 —0.40706E-02 —0.20924E-02
7 0.18021E-01 0.42395E-02 —0.21639E-02
8 0.17667E-01 —0.42509E-02 —0.21228E-02
ELEMENTS
K NODE X-FORCE Y-FORCE Z-MOMENT  X-FORCE Y-FORCE Z-MOMENT
(LK)
1 1 3 —0.4306E+05 0.2267E+05  0.4038E+05  0.4306E+05 - 0.2267E+05 0.2762E+05
2 1 4 —0.1745E+05 —0.1746E+05 —0.4038E+05  0.1745E+05  0.1746E+05 — 0.4692E+05
32 3 0.1955E+05 —0.1545E+05 —0.3363E+05 —0.1955E+05  0.1545E+05 —04364E+05
4 2 4 04340E+05  0.1748E+05  0.3363E+05 —0.4340E+05 —0.1748E+05  0.1860E+05
5 3 4 03087E+04 —0.5654E+04 —0.1201E+05 —0.3087E+04  0.5654E+04 —0.1061E+05
6 3 5 —0.058E+05  0.1220E+05  0.2784E+05  0.1058E+05 —0.1220E+05  0.8749E+04
7 3 6 —0.1582E+04 —02226E+04  0.1879E+03  0.1582E+04  0.2226E+04 — 0.1132E+05
8 4 5 0.5942E+04  0.1406E+04  0.9799E+04 —0.5942E+04 —0.1406E+04 — 02770E+04
9 4 6  0.1087E+05  0.1228E+05  0.2893E+05 —0.1087E+05 —0.1228E+05  0.7899E-+04
100 5 6 0.3563E+04 —0.4091E+04 —0.8150E+04 —0.3563E+04  0.4091E+04 - 0.8214E+04
11 5 7 —02887E+04  0.2978E+04  0.6416E+04  0.2887E+04 —0.2978E+04  02517E+04
125 8  0.6004E+03 —0.1903E+04 —0.4245E+04 —0.6004E+03  0.1903E+04 - 0.5270E+04
13 6 7  03772E+04  0.7733E+03  0.3077E+04 —0.3772E+04 —0.7733E+03  0.7894E+03
14 6 8 0.2405E+04 0.5163E+04  0.8555E+04 —0.2405E+04 - 0.5163E+04 0.6933E+04
15 7 8  0.3541E+04 —0.1243E+04 —0.3307E+04 —0.3541E+04  0.1243E+04 — 0.1664E+04
(c) Use program PFRAME to model a truss
(Use PFRAME to model a Truss, i.e., MAKE | =
NUMBER OF ELEMENTS = 15
NUMBER OF NODES =8
NODE POINTS
K IFIX XC(K) YC(K) ZC(K) FORCE(1,K)
1 110 0.000000 0.000000 0.000000 0.000000
2 110 4.000000 0.000000 0.000000 0.000000
3 000 0.000000 3.000000 0.000000 20000.000000
4 000 4.000000 3.000000 0.000000 0.000000
5 000 0.000000 6.000000 0.000000 20000.000000
6 000 4.000000 6.000000 0.000000 0.000000
7 000 0.000000 9.000000 0.000000 10000.000000
8 000 4.000000 9.000000 0.000000 0.000000
ELEMENTS
K NODE(K) E(K) C(K) A(K) XI(K)
1 1 3 2.0000000E+11 0.0000000E+00 2.0000000E—-04 1.0000000E-06
2 1 4 2.0000000E+11 0.0000000E+00 2.0000000E—-04 1.0000000E-06
32 3 2.0000000E+11 0.0000000E+00 2.0000000E—-04 1.0000000E-06
4 2 4 2.0000000E+11 0.0000000E+00 2.0000000E—-04 1.0000000E-06
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5 3 4 2.0000000E+11 0.0000000E+00 2.0000000E—-04 1.0000000E-06
6 3 5 2.0000000E+11 0.0000000E+00 2.0000000E—-04 1.0000000E-06
7 3 6 2.0000000E+11 0.0000000E+00 2.0000000E—-04 1.0000000E-06
8 4 5 2.0000000E+11 0.0000000E+00 2.0000000E—-04 1.0000000E-06
9 4 6 2.0000000E+11 0.0000000E+00 2.0000000E—-04 1.0000000E-06
10 5 6 2.0000000E+11 0.0000000E+00 2.0000000E—-04 1.0000000E-06
11 5 7 2.0000000E+11 0.0000000E+00 2.0000000E—-04 1.0000000E-06
12 5 8 2.0000000E+11 0.0000000E+00 2.0000000E—-04 1.0000000E-06
13 6 7 2.0000000E+11 0.0000000E+00 2.0000000E-04 1.0000000E-06
14 6 8 2.0000000E+11 0.0000000E+00 2.0000000E—-04 1.0000000E-06
15 7 8 2.0000000E+11 0.0000000E+00 2.0000000E—-04 1.0000000E-06
NODE DISPLACEMENTS Z-ROTATION
X Y THETA
1 0.00000E+00 0.00000E+00 —0.21033E-02
2 0.00000E+00 0.00000E+00 —0.19714E-02
3 0.79234E-02 0.37278E-02 —0.23957E-02
4 0.73056E-02 —0.35821E-02 —0.23447E-02
5 0.17337E-01 0.52713E-02 —0.28898E-02
6 0.16772E-01 —0.48468E-02 —0.29231E-02
7 0.25985E-01 0.56570E-02 —0.27580E—-02
8 0.25670E-01 ~0.50248E—02 —0.27544E-02
ELEMENTS
K NODE X-FORCE Y-FORCE Z-MOMENT X-FORCE Y-FORCE Z-MOMENT
(LK) at 1" node at 2™ node
1 1 3 —04970E+05 0.1044E+03  0.1762E+03  0.4970E+05 —0.1044X+03 0.1372E+03
2 1 4 -0.2956E+05 —0.7432E+02 —-0.1762E+03  0.2956E+05 — 0.7432E+02 —0.1955E+03
3 23 0.3282E+05 —0.6108E+02 —0.1357E+03 —0.3282E+05  0.6108E+02 —0.1697E+03
4 2 4 0.4776E+05  0.7391E+02  0.1357E+03 —0.4776E+05 — 0.7391E+02  0.8597E+02
5 3 4 0.6178E+04 —0.8141E+02 —0.1654E+03 —0.6178E+04  0.8141E+02 —0.1603E+03
6 3 5 —0.2058E+05 0.1320E+03  0.2309E+03  0.2058E+05 —0.1320E+03  0.1650E+03
7 3 6 —0.1548E+05 —0.2166E+02 —0.3305E+02 0.1548E+05 0.2166E+02 —0.7524E+02
8 45 0.2170E+05  0.2894E+00  0.2253E+02 —0.2170E+05 — 0.2894E+00 — 0.2108 E+02
9 46 0.1686E+05  0.1391E+03 0.2472E+03 —0.1686E+05 — 0.1391E+03  0.1701E+03
10 5 6 0.5641E+04 — 0.5654E+02 —0.1114E+03 —0.5641E+04  0.5654E+02 —0.1148E+03
11 5 7 —-0.5143E+04 0.1572E+02  0.1480E+02  0.5143E+04 —0.1572E+02 0.3237E+02
12 5 8 —0.3912E+04 —-0.1677E+02 —0.4735E+02 0.3912E+04  0.1677E+02 —0.3652E+02
13 6 7 0.8543E+04 —0.5227E+01 —0.1967E+02 —0.8543E+04  0.5227E+01 —0.6461E+01
14 6 8 0.2373E+04  0.3387E+02  0.3956E+02 —0.2373E+04 — 0.3387E+02  0.6206E+02
15 7 8 0.3153E+04 —0.1286E+02 —0.2591E+02 —0.3153E+04  0.1286E+02 — 0.2554E+02
Comparison of TRUSS, PFRAME and modeling a truss using PFRAME
DISPLACEMENTS
Us Vs Uy Vy
TRUSS 0.01738 0.005276 0.02603 0.005662
PFRAME 0.011556 0.004023 0.018021 0.0042395
Truss using
PFRAME 0.017337 0.0052713 0.025985 0.005657
Note: Global displacements in meters
FORCES
ELEMENT 1 ELEMENT 2 ELEMENT 3
flx fly flx fly f2x f2y
Truss —49728 0 -29618 0 32882 0
PFRAME -43060 22670 —17450 —17460 19550 —15450
Truss using
PFRAME -49700 1044 —29560 -74.32 32820 —61.00

258

© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



5.40

Note 1: From equilibrium, only forces for one node of an element are shown
Note 2: All forces are in local element coordinates and in Newtons.

For the two-story, two-bay rigid frame shown, determine (1) the nodal displacement
components and (2) the shear force and bending moments in each member. Let E =200 GPa,
I =2 % 10 * m* for each horizontal member and | = 1.5 x 10* m” for each vertical

member.
kN
12+
BN
G |
H
125N
ol t v 3 IR
E
A B C
77 77 77
| | |
I 10 m T 10 m |
Figure P540
Displacements/Rotations (degrees) of nodes
NODE X— Y- Z— X—
number  translation  translation translation rotation
1 0.0000E+00  0.0000E+00 0.0000E+00 0.0000E+00
2 0.0000E+00  0.0000E+00 0.0000E+00 0.0000E+00
3 0.0000E+00  0.0000E+00 0.0000E+00 0.0000E+00
4 -7.2482E-04 -1.4007E-06 0.0000E+00 0.0000E+00
5 0.0000E+00 -3.1986E-06 0.0000E+00 0.0000E+00
6 7.2482E-04 —-1.4007E-06 0.0000E+00 0.0000E+00
7 -7.7467E-07 -2.8014E-06 0.0000E+00 0.0000E+00
8 -3.8733E-07 -9.2660E-03 0.0000E+00 0.0000E+00
9 0.0000E+00 —6.3972E-06 0.0000E+00 0.0000E+00
10 3.8733E-07 -9.2660E-03 0.0000E+00 0.0000E+00
11 7.7467E-07 —-2.8014E-06 0.0000E+00 0.0000E+00
12 —6.2096E-04 -3.4868E-06 0.0000E+00 0.0000E+00
13 0.0000E+00 —8.0263E-06 0.0000E+00 0.0000E+00
14  6.2096E-04 -3.4868E-06 0.0000E+00 0.0000E+00
15 1.1921E-06 —4.1723E-06 0.0000E+00 0.0000E+00
16 5.9603E-07 -1.0511E-02 0.0000E+00 0.0000E+00
17  0.0000E+00 -9.6555E-06 0.0000E+00 0.0000E+00
18 -5.9603E-07 -1.0511E-02 0.0000E+00 0.0000E+00
19 -1.1921E-06 —-4.1723E-06 0.0000E+00 0.0000E+00
1 **** BEAM ELEMENT FORCES AND MOMENTS
ELEMENT CASE AXIAL SHEAR SHEAR TORSION
NO. (MODE) FORCE FORCE FORCE MOMENT
R, R, R, M,
1 1 -1.121E+05 8.348E+03  0.000E+00 0.000E+00
—-1.121E+05  8.348E+03  0.000E+00 0.000E+00
2 1 -2.559E+05 0.000E+00 0.000E+00 0.000E+00
-2.559E+05  0.000E+00  0.000E+00 0.000E+00
3 1 -1.121E+05 -8.348E+03  0.000E+00 0.000E+00
—-1.121E+05 -8.348E+03  0.000E+00 0.000E+00
4 1 -1.121E+05 8.348E+03  0.000E+00 0.000E+00
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Y-
rotation

/-
rotation

0.0000E+00
0.0000E+00
0.0000E+00
0.0000E+00
0.0000E+00

0.0000E+00
0.0000E+00
0.0000E+00
1.6616E—-02
0.0000E+00

0.0000E+00 —1.6616E-02
0.0000E+00 —6.6411E-02
0.0000E+00 1.6572E-02
0.0000E+00 0.0000E+00
0.0000E+00 —1.6572E-02
0.0000E+00 6.6411E-02
0.0000E+00 4.7408E-02
0.0000E+00 0.0000E+00
0.0000E+00 —4.7408E-02
0.0000E+00 —1.2336E-01
0.0000E+00 3.0792E—-02
0.0000E+00 0.0000E+00
0.0000E+00 —3.0792E-02
0.0000E+00 1.2336E-01

BENDING BENDING
MOMENT MOMENT
M, M,
0.000E+00  1.391E+04
0.000E+00 —6.955E+03
0.000E+00  0.000E+00
0.000E+00  0.000E+00
0.000E+00 —1391E+04
0.000E+00  6.955E+03
0.000E+00 —6.955E+03
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—1.121E+05
5 1 —2.559E+05
—2.559E+05
6 1 —-1.121E+05
—1.121E+05
7. 1 —5.484E+04
—5.484E+04
8 1 -1.303E+05
—1.303E+05
9 1 —5.484E+04
—5.484E+04
10 1 —5.484E+04
—5.484E+04
11 1 —1.303E+05
—1.303E+05
12 1 —5.484E+04
—5.484E+04

8.348E+03
0.000E+00
0.000E+00
—8.348E+03
—8.348E+03
2.384E+04
2.384E+04
0.000E+00
0.000E+00
—2.384E+04
—2.384E+04
2.384E+04
2.384E+04
0.000E+00
0.000E+00
—2.384E+04
—2.384E+04

0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00

0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00

0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00

—2.782E+04
0.000E+00
0.000E+00
6.955E+03
2.782E+04
5.364E+04

—5.963E+03
0.000E+00
0.000E+00

-5364E+04
5.963E+04

—5.963E+03

—6.557E+04
0.000E+00
0.000E+00
5.963E+03
6.557E+04

5.41 For the two-story, three-bay rigid frame shown, determine (1) the nodal displacements and
(2) the member end shear forces and bending moments. (3) Draw the shear force and
bending moment diagrams for each member. Let E =200 GPa, | = 1.29 x 10 *m* for the
beams and | = 0.462 x 10* m* for the columns. The properties for | correspond to a W
610 x 155 and a W 410 x 114 wide-flange section, respectively, in metric units.

| J K L
25 kKN —>
S50 kKN —
E F G H
A B C D
777 77 T 77/
I 8m I 6m I 8m I
Figure P5-41
1*#*%%* BEAM ELEMENT FORCES AND MOMENTS
ELEMENT CASE AXIAL SHEAR SHEAR TORSION
NO. (MODE) FORCE FORCE FORCE MOMENT
R, R, R3 M,
1 1 1.347E+04 -1.750E+04 0.000E+00 0.000E+00
1.347E+04 —1.750E+04 0.000E+00 0.000E+00
2 1 2471E+03 —2.000E+04 0.000E+00 0.000E+00
2.471E+03 -2.000E+04 0.000E+00 0.000E+00
3 1 -2470E+03 -2.000E+04 0.000E+00 0.000E+00
—2.470E+03 —2.000E+04 0.000E+00 0.000E+00
4 1 —-1.347E+04 -1.750E+04 0.000E+00 0.000E+00
—1.347E+04 —1.750E+04 0.000E+00  0.000E+00
5 1 1.347E+04 -1.750E+04 0.000E+00 0.000E+00
1.347E+04 —1.750E+04 0.000E+00 0.000E+00
6 1 2471E+03 —-2.000E+04 0.000E+00 0.000E+00
2.471E+03 —2.000E+04 0.000E+00 0.000E+00
7 1 -2.470E+03 —2.000E+04 0.000E+00 0.000E+00
—-2.470E+03 —-2.000E+04 0.000E+00 0.000E+00
8 1 —-1.347E+04 -1.750E+04 0.000E+00 0.000E+00
—1.347E+04 —-1.750E+04 0.000E+00 0.000E+00
9 1 2.686E+03 —-3.022E+03 0.000E+00 0.000E+00
2.686E+03 —3.022E+03 0.000E+00 0.000E+00
10 1 1.063E+03 —-9.477E+03 0.000E+00 0.000E+00
1.063E+03 -9.477E+03 0.000E+00 0.000E+00
260

T

4

=

e

BENDING
MOMENT
M,
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00

BENDING
MOMENT
M;

—5.719E+04
—4.685E+03
—6.219E+04
—2.184E+03
—6.218E+04
—2.184E+03
—5.718E+04
—4.685E+03
—4.685E+03
4.782E+04
—2.184E+03
5.782E+04
—2.184E+03
5.782E+04
—4.685E+03
4.781E+04
—5.747E+02
5.469E+03
—1.668E+04
2.269E+03
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11

12

13

14

15

16

1 —-1.063E+03

—1.063E+03
1 -2.686E+03
—2.686E+03
1 2.686E+03
2.686E+03
1 1.063E+03
1.063E+03
1 -1.063E+03
—1.063E+03
1 —-2.686E+03
—2.686E+03

—9.478E+03  0.000E+00
—9.478E+03  0.000E+00
—3.024E+03  0.000E+00
—3.024E+03  0.000E+00
—3.022E+03  0.000E+00
—3.022E+03  0.000E+00
-9.477E+03  0.000E+00
-9.477E+03  0.000E+00
-9.478E+03  0.000E+00
—9.478E+03  0.000E+00

—3.024E+03  0.000E+00
—3.024E+03  0.000E+00

0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00

0.000E+00
0.000E+00

0.000E+00 —1.669E+04
0.000E+00  2.269E+03
0.000E+00 —5.786E-+02
0.000E+00  5.469E+03
0.000E+00  5.469E+03
0.000E+00 1.151E+04
0.000E+00  2.269E+03
0.000E+00  2.122E+04
0.000E+00  2.269E+03
0.000E+00  2.122E+04

0.000E+00  5.469E+03
0.000E+00  1.152E+04

5.42 For the rigid frame shown, determine (1) the nodal displacements and rotations and (2)
the member shear forces and bending moments. Let E =200 GPa, | = 0.795 x 10 m* for
the horizontal members and | = 0.316 x 10 * m* for the vertical members. These | values
correspond to a W 460 x 158 and a W 410 x 85 wide-flange section, respectively.

G H |
20 kKN —>
40 kKN —»
D F
A B C
7 77 77
sm Zesm o
Figure P5-42
Displacements/Rotations (degrees) of nodes
NODE X— Y- 7—
number translation translation translation
1 0.0000E+00  0.0000E+00 0.0000E+00 0
2 7.8454E-04  8.2939E-06 0.0000E+00 0
3 1.5075E-03  1.1468E-05 0.0000E+00 0
4 0.0000E+00  0.0000E+00  0.0000E+00 0
5 7.3108E-04  2.5665E-08 0.0000E+00 0
6 1.4698E-03  1.8869E-07 0.0000E+00 0
7 0.0000E+00  0.0000E+00  0.0000E+00 0
8 7.0278E-04 —8.3195E-06 0.0000E+00 0
9 1.4574E-03 —1.1657E-05 0.0000E+00 0
10 0.0000E+00  0.0000E+00 0.0000E+00 0
11 0.0000E+00  0.0000E+00  0.0000E+00 0
12 0.0000E+00  0.0000E+00 0.0000E+00 0
13 0.0000E+00  0.0000E+00  0.0000E+00 0
14 0.0000E+00  0.0000E+00  0.0000E+00 0
15 0.0000E+00  0.0000E+00 0.0000E+00 0

ELEMENT CASE
(MODE) FORCE

NO.

R,

1 1.106E+04
1.106E+04
1 4.232E+03
4.232E+03
1 3.422E+01
3.422E+01

AXIAL  SHEAR

FORCE
Ry

SHEAR
FORCE

R,

Columns

—2.085E+04
—2.085E+04
—-3.811E+03
-3.811E+03
—2.168E+04
—2.168E+04
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0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00

s

X—
rotation

.0000E+00
.0000E+00
.0000E+00
.0000E+00
.0000E+00
.0000E+00
.0000E+00
.0000E+00
.0000E+00
.0000E+00
.0000E+00
.0000E+00
.0000E+00
.0000E+00
.0000E+00

TORSION
MOMENT
M,

0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00

Y- 7Z—

rotation rotation
0.0000E+00  0.0000E+00
0.0000E+00 —1.5312E-02
0.0000E+00 —9.6245E-03
0.0000E+00  0.0000E+00
0.0000E+00 —1.2692E—-02
0.0000E+00 —7.8815E-03
0.0000E+00  0.0000E+00
0.0000E+00 —1.4567E-02
0.0000E+00 —1.0523E-02
0.0000E+00 0.0000E+00
0.0000E+00  0.0000E+00
0.0000E+00  0.0000E+00
0.0000E+00  0.0000E+00
0.0000E+00 0.0000E+00
0.0000E+00  0.0000E+00

BENDING BENDING
MOMENT MOMENT
M, M;

0.000E+00 —4.540E+04
0.000E+00  1.716E+04
0.000E+00 —4.719E+02
0.000E+00  1.096E+04
0.000E+00 —4.422E+04
0.000E+00  2.081E+04
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4 1 2.174E+02
2.174E+02

5 1 —1.109E+04
—1.109E+04

6 1 —4.450E+03
—4.450E+03

ELEMENT CASE AXIAL
NO. (MODE) FORCE
R

1 1 -1.619E+04
-1.619E+04
—5.314E+03
—5.314E+03
-2.296E+04
—2.296E+04
—-1.216E+04
—1.216E+04

2 1

3 1

4 1

—1.088E+04 0.000E+00 0.000E+00
—1.088E+04 0.000E+00 0.000E+00
—1.747E+04 0.000E+00 0.000E+00
—1.747E+04  0.000E+00 0.000E+00
-5.314E+03 0.000E+00 0.000E+00
-5.314E+03 0.000E+00 0.000E+00

SHEAR SHEAR  TORSION

FORCE FORCE MOMENT

R, R; M,
Beams

4.232E+03 0.000E+00  0.000E+00
4.232E+03 0.000E+00  0.000E+00
4.450E+03 0.000E+00  0.000E+00
4.450E+03 0.000E+00  0.000E+00
6.825E+03  0.000E+00  0.000E+00
6.825E+03  0.000E+00  0.000E+00
6.642E+03  0.000E+00  0.000E+00
6.642E+03  0.000E+00  0.000E+00

0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00

BENDING
MOMENT
M,

0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00
0.000E+00

—1.188E+04
2.075E+04
-3.964E+04
1.277E+04
—4.242E+03
1.170E+04

BENDING
MOMENT
M;

1.096E+04
—1.020E+04
1.055E+04
—1.170E+04
1.763E+04
—1.649E+04
1.620E+04
—1.701E+04

5.43 For the rigid frame shown, determine (1) the nodal displacements and rotations and (2)

the shear force and bending moments in each member. Let E = 29 x 106 psi, | = 3100
in.* for the horizontal members and | = 1110 in.* for the vertical members. The | values
correspond to a W 24 x 104 and a W 16 x 77.

. M N
7.5 klp—»
15 kip J K L
15t
15 ki
’ E F G H +
15t
7 Vo T
A B C D
f+—30 ft —»f=- 20 fi—] 30 ft |
Figure P5-43
Displacements/Rotations (degrees) of nodes
NODE X— — 7— X— Y-
number translation translation  translation rotation rotation
1 0.0000E+00 0.0000E+00  0.0000E+00  0.0000E+00  0.0000E-+00
2 1.8762E-03 1.4645E-04 0.0000E+00  0.0000E+00  0.0000E-+00
3 3.0993E-03 2.1717E-04  0.0000E+00  0.0000E+00  0.0000E+00
4 0.0000E+00 0.0000E+00  0.0000E+00  0.0000E+00  0.0000E-+00
5 1.5614E-03 3.5423E-05 0.0000E+00  0.0000E+00  0.0000E+00
6 2.7811E-03 7.7093E-05 0.0000E+00  0.0000E+00  0.0000E+00
7 3.6829E-03 1.2865E-04 0.0000E+00  0.0000E+00  0.0000E+00
8 0.0000E+00 0.0000E+00  0.0000E+00  0.0000E+00  0.0000E-+00
9 1.4331E-03 —4.4935E-05 0.0000E+00  0.0000E+00  0.0000E+00
10 2.6228E-03 -8.8701E-05 0.0000E+00  0.0000E+00  0.0000E+00
11 3.5926E-03 —-1.4025E-04 0.0000E+00  0.0000E+00  0.0000E+00
12 0.0000E+00 0.0000E+00  0.0000E+00  0.0000E+00  0.0000E-+00
13 1.3394E-03 -1.3694E-04 0.0000E+00  0.0000E+00  0.0000E+00
14 2.4458E-03 -2.0556E-04 0.0000E+00  0.0000E+00 0.0000E+00
15 0.0000E+00 0.0000E+00  0.0000E+00  0.0000E+00  0.0000E-+00
16 0.0000E+00 0.0000E+00  0.0000E+00  0.0000E+00  0.0000E-+00
17 0.0000E+00 0.0000E+00  0.0000E+00  0.0000E+00  0.0000E-+00
18 0.0000E+00 0.0000E+00  0.0000E+00  0.0000E+00  0.0000E-+00

262

7
rotation
0.0000E+00
—1.5869E-03
—1.4409E-03
0.0000E+00
—1.3154E-03
—1.4087E-03
—1.5467E-03
0.0000E+00
—1.2573E-03
—1.3909E-03
-1.5614E-03
0.0000E+00
—1.3297E-03
—1.3014E-03
0.0000E+00
0.0000E+00
0.0000E+00
0.0000E+00
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19 0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00
20 0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00

1 **** BEAM ELEMENT FORCES AND MOMENTS
ELEMENT CASE AXIAL SHEAR SHEAR TORSION BENDING BENDING
NO. (MODE) FORCE FORCE FORCE MOMENT MOMENT MOMENT
R, R, Ry M, M, M;
Columns
1 1 6.363E+03 -1.139E+04 0.000E+00 0.000E+00 0.000E+00  —1.444E+05
6.363E+03 —-1.139E+04 0.000E+00 0.000E+00 0.000E+00 2.653E+04
2 1 3.073E+03 —-5.646E+03  0.000E+00 0.000E+00 0.000E+00  —-3.692E+04
3.073E+03 —5.646E+03  0.000E+00 0.000E+00 0.000E+00 4.777E+04
3 1 1.539E+03 —-9.487E+03 0.000E+00 0.000E+00 0.000E+00  —1.200E+05
1.539E+03 —-9.487E+03 0.000E+00 0.000E+00 0.000E+00 2.231E+04
4 1 1.810E+03 —5.894E+03 0.000E+00 0.000E+00 0.000E+00 —4.766E+04
1.810E+03 —5.894E+03 0.000E+00 0.000E+00 0.000E+00 4.074E+04
5 1 2.240E+03 -3.517E+03 0.000E+00 0.000E+00 0.000E+00  —3.150E+04
2.240E+03 -3.517E+03 0.000E+00 0.000E+00 0.000E+00 2.125E+04
6 1 -1.952E+03 —-8.662E+03  0.000E+00 0.000E+00 0.000E+00 —1.117E+05
—1.952E+03 -8.662E+03 0.000E+00 0.000E+00 0.000E+00 1.828 E+04
7 1 -1.902E+03 —-5.757E+03  0.000E+00 0.000E+00 0.000E+00 —4.814E+04
—1.902E+03 -5.757E+03 0.000E+00 0.000E+00 0.000E+00 3.822E+04
8 1 -2.240E+03 —-3.983E+03 0.000E+00 0.000E+00 0.000E+00  —3.620E+04
—-2.240E+03 -3.983E+03 0.000E+00 0.000E+00 0.000E+00 2.355E+04
9 1 —-5.950E+03 -7.958E+03 0.000E+00 0.000E+00 0.000E+00  —1.091E+05
—5.950E+03 —7.958E+03 0.000E+00 0.000E+00 0.000E+00 1.031E+04
10 1 —2.982E+03 -5.203E+03 0.000E+00 0.000E+00 0.000E+00  —3.797E+04
-2.982E+03 —5.203E+03  0.000E+00 0.000E+00 0.000E+00 4.008E+04

5.44 A structure is fabricated by welding together three lengths of I-shaped members as
shown in Figure P5-44. The yield strength of the members is 36 ksi, E = 29¢6 psi, and
Poisson’s ratio is 0.3. The members all have cross-section properties corresponding to a
W 18 ™ 76. That is, A = 22.3 in.%, depth of section is d = 1821 in., I, = 1330 in*, S =
146 in.3, ly =152 in.4, and S, = 27.6 in.>. Determine whether a load of Q =10,000 1b
downward is safe against general yielding of the material. The factor of safety against
general yielding is to be 2.0. Also, determine the maximum vertical and horizontal
deflections of the structure.

90—

-—— >

Figure P5-44

263
© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



P 5-44

Load Case: 10f1

Maximum Value: 6612.81 Ilmsirr‘Z)
000 47938 in 143,815
Minimum Value: -12328.8 Ibf/(i

Gmax= 12,329 psi < 36000 _ 18,000 psi

Safe against yielding
545

Tapered beam using 1 element

5000 Ib
N E=30¥ 10%psi
§ « lo=100in?
L=100in.
1 _ 2
ly n=1 A=0.1in2

) |
| ()= |0(1+ n—] - 100(1+i) =100+ x
L T

|['—‘) = 150in.*
2

Tapered beam using 2 elements

5000

§
. X
o 2 @ 3
yl
L .4 3L] . 4
lio|—=|=125in.";l,3=|— | =175 in.
12[4) 23 (4

Tapered beam using 4 elements

500 Ib
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Worst Stress
Ibtr(in"2)
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(S [%] = 1125 in*; |2,3(3?"] =137.5 in*; |3,4(%): 162.5 in.*

S

7L
l4_s= [—] =187.5in.
4-5 P
Tapered beam using 8 elements

5001b

I (%) = 106.25 I3 (i_6] =118.75
134 (?—z) = 131.25 l4-s [Z—LJ =143.75
I5-6 (?—;) = 156.25 le—7 (%J =168.75
l7_g (%J = 181.25 ls9 (T—L) =193.75

Analytical solution

. .
v= P [[ﬂx2+2x+l]—l[l+Tnlen[l+Tnxﬂ +Ax +B

nEl, L\2I n) nk
PI?
A= — [In(1+n)y—(1+n)
n- El,
3
B=2P—|[l|n(1+n)+ﬂ—1——l}
n“ El, Ln 2 n

x=0,n=1, P=500, L=100, E=30x 10° lo=100

(500) (100 in.)*
A= In2) -2
(12 (30 % 10%) (100 in.*) [in@)-2]
=-21781x10"
_ 500 (100 in.)’ [ 1 }
B= In@2)+=-1-1
(1)* (30 % 10%) (100 in.*) A

—1.3448 x 10!

500 (100 in.)* { ( 100 in.

_ H —1.3448 x 10
(1% (30%10°%) (100 in.) )

= 0.032187 in.

PROBLEM 2 USING 1 ELEMENT--
NUMBER OF ELEMENTS = 1
NUMBER OF NODES =2
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NODE POINTS

K IFIX XC(K) YCK)  ZC(K) FORCE(1,K) FORCE(2,K) FORCE(3K)
1 000  0.000000 0.000000 0.000000 0.000000  500.000000 0.000000
2 111 100.000000 0.000000 0.000000 0.000000 0.000000 0.000000
ELEMENTS
K  NODE(LK) E(K) G(K) A(K) XI(K)
1 1 2 3,0000000E+07  1.0000000E+00 1.0000000E-01  1.5000000E-+02
NODE DISPLACEMENTS Z-ROTATION
X Y THETA
1 0.00000E+00 0.37037E-01 - 0.55556E-03
2 0.00000E+00 0.00000E+00  0.00000E+00
ELEMENTS

K NODE(K) X-FORCE  Y-FORCE Z-MOMENT X-FORCE Y-FORCE Z-MOMENT
1 1 2 0.0000E+00 0.5000E+03 0.2434E-03 0.0000E+00 —0.5000E+03 0.5000E+05

PROBLEM 2 USING 2 ELEMENTS--
NUMBER OF ELEMENTS =2
NUMBER OF NODES =3

NODE POINTS
K IFIX XC(K)  YCK) ZC(K) FORCE(1,K) FORCE(2K) FORCE(3,K)
1 000  0.000000 0.000000 0.000000  0.000000  500.000000  0.000000
2 000  50.000000 0.000000 0.000000  0.000000 0.000000  0.000000
3 111 100.000000 0.000000 0.000000  0.000000 0.000000  0.000000
ELEMENTS
K NODE(1K) E(K) G(K) A(K) XI(K)
11 2 3.0000000E+07  1.0000000E+00  1.0000000E-01  1.2500000E+02
2 2 3 3.0000000E+07  1.0000000E+00  1.0000000E-01  1.7500000E+02

NODE DISPLACEMENTS Z-ROTATION

X Y THETA

1 0.00000E+00 0.33333E-01  —0.52381E-03

2 0.00000E+00 0.99206E-02  —0.35714E-03

3 0.00000E-+00 0.00000E+00  0.000000E+00
ELEMENTS
K NODE X-FORCE Y-FORCE Z-MOMENT X-FORCE Y-FORCE Z-MOMENT

(LK)

1 1 2 0.0000E+00 0.5000E+03  0.6515E-02 0.0000E+00 —0.5000E+03 0.2500E+05
2 2 3 0.0000E+00 0.5000E+03 —0.2500E+05 0.0000E+00 — 0.5000E+03 0.5000E+05

P=500Ib
_ 7X
| log = 100 (1+ )
1 —=X  E=30¥ 106 psi
4 L =100 in.
| L |
D gl
l n=7
y

For 1 element
7 4
I;=100|1+—| =4501in.
2.
For 2 elements

l,= 100 [%J =275in.*

266
© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



l,= 100 [—) =625in*

For 4 elements

l1= 100 (E) - 187.5in.
8

l,= 100 (%) =362.5in."

l;= 100 (%) =537.5 in.*

l4= 100 (%J =712.5in?

For 8 elements

l,= 100 (2) =143.75in.*
16

l,= 100 [ﬂ) =23125in.*
16

Is3= 100 (ﬂ) =318.75in"
16

ly= 100 [ﬁ) =406.25in*
16

Is= 100 (B) =493.75in*
16

le= 100 [2) =581.25in."
16

l,= 100 (M] = 668.75 in.*
16

lg= 100 [E] =756.25 in.*
16

The analytical solution is
3
Vmax: ymax: 1 (500) (100) = 00095 in.

17.55 (30 10°%) (100)

Ymax
Analytical 0.0095 in.
1 element 0.0123 in.
FEM 2 elements 0.0103 in.

4 elements 0.0097 in.
8 elements 0.0096 in.

NUMBER OF ELEMENTS =1
NUMBER OF NODES =2
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NODE POINTS

K IFIK XC(K) YC(K) ZC(K) FORCE(1,K) FORCE(2,K) FORCE(3,K)
1 000  0.000000 0.000000 0.000000 0.000000  500.000000 0.000000
2 111 100.000000 0.000000 0.000000 0.000000 0.000000 0.000000
ELEMENTS
K  NODE(LK) E(K) G(K) AK) XI(K)
1 1 2 3.0000000E+07  0.0000000E+00  1.0000000E-01  4.5000000E+02

NODE DISPLACEMENTS Z-ROTATION

X Y THETA

1 0.00000E+00  0.12346E-01  —0.18519E-03

2 0.00000E+00  0.00000E+00  0.00000E+00
ELEMENTS

K NODE(K) X-FORCE Y-FORCE Z-MOMENT X-FORCE Y-FORCE Z-MOMENT
1 1 2 0.0000E+00 0.5000E+03 —0.7706E—02 0.0000E+00 —0.5000E+03 0.5000E+05

NUMBER OF ELEMENTS =4
NUMBER OF NODES =5

NODE POINTS
K IFIX XC(K) YC(K) ZC(K) FORCE(1,K) FORCE(2,K) FORCEGK)
1 000 0.000000 0.000000 0.000000 0.000000  500.000000 0.000000
2000  25.000000 0.000000 0.000000 0.000000 0.000000 0.000000
3000  50.000000 0.000000 0.000000 0.000000 0.000000 0.000000
4 000  75.000000 0.000000 0.000000 0.000000 0.000000 0.000000
5 111 100.000000 0.000000 0.000000 0.000000 0.000000 0.000000
ELEMENTS
K NODE(K) E(K) G(K) A(K) XI(K)
11 2 3.0000000E+07  0.0000000E+00  1.0000000E-01 1.8750000E+02
2 2 3 3.0000000E+07  0.0000000E+00  1.0000000E-01  3.6250000E+02
33 4 3.0000000E+07  0.0000000E+00  1.0000000E-01  5.3750000E+02
4 4 s 3.0000000E+07  0.0000000E+00  1.0000000E-01  7.1250000E+02
NODE DISPLACEMENTS Z-ROTATION
X Y THETA
1 0.00000E+00 0.97156E-02  —0.17050E—03
2 0.00000E-+00 0.56845E-02  —0.14272E-03
3 0.00000E+00 0.25953E-02  —0.99620E—04
4 0.00000E+00 0.67008E-03  —0.51170E—04
5 0.00000E+00 0.00000E+00 0.00000E-+00
ELEMENTS
K NODE X-FORCE Y-FORCE Z-MOMENT X-FORCE Y-FORCE Z-MOMENT
(1L,K)
1 1 2 0.0000E+00 0.5000E+03 0.3812E—01 0.0000E+00 — 0.5000E+03 0.1250E+05
2 2 3 0.0000E+00 0.5000E+03 — 0.1250E+05 0.0000E+00 — 0.5000E+03 0.2500E+05
3 3 4 0.0000E+00 0.5000E+03 —0.2500E+05 0.0000E+00 — 0.5000E+03 0.3750E+05
4 4 5 0.0000E+00 0.5000E+03 —0.3750E+05 0.0000E+00 — 0.5000E+03 0.5000E+05

5.46
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f 10 ft !/

NUMBER OF ELEMENTS =2
NUMBER OF NODES =3

NODE POINTS

K  IFIX XC(K)  YC(K) ZC(K) FORCE(1,K) FORCE(2,K) FORCE(3,K)
1 111 0.0000000 0.000000  0.000000  0.000000  0.000000 0.000000
2 000 120.000000 0.000000  0.000000  —5.000000  0.000000  120.000000
3 111 120.000000 0.000000 —120.000000  0.000000  0.000000  120.000000
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ELEMENTS

K NODE(LK) E(K) XI(K) XJ(K) G(K)
11 2 3.0000000E+04  2.0000000E-+02 1.0000000E+02  1.0000000E+04
2 2 3 3.0000000E+04  2.0000000E-+02 1.0000000E+02  1.0000000E+04
NODE DISPLACEMENT THETA-X THETA-Z

1 0.00000E+00 0.00000E+00 0.00000E+00

2 ~0.21429E+00 0.25714E-02 ~0.25714E-02

3 0.00000E+00 0.00000E+00 0.00000E+00
ELEMENTS
K NODE Y-FORCE X-MOMENT Z-MOMENT Z-MOMENT Y-FORCE X-MOMENT

(LK)

1 1 2 0.2500E+01 -0.2143E+02 0.2786E+03 0.2143E+02 —0.2500E+01 0.2143E+02
2 2 3 —-02500E+01 0.2143E+02 —0.2143E+02 —0.2786E+03 0.2500E+01 —0.2143E+02

551

NUMBER OF ELEMENTS =2
NUMBER OF NODES =3

NODE POINTS

K IFIX XC(K)  YC(K) ZC(K) FORCE(1,K) FORCE(2K) FORCE(3,K)
1 000 4000000 0.000000 4.000000 —15.000000  25.000000 ~20.000000
2 111  4.000000 0.000000  0.000000 0.000000 0.000000 0.000000
3 111  0.00000 0.000000  4.000000 0.000000 0.000000 0.000000
ELEMENTS

K NODE(,K) E(K) G(K) A(K) XI(K) XI(K)

1 1 2 2.1000000E+08 8.4000000E+07 9.9999998E—03 1.9999999E-04 9.9999997E-05
2 1 3 2.1000000E+08 8.4000000E+07 9.9999998E-03 1.9999999E-04 9.9999997E-05

NODE DISPLACEMENT THETA-X THETA-Z

1 —0.69048E—-02 0.30329E-02 —0.29195E-02

2 0.000000E+00 0.00000E+00 0.00000E+00

3 0.000000E+00 0.00000E+00 0.00000E+00

ELEMENTS

K NODE Y-FORCE X-MOMENT Y-MOMENT Y-FORCE X-MOMENT Z-MOMENT
(LK)

1 1 2 —-06607E+01 0.6131E+01 0.1863E+02 0.6607E+01 —0.6131E+01 —0.4506E+02
2 1 3 —0.8393E+01 —0.6369E+01 0.1387E+02 0.8393E+01 0.6369E+01 —0.4744E+02
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5.52

1 2
el 10 &—7'
Figure P5-52

Displacement
Y Component
n

0
-0.018
-0.03%
-0.054
-0.072
-0.08
-0.108

0126
0,144
0162

/

-0.18

<

"a'
Load Case: 10f1 l
Maximum Value: 0 in o i "

000 77.085 in 154.130 231.196

Minimum Value: -0.18 in

5.58-5.59 Determine the displacements and reactions for the space frames shown in Figures

P5-58 and P5-59. Let Ix= 100 in*, I, = 200 in.*, I, = 1000 in.*, E = 30,000 ksi,
G =10,000 ksi, and A= 100 in.2 for both frames.

FE. =40kip
F, =—5kip T
2 3
/ | iy
my, =-100 kip-ft
20 ft
b
X
z .
T
A /'i
A0
fo— 10 ft — s
Figure P5-58
Displacements/Rotations (degrees) of nodes
NODE X- Y- Z— X- Y- Z—
number translation translation translation rotation rotation rotation

1 0.0000E+00  0.0000E+00  0.0000E+00 0.0000E+00

0.0000E+00  0.0000E+00
2 6.8927E-01 -2.6320E-03 4.4137E-01 3.1601E-01

—7.5875E-01 —4.8913E-01
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3 8.3682E-01 1.0091E+00 -5.8406E-02 -3.6119E-01 1.1418E-01 -4.8006E-01
4 0.0000E+00  0.0000E+00  0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00
5.59
6
e
10 ft
5
W
y IW 20 ft =
lOft = Wigy D> M. =-50 kipt
D 201 A
/‘”‘.‘—:75@) o
z 30kip A
],
10 ft fﬂ""‘
Figure P5-59
Displacements/Rotations (degrees) of nodes
NODE X— Y- Z— X— Y- Z—
number translation translation translation rotation rotation rotation
1 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00  0.0000E+00 0.0000E-+00
2 3.1055E-04 2.5111E-01 1.0906E-05 -1.1112E-01 2.1045E-08 3.6115E-02
3 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00  0.0000E+00 0.0000E+00
4 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00
5 =3.1055E-04 2.4992E-01 -2.5905E-05 1.1109E-02 6.8756E-02 3.5829E-02
6 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00  0.0000E+00 0.0000E+00
7 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00  0.0000E+00 0.0000E+00
8 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00  0.0000E+00 0.0000E+00

5.60 Design a jib crane as shown in Figure P5-60 that will support a downward load of 6000 Ib.
Choose a common structural steel shape for all members. Use allowable stresses of 0.66 S
(S is the yield strength of the material) in bending, and 0.60 S in. tension

t A

c=29in. d—58in. i ¢— 86 in.
2 r
A oF

b= 58 in.

6000 1b

C

a= 100 in.
D

77/
FigureP5-60
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Horizontal load beam S12 x50
Vertical support beam  S12 x 50
Cross brace S6 x12.5

All members A36 structural steel

*  The required maximum deflection governed the selection of the material section
size, as smaller sizing would be lighter and more than adequate to support the load of
6000 Ib, but provide too much deflection than the required 0.400 in.

* The force in the cross brace (21066 Ibf) does not yield to buckling as shown in
the first set of calculations and with a S6 x 12.5 section the cross brace is designed
above the imposed load of 6500 Ib

*  The horizontal load beam is designed to withstand above the imposed bending
moment of 516000 Ibf-in. The minimum required section of SI0 % 25.4 was
exceeded, as shown in the second set of calculations, to accommodate the required
deflection constraint. Also, the excessive section will allow additional safety
against failure from overloading.

5.61 Design the support members, AB and CD, for the platform lift shown in Figure P5-61.
Select a mild steel and choose suitable cross-sectional shapes with no more than a 4 : 1
ratio of moments of inertia between the two principal directions of the cross section.
You may choose two different cross sections to make up each arm to reduce weight. The
actual structure has four support arms, but the loads shown are for one side of the
platform with the two arms shown. The loads shown are under operating conditions. Use
a factor of safety of 2 for human safety. In developing the finite element model, remove
the platform and replace it with statically equivalent loads at the joints at B and D. Use
truss elements or beam elements with low bending stiffness to model the ams from B to
D, the intermediate connection, E to F, and the hydraulic actuator. The allowable
stresses are 0.66S, in bending and 0.60S, in tension. Check buckling using either Euler’s
method or Johnson’s method as appropriate. Also check maximum deflections. Any

deflection greater than ﬁ of the length of member AB is considered too large.
f 72 30+‘«30+‘
D
) -
24
32— B
F b T — + Dimensions are in inches

b

6001b  8001b 600 Ib

f

30

4

Figure P5-61

*  Many viable solutions are possible.
*  This design recommends 1020 steel with cross sections of 5 in. X 3 in. X *83 in.
rectangular tubing.

e The maximum deflection is then 0.244 in. which is less than the maximum
allowable 0of 0.25 in.

*  The bending stress is 11,418 psi which is less than the allowable of 31,600 psi.
*  The axial stress is 2520 psi which is less than the allowable of 28,700 psi.

5.62 A two-story building frame is to be designed as shown in Figure P5-62. The members
are all to be I-beams with rigid connections. We would like the floor joists beams to
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have a 15-in. depth and the columns to have a 10 in. width. The material is to be A36
structural steel. Two horizontal loads and vertical loads are shown. Select members such
that the allowable bending in the beams is 24,000 psi. Check buckling in the columns
using Euler’s or Johnson’s method as appropriate. The allowable deflection in the beams

should not exceed 5163 of each beam span. The overall sway of the frame should not

exceed 0.5 in.

-
5¢
5000 Ib

—300L2
w- 150D w=300-2 8¢

o A T

10¢ 10¢
L7

77 777777 777777

fe—10¢—<——15¢——>|

Figure P5-62

*  Many viable solutions are possible.
*  This design recommends A36 structural steel I-beams.

* W 16 %26 beams are recommended for the horizontal and diagonal members with
largest bending stress of 7000 psi which is less than the allowable of 24,000 psi.

e W 10®49 sections are recommended for the vertical members. Column buckling
was verified to be satisfied.

*  Maximum sway in the horizontal direction is 0.246 in. which is less than the
allowable of 0.50 in.

*  Another satisfactory solution is W 10 X 26 beams for horizontal and diagonal
members and W 10 ™33 sections for the vertical members. The sway then becomes
0.417 in.

5.63 A pulpwood loader as shown in Figure P5-63 is to be designed to lift 2.5 kip. Select a
steel and determine a suitable tubular cross section for the main upright member BF that
has attachments for the hydraulic cylinder actuators AE and DG. Select a steel and
determine a suitable box section for the horizontal load arm AC. The horizontal load arm
may have two different cross sections AB and BC to reduce weight. The finite element
model should use beam elements for all members except the hydraulic cylinders, which
should be truss elements. The pinned joint at B between the upright and horizontal beam
is best modeled with end release of the end node of the top element on the upright
member. The allowable bending stress is 0.66 S, in members AB and BC. Member BF

should be checked for buckling. The allowable deflection at C should be less than 3—(1)0 of

the length of BC. As a bonus, the client would like you to select the size of the hydraulic
cylinders AE and DG.
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2.5kip

Figure P5-63

*  Many viable solutions are possible.
*  The design recommends AISI 1020 rolled steel.

*  The horizontal beam, AC, is recommended to be a rectangular tube 4 in. by 16 in.
with 0.25 in. thickness. The maximum bending stress in member AC is 7736 psi
less than the allowable of 3100 psi. The maximum deflection is 0.299 in. less than
the allowable of 0.300 in.

*  The vertical member, BF, is recommended to be a square tube 10 in. by 10 in. with
0.5 in. thickness.

5.65 A small hydraulic floor crane as shown in Figure P5-65 carries a 5000 lb load.
Determine the size of the beam and column needed. Select either a standard box section
or a wide-flange section. Assume a rigid connection between the beam and column. The
column is rigidly connected to the floor. The allowable bending stress in the beam is

0.60S,. The allowable deflection is ?é_o of the beam length. Check the column for

buckling.

i i 72 in. i

A B D
!

5000 1b

E RRERES

Al

Figure P5-65
*  Many viable solutions are possible.
*  The design recommends A36 structural steel.
*  The horizontal and vertical members are recommended to be W 10 X 68.

*  The largest bending stress in the horizontal beam is 4756 psi less than the allowable
of 21,600 psi. The maximum deflection is 0.215 in. less than the allowable of 0.222 in.

*  The column, ACD, has a bending stress of 5284 psi.
*  The column should be checked for buckling.
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5.68 Design the gabled frame subjected to the external wind load shown (comparable to an
80 mph wind speed) for an industrial building. Assume this is one of a typical frame
spaced every 20 feet. Select a wide flange section based on allowable bending stress of
20 ksi and an allowable compressive stress of 10 ksi in any member. Neglect the
possibility of buckling in any members. Use ASTM A36 steel.

16 ft

e L=40 i——

(a) (b
Figure P5-68
*  Many viable solutions are possible.
*  The design recommends A36 structural steel.
*  The frame members are recommended to be W 10 x 12 wide flange shapes.
*  The maximum worst stress (combined bending and compression) in any member is
19.5 ksi.
*  The maximum displacement is 0.719 in.

5.69 Design the gabled frame shown for a balanced snow load shown (typical of the Mid-
west) for an apartment building. Select a wide flange section for the frame. Assume the
allowable bending stress not to exceed 140 MPa. Use ASTM A36 steel.

1500 Pa

3m

l

T (4 m spacing of frames)
4m

|

f 6m >
Figure P5-69

*  Many viable solutions are possible.

*  The table below lists some W sections that were considered.

»  The recommended W 6 ™ 12 with bending stress of 120.4 MPa is less than the
allowable value of 140 MPa.

*  The maximum displacement is 0.0147 m.

Table 1: Beam Trial Runs

Beam Section  Bending Stress (Local 3) Displacement
W30 x 173 1.6 MPa 6.26%107-5
w128 45 15.2 MPa 0.0010 m
W8 x 13 88.7 MPa 0.0082 m
W6 % 12 120.4 MPa 0.0147 m
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5.70 Design a gantry crane that must be able to lift 10 tons as it must lift compressors, motors,
heat exchangers, and controls. This load should be placed at the center of one of the
main 12-foot-long beams as shown in Figure P5-70 by the hoisting device location. Note
that this beam is on one side of the crane. Assume you are using ASTM A36 structural

steel.

*  Many viable solutions are possible.
*  The design is based on the load being applied to the center span of a 12 ft long

beam.

*  The design recommends W 10 x 100 for the horizontal beams.
»  The bracing members are recommended to be W 48 13,

e The vertical columns are recommended to be 4 in. X 4 in. x iin. thick hollow

square tubes.

*  The table below is a summary of the final member sizes and deflection, stress, and
buckling calculated and allowable results.

Table 1: This table shows all the members with corresponding material and size.

Member Quantity

loaded 12 ft beam 1
unloaded 12 ft beam 1
8 ft Beams 2
Corner Braces 8

4

Columns

Material

ASTM A36 St. Steel
ASTM A36 St. Steel
ASTM A36 St. Steel
ASTM A36 St. Steel
ASTM A36 St. Steel

Ib
Size (in. X —
ize (in ft)

W10 % 100
W10® 100
W10 100
W4 %13

4 x 4 hollow ™ 1 thick (in.)

Table 2: This table shows that the maximum deflections are less than the allowable deflection,
and that the calculated bending stresses are less than the allowable stresses in the beams.

Calculations
Maximum Deflection (in.) Allowable Bending Stress (psi)

Member By Hand  Using Algor Deflection (in.) Calculated Allowable
Loaded 12 ft Beam 0.0722 0.0847 0.2667 6405 7200
Unloaded 12 ft Beam - 0.0141 0.2667 23.145 7200

8 ft Beams - 0.01977 0.2667 1.286 7200
Corner Braces - 0.02921 0.1333 256.654 7200
Columns - 0.2863 0.4000 -

Table 3: This table shows that the corner braces and the columns have loads smaller than the load

that would cause buckling.

Member

Loaded 12 ft Beam
Unloaded 12 ft Beam
8 ft Beams

Corner Braces

Columns

Calculated load

Buckling Strength (1b)
Allowable load

24000
24572

330000
60000

5.71 Design the rigid highway bridge frame structure shown in Figure P5-71 for a moving
truck load (shown below) simulating a truck moving across the bridge. Use the load
shown and place it along the top girder at various locations. Use the allowable stresses in
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bending and compression and allowable deflection given in the Standard Specification
for Highway Bridges, American Association of State Highway and Transportation
Officials (AASHTO), Washington, D.C. or use some other reasonable values.

A |25t — 50 ft sf«—25ft—|D
C o

14 ft
W = total weight of truck and load

H20-44 8kip 32 kip
H truck loading

Figure P5-71

*  Many viable solutions are possible.
* A36 structural steel is chosen in the design.
*  After some iteration, W 24 % 94 wide flange sections were selected for all members.

*  The largest bending stress of 12960 psi with the truck in the center span location is
less than the allowable of 20,000 psi.

*  The largest deflection of 0.731 in. is less than the allowable of 0.75 in. (g; of the

span length).

5.73 The curved semi-circular frame shown in Figure P 5-73 is supported by a pin on the left
end and a roller on the right end and is subjected to a load P = 1000 Ib at its apex. The
frame has a radius to centerline of cross section of R= 120 in. Select a structural steel W
shape from Appendix F such that the maximum stress does not exceed 20 ksi. Perform a
finite element analysis using 4, 8, and then 16 elements in your finite element model.
Also determine the maximum deflection for each model. It is suggested that the finite
element answers for deflection be compared to the solution obtained by classical
methods, such as using Castigliano’s theorem. The expression for deflection under the

load is given by using Castigliano’s theorem as
0.178PR*  0.393 PR 0.393PR
= + +

% El AE AG

where A is the cross sectional area of the W shape, Ay is the shear area of the W shape
(use depth of web times thickness of web for the shear area), E = 30 x 10° psi, and
G=115®10°psi.

Now change the radius of the frame to 20 in. and repeat the problem. Run the finite
element model with the shear area included in your computer program input and then
without. Comment on the difference in results and compare to the predicted analytical
deflection by using the equation above for d.

For R=20in. A=8.791in. tye, =0.260in. depth=12.34 in.
SA2 = tys depth  SA2 =3.2084 x 10 in.
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I, =238in.' E=29x10"psi G=11.6x10psi P=10001Ib
. 0.178PR’

= ————  5,=2.06317% 10 *in.
El,
8 = 0.393PR 8,=3.08344x 10 in.
AE
0.393 PR

& = 8,=2.11191x 10* in.

G
Oimax = Om + 00+ &y
Smax = 4.48343x 10 in.
Smaxnoshear = Om + On

amaxnoshcar =237151x 104 in.

il

Figure P5-73

*  The table below shows the results for the 2 — 16 element models without shear area
and with shear area included in some cases for both radii.

Radius =120 in.

No. of Elements Max Def. (in.) | Max. Stress (psi)
2 5.92E-02 1595
4 4.69E-02 1576
8 4.52E-02 1566
16 4.48E-02 1560
8 (SA2 incl.) 4.65E-02 1566
16 (SA2 incl.) 4.62E-02 1560
Longhand 448E-02
Longhand (SA2 incl.) 4.60E-02
Radius = 20 in.
No. of Elements Max Def. (in.) | Max. Stress (psi)
2 3.01E-04 299
4 2A47E-04 281
8 2.39E-04 270
16 2.39E-04 265
8 (SA2 incl.) 4.55E-04 270
16 (SA2 incl.) 4.55E-04 265
Longhand 2.37E-04
Longhand (SA2 incl.) 448E-04
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Chapter 6

6.1 For sketch of N; see Figure 6.8. Others follow similarly
By Equation (6.2.18)
1
N+ N+ N =~ [(a+ a3+ am) = (B + B+ ) X+ [+ i+ 1) M
By Equation (6.2.10)

Gt At am= X Ym— Y Xm T YiXm— X Ym+ XY — Vi X

= 2A (by Equation (6.2.9)) 2)
,3|+,6'j+ﬁm:yj_ym+ym_yi+yi_yj:0 (3)
K+ K+ o= Xm—X T X —Xn+ X —%=0 “)

By using (2)-(4) in (1), we obtain
Ni + Nj + Nm= 1 identically
6.2 By Equation (6.2.47)

= % d" (1 BT [D] [B] dv{d} - {d}" {f}

| lBi 0 ﬁj 0 ﬁm 0
[B]=ﬁ0 % 0y 0 vy

7i ﬁi Yi nBj 7m ﬁm

Ui
Vi
E 1 v 0 U
D] = viloo | d=q"
[D] -y 1_\/,{} v,
OOT u,
B0 7
0 }’I ﬁi
= — [U Vj Uj Vj Un V|
Th Z[IIHmm]Dﬂ@RO v, B
Bn 0 v,
L0 ¥m Bn
U
Vi
L v 0 B o B 0 By O u.
1v2V1 Oﬁo-yi 0 7, O ymdvxv?
- _ j
00 12\/ v B 7i ﬁj Ym Bm
um

— [Ui Vi Uy Vj Um V] { T}
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From Equation (3.10.27) or Equation (6.2.48)

o _
a{d}

dr
d{d}

= [JBI" [D][B]dV{d} — {f} =0
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6.3
(a)

[kl= tA[B]" [D][B]
X=0,¥=-1,%=2,y=0, Xn=0, ym=1

1 1 .2
A= - Dbh=-(2)2)=2in
S bh=_@)2)=2in

B=Yi-Yym=0-1=-1

B=Ym-yi=1-(1)=2

Bn=Yi=y=-1-0=-1

V= Xm—X=0-2=-2

Y=X—-%n=0-0=0

= X—-%=2-0=2
lﬁioﬁj 0 B, 0

Bl= 410 7 0 % 0 7y

2A
7i ﬁi Yi ﬁj 7m ﬁm

1 v 0
Since it is plane stress [D] = v 1 0
(1-V%) .
0 0 —
2
-1 0 -2
0 -2 -1
s0x106 1 2 0 0 1 025 0
=
So[B]'[D]= ——— 025 1 0
4009375 0 0 2
0 0 0375
-1 0 2
L 0 2 —1]

(-1 -025 —075]
-05 -2 -0.375
2 0.5 0 30 10°

0 0 075 |4(0.9375)
-1 -025 0.75
105 2 -0375]

[k]= t A[B]" [D] [B]
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[ -1 =025 =-0.75]
-05 -2 -=0375
ol 2 0.5 0
= K= (in)2)—2xX10
4(0.9375)| © 0 0.75
-1 —-025 075
| 0.5 2 —-0.375]
. -1 02 0 -1 0
2 0200 0 2
-2 -1 0 2 2 -l
[25 125 =2 -15 —-05 025 ]
125 4375 -1 -0.75 —-025 -3.625
[K]= 4.0 x10°| —2 -1 4 0 -2 1
-1.5 =075 0 15 1.5 -0.75
-05 -025 -2 1.5 25 -125
1025 -3.625 1 -0.75 —-1.25 4375 |
(b) Xi=12,¥%=0,%=24,¥%=0,%=12,yn=1
.
(1.2. )
m=}
EZI‘\IEJ_III
(1.2, 0) j=12 '
(b)
B=Yi—-Ym=0-1=-1
B=Ym—-yj=1-0=1
Bn=Yi-y=0-0=0
V= Xm—X=12-24=-12
=X —Xn=12-12=0
= X—-%=24-12=12
= % (12)(1)=0.6 in.2
-1 0 —1.2]
0 -12 -1
0% 10° Lo 0 1 025 0
So[B]'[D]= ———————— 025 1 0
(1.2)(0.9375) |0 0 1
0 0 0375
0 0 12
10 12 0 |
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[ -1 =025 =-045]
-03 -12 -0375
~25x10° | 1 025 0
© 09375 | 0 0 0375
0 0 0.45
| 03 1.2 0 |
[k]= tA[B]" [D] [B]
[ —1 —025 —045
-03 -12 -0375
- (lin.)(6in.*)25x10° | 1 0.25 0
2(0.6) (0.9375) 0 0 0375
0 0 0.45
| 03 12 0 |
-1 0 10 0 0
x| 0 -12 00 0 1.2
-12 -1 0112 0
i=1 j=2 m=3
(154 075 -1 —-045 —054 —03]
o | 075 1815 -03 -0375 045 —1.44
k= 22X o3 0 0 03
1.875
-045 -0375 0 0375 045 0
-0.54 -045 0 045 054 0
| -03 -144 03 0 0 1.44 |
() E=30x10° v=025 t=1

Triangle coordinate definition

0 x=0 This defines an array variable
= _ X coordinate is the top
0 =1 y coordinate is the bottom
. 2 . o .
j= 0 Area of triangle = - base x height
0 1. . .
m=|, A= (=i (my=iy)
2
A=1
Develop stiffness matrix
ﬁ:jy—fﬂ/ G=-1 K =m—jx K=-2
B=m—iy  [=1 Y= ix—my ¥="0
Bn=ly—]y Bn=0 Yo = Jx—ix fn=2
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1
Bil= -0 ¥ Bil=——=0 ¥
2A A
fl ﬁl ;/i ﬁ]
X B
[Bml= — 0 7¥n
2A
Ym Bn

Gradient matrix
[B]= augment (B;, B}, By)
-05 0 05 0

00
[B]=] 0 -1 0 0 01
-1 =05 0 05 1 0

Plane stress

Constitutive matrix

1 v 0
[D]= Slv 1 0
1-v iy
00 =
32x107  8x10° 0
[D]= | 8®10° 32810’ 0
0 0 1.2x107

[k]= t A[B]" [D] [B] Constant-strain triangular element stiffness matrix

2|10’ 1107 —gM10° —cM10° —1.2M107 —4M|0f
1x107  3.5%10" —4x10° —3x10° -6x10° —32x10
= —gm10°  —4M]0°  gMQ° 0 0 4m10°
—-cH10¢  —3m]Q° 0 3m10°  om10° 0
—-12x10"  —6x10° 0 6x10°  1.2x10 0
—4x10°  -32x10" 4x10° 0 0 3.2x%107

6.4 In general we know that

u
V,
1 v 0 !Bi 0 ﬁj 0 ﬁm 0 :
E Lo 0 0 %

= v 1 0 ]|x— ; v
{0-} (1—V2) Ly 2A }(I i/J }’m V2
00 — vi B Yi ABj Ym B Uy
V3.
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(a) For the first element we have

o, 30% 10° 1 025 0 -1 020 -1 0
had
ay :WOQS 1 0 xﬁO—ZOO 0o 2
fxy‘ =029 6 o 0475 -2 -1 02 2 -1
o0 :
0.0025 .
19200 psi
0.0012 .
0 =+ 4800 psi ¢
—15000psi]
0.0
1 0.0025]
The principal stresses are given by the equations
1
w2 =
o, +0, (ox—cry} , 2
T, = x +7
2 2 l: 2 X
and the plane that are acting upon is
1.4 Ty
ep: — tan
2 x —¢F
P20 ]
1
19200+ 4800 19200— 4800} 2
o= +H ] +(—15000)2}
2 2 _
= 28639 psi
I
19200+ 4800 | {19200— 4800 2
0,= —{( ) +(—15000)2}
2 2 ,
= —4639 psi
1. 4 —15000
9p= — tan m=732.20
2 [
(b) For the second element we have
oy S 1025 0 1 0 100 0
3010
cy :W 025 1 0 ><2(06) 0 -12 00 0 12
7, A=0271 o  o 0375 T2 -1 0112 0
[0
0.0025
0.0012
X
0
0.0
10.0025 |
o, = 32000 psi ]
=10, = 8000psi {
T,y =—25000 psi
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_ 32000+ 8000 N (32000— 8000

2
| ) +(~25000)°

2 i 2 |
01= 47731 psi
1
- 320002+8000_ (320002_8000]2+(—25000)2 2
0, = —T7731 psi
g, 1 tan”! —25000

E20002—m[

G =-32.2°
(¢) For third element we have
-05 0 05 0 0 0
[B]l=1] O -1 0 0 01 i

n.
-1 =05 0 05 1 0

3.2®107  gmQf 0
[D]=| 8x10° 3210 0 %
0 0 12x107 |
up = 0.0 in. v; = 0.0025 in.
U= 0.0012 in. v, = 0.0 in.
us= 0.0 in. vs = 0.0025 in.
Uy,
v
{d} = :2 Displacement matrix
2
U
V3

Stress evaluation

o-X

oy | = [D] [B]{d}

Txy

o, 1.92® 0% "

o, | =| 48"10° | —
4 m.

Tyy —-1.5x%10

Principal stresses

: 2
o +0C G, -G
o=—"—2+ el T
2 2

g 2
[ 20 o 4 a, -0
— X y X y 2
oy = - +T
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O = 2.864 % 10 % =0
m.
1
Oin = — 4,639 x 10° -2 = 0,
.

Principal angle

atan 2.X; D
x Ty
P
2

BGp=—32.179 deg.

6.5 Von Mises stress for biaxial stress state

(a) o0, = 28639 0, =-4639
_ 2 2 _ 4 .
Oe= NG, +0," — 0,0, Oe=3.122 % 10" psi

(b) o01= 47731 0, =-T7731

Oe= yo’ +o,)—00, 0= 5203 x 10" psi
_ 2 2
(c) Oe= \/0’1 +0," -0,0,

Oc= 3.122x10“%
mn.
6.6
by
m
(50, 120)
£=210¥10° Pa, v=0.25,t=0.010m

i _;‘
(20, 30) (80, 30)

(a)
B=Yi—Ym=30-120=-90 K =Xm—% =50—80=-30
B=ym-Yyi=120-30=90 ¥ =X — Xn=20-50=-30
Bn=Yi-¥=30-30=0 Yo =X — X =80 — 20 = 60

2A = Xi(Y; — Ym) T X(Ym— Y1) + Xm(Yi — ¥))
= 20(= 90) + 80(90) + 50(0) = 5400 mm’

-9 0 9 0 0 O

Bl=—— 0 =30 0 =30 0 60
5400
~30 =90 -30 90 60 0

x| 10 1025 0

A

==————1025 1 0 |=224x10"]025 1 0
FOBT 0 0 0375 0 0 0375

[k]= tA[B]" [D][B]
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-90 0 =30]
0 -30 —90
5.4x10°° 1 90 -30 P00
[k]= (0.01) ] = - (224 %10 025 1 0 |[B]
2 54%x107 )| 0 =30 90
: 0 0 0375
0 0 60
L0 60 O |
[—90 -22.5 —11.25]
-75 =30 -33.75
-90 0 9 0 0 0
o| 90 225 -11.25 1
[k] =1.12%x10 75 30 33.75 W =30 0 -30 O 60
' ' AX107 30 —00 =30 90 60 0
0 0 225
| 15 60 0 |
[ 8437.5 16875 —7762.5 -337.5 —675 —1350]
1687.5 39375 3375 21375 —2025 —1800
S| =77625 3375 84375 —16875 —675 1350
[k]= 2.074 x 10
—337.5 21375 —1687.5 3937.5 2025 —1800
-675 2025 —675 2025 1350 0
| 1350 —1800 1350  —1800 0 3600 |
(b) Similarly
B=-5 y=0
B=25 y=-5
Bn=25 =5
[ 25.0 0 -125 625 —125 —625]
9375 9375 —4.6875 —9.375 —4.6875
. 15625 —7.8125 —3.125 —1.5625
[K]= 4.48 x 10
27.343 15625 -3.125
15.625 7.8125
| Symmetry 27.343 |
Now solve P6-6¢ for stiffness matrix
t =0.01
A-B A=5x10"

[kl =tA[B]" [D][B]
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1.225%10°  3.5%10°  —1.015x10° -7x10" -2.1x10° -2.8x10°
3.5x10° 7%10° 7x107  —14x10° -4.2x10° -5.6x10°
4 = —1.015x10°  7x10"  1225x10° -3.5x10° -2.1x10°  2.8%10°
-7x10"  —1.4x10°  35x10°  7x10°  42%10° —5.6x10°
—2.1x10°  —42x10®  —2.1x10°  42x10°  42x10° 0
-28x10°  —56x10°  2.8x10°  -5.6x10° 0 1.12x10°
6.7 (a) By Equation (6.2.36)
{o} = [D] [B] {d}
Using results of Problem 6.5 (a)

O'X] 2210 025 0 1[-90 0 9 0 0 0
o, b =222 Toos 1 0 [0 -30 0 -30 0 60
J 5400810

Ty 0 0375130 -90 -30 90 60 O

0.002°
0.001
X 1o M | 0.0005
0.003

0.001 |

J—5.29 GPal
= 1-0.766 GPa |}
l O.233GPaJ

_ _ _ 2
o 5.29+(2 0.156)i\/[ 5.294;0.156] + 0233

=-272+ 258

01=-0.14GPa 03, =-5.30GPa

X
tan 28, = —B)_ _ 09 L
" 2529+0.156

Gy=—-259°
(b) From Problem 6.5 (b) 8’s and y’s given

o, Jf1 025 0[5 0 25 0 25 0
_ 224x10

g bt =220 1025 1 0 0 0 0 -5 0 5
Y 25%10 ¢
Ty 0 0 0375]|0 -5 -5 25 5 25

0.002

0.001 |
0

m  ]0.0005 [ ]

x 107 — - 0 (= 42.0GPa
mm l33.6GPaJ
0.003
10.001
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Y
Oi2= 0+42.0, (%J 33.6%

2
=21 =% 39.6
o, = 60.6 GPa 0, =-18.6 GPa
2(33.6 X
tan 26, = ( ) ap
0-42.0
G =-29°
()
y
m=3
(5, 10)
i=1 j=2
X
(0, 0) (10, 0)

Plane stress also find von Mises stress

Gi=— 10 mm Y =—5mm
G = 10 mm ¥ =-5mm
Bn=10 ym=10 mm

A=25%x10"m?
{o} = [D] [B] {d}

£ 1 v 0
[D] = v 10
1V I_V
00 ¢
(210x10° %) o025 0
[D]= ———2-/025 1 0
1-(0.25) s
0 - 2=
2

2
m

N 1 025 0
[D]=224x10° — | 025 1 0

W=
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Determine the stresses in the element with nodal displacements listed

u; =0.002 vi=0.001 u = 0.0005 v, =0 uz = 0.003 v; =0.001

Here are the coordinates for the element

X; =0 y1=0 X =0.01 V=0 X3 =0.005 y3; = 0.01
E=210x10" v=0.25
"
V.
2 v 0
u, E
{d} = [D]=|v 1 0 [D] = [D]——
V2 1-V2
u 0 0 ﬂ
? 2
V3
224x 10" 56x10" 0
Equation (6.1.8) [D]=] 5.6x10" 2.24x10" 0
0 0 8.4%10"
Equation (6.2.10)
Bl =Y2-VYs Bi=-001 V=X — % n=-5x10"
B =YV B.=0.01 =X —% Bp=—5x10"
B =yi—% B;=0 Y =X — X $=0.01

TA =X (2= ¥3) T X (V3= Y1) T % (Y1 - ¥2)
TA =1x10" twice the area, Equation (6.2.9)
Equation (6.2.32) combined
B 0 B 0 f 0
Bl =—| 0 - 0 0
. A " :}{;i I£) Jj';z Y2 Z

-100 0 100 O 0 0
[B] =| 0 -50 0 -50 0 100
-50 -100 -50 100 100 O

In-plane stresses
{a} =[D][B] {d}
-3.08x10°) o,=0, o,=-3.08x10"
{0} =| 2.8x10° a,=6, 0,=28x10’
6.3%10° Ty=0, T,=63x10

Note: use the left bracket after the sigma then the 0, or 1 or 2 for the values in the sigma
matrix

Principal stresses

1
G+ G (o -c )T 2
o - Egtf[[ e |
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1
" 1
0,-0C 2
o, =3.942 x10° EZ sqrt = m%} + fxyzﬂ
m

o, ta,
Oave = b
. . c :
02 = Oaye —sqrt 6,=— atan| 2 —=
2 0,0y
10 N
0 =-3.194x10" — §=-0.179
m
& =-10.278° Principal angle
6.8 Von Mises stress
(a) 0,=-0.14 0, =-15.30
g=+o+0, —00, 0.=5.231 GPa
(b) 01=60.6 0, =-18.6

Oe= o} +0,> — 0,0, 0e=71.732 GPa
(c) 01=3.94GPa 0, =-319GPa

P6.8c von Mises stress, Equation (6.5.37a)

1 1
Oum = TZ[[(G] - 62)2]"' 0,0+ 612]2
Oum=3.409 x 10" 2=
m
6.9
(2)
.9
m

A= % @) (4) =4 in2

2,1) @D

Plane strain
L=Yi—-Ym=1-5=—4  p=Xmn—X=2-4=-2
B=Ym—Yi=5-1=4  }=%—%n=2-2=0
Bn=Yi-y=1-1=0 Im=X—X=4-2=2

[oxl . {0.75 025 0
o, = 2010 025 075 0
(1+0.25)[1-2(0.25)]
z 0 0 025
xy
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0.001
0.005
-4 0 4 0 0 O
1 0.001
x[—) 0o -2 0 00 2 -
8. 0.0025
-2 -4 0 4 2 0
0
0
—15000
= <—=45000 psi
—18000
B - . e 2
O1p= 15000 + ( 45000)i\/( 15000 — ( 45000)) (—18000)2
’ 2 2
= -30000 + 23430
o= — 6570 psi 0, =-53,430 psi
2(—-18000
tan29p: ( )
—15000— (—45000) X
dp
G,=-25.1° :
(b)
m(4,4)
2A =4 in2
i
4,2)

2.2)

B=2-4=-2 y=4-4=0
y=2-4=-2

B=4-2=2
Yn=4-2=2

Bn=2-2=0
2 0 2 000

oX] 0.5 025 07
o, b =48x10°(025 075 0 (2) 0 0 0 -2 0 2
LWJ o o0 0250 -2 -2 220
0.001"
0.005
15,000
OO0 L ) 45000 b psi
0.0025[ | pst
~21,000
0
0
2
o 150002—45000 s \/[ 15000—2(—45000)] + £21000)

— 4193 psi 0, =-55,800 psi

S
I
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2(~21000)

tan 26, =
—15000— (—45000)
G,=-27.2°
(c¢) Given displacements (in.)
u; = 0.001
u, = 0.001
us=0
U,
v
U,
{d} =
Vi
Us
V5

Material definition
E=30x10° psi

Geometry description

B=0-2 (Yi—Ym)
B=2-0 (Yym—W)
Bn=0-0 (Vi—V)
$=0-2 (Xn—X%)
y=0-0 (Xi—Xm)
Jn=2-0  (X—X)
A= l><2><2
2
B 0o 8 0

BI= =0 7 0 7,
7i B ¥j 5,‘

2A

Plane strain constitutive matrix

E 1-v
D e —
[B] {1+ Vv}H1-2v)
0
Stress matrix
{0} = [D] [B] {d}
-3x10*
~ | —9mqp*
—2.1m10*
296

v =0.005
Vv, =0.0025

v3;=0

(0,2)

B 0

7m Bm

\% 0
1-v 0

2.0
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o, =-3x%10" (psi)
— 4

g, =—9%10" (psi)

Ty =" 21% 10* (psi)

30 ksi

90 ksi

21 ksi

2
DOy OO g

~2.338 x 10" psi

S
I

g

: =
g, t+0 a, -
(%)) X y X y +Txy2
2 2

0= —9.662 x 10" psi

27,
b= latan( i J
2 o,—0,

6,=— 0305 (rad)

o3=0

Oum = \/15‘/(0'1 _0'2)2 +(o, _0'3)2 +(0'3_‘71)2

o = 8.731 x 10" (psi)

(d)
4.5
3
2.3 A=L@@=4in?
2
41
Bi=-4 =0
B2=2 Vo=-2

B3=2 V5 =2

l'oxl 075 025 07 =4 0 2 0 20
]G ‘-—48><106 025 075 0 (— 0 0 0 -2 0 2

Y 8
r 0 0 025 0 -4 -2 2 22

XY
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10.001
0.005
-16.5
0.001 .
= ¢—25.5p ksi
0.0025
-25.5
0
0
. 2
o1a —16.5—25.5i\/[—16.5+ 25.5J (2557
2 2
01 = 4.89 ksi 0y =—46.9 ksi
an 26, ~ 2259
—16.5+25.5
6= — 40.0°
(e)
=3
1 11 1 " (2.25,325)
A=-l2 3 225 3
31 325 231
=0.375in’
2]
Bi=1-325=-225  y=225-3=-075 N
Bi=3.25-3=025 yj=2-225=-025
Bm=3-1=2 Ym=3-2=1
{0} = [D] [B] {d;
o, 0.75 025 0
o, b =48%107/025 075 0
.rxyj 0 0 025
0.001
0.005
-225 0 025 0 20
1 0.001
x 0 -075 0 —025 0 1
0.75 0.0025
—075 =225 =025 025 1 2|7/
0

[oxl J'—166L
o = 4242 ksi

1 ol

2
o1am 166+(—242)i\/( 166;242] T (~186)

2

o01=—14.2 ksi 0 =— 394 ksi
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6= 1 tan 1&) =-392°
287 —166+242

(f) Material properties
E=30x10"psi Modulus of elasticity.
v=0.25 Poisson ratio

Nodal coordinates (coordinates defined CCW around element)

X1 = 0 in. y
=01 3
y1= 0 in. (L2
Xy = 2 in.
Yy, = 0 in.
X3=11in.
(2,0
= 1 ] X
y;= 2 in. ©.0) y
Nodal displacements
u; = 0.001 in.
v; = 0.005 in.
U, = 0.001 in.
V2 = 0.0025 in.
us; = 0 in.
v;= 0 in.

Set-up displacement vector
T
{d} = (U vi U Va U Vs)

(7= (0.001 0.005 0.0001 0.0025 0 0)in.

Area of triangular element (% x base x height)

A- % (% %) (¥5— Y1)

A=2in’
Calculate gradient matrix, B, as given in text Equation (6.2.32)
Elements of B given by text Equation (6.2.10).

Bi=Y>—¥3 Br=Ys—%i B:=Y1—-¥

Yi=X3—-% V2=X1-X3 3 =X =X
B0 B 0 B 0
[B]= ﬁ 0 v 0 v, 0 7

Y1 181 },2 ﬁz 73 B3

05 0 05 0 0 0
B]=| 0 -025 0 025 0 05|
025 —-05 -025 05 05 0,

Calculate constitutive matrix for plane strain
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- B _
B | VY

3.6%107 1.2x107 0
[D]=|1.2®10" 3.6®107 0 psi

0 0 1.2x107

o-X
¢, | = [D] [B] {d}
Ty
o, —22500.00
o, | = | —67500.00 | psi
T —21000.00

Xy )

Principal stresses

2
o, +C o0
o= =+, | 7| +7
2 2

= 1422 x 10* psi

2
o, t+0 o, —0
o=—T- 2| +1/]
2 2

0y=—75.777 % 10° psi

Angular location of principal stress plane

2on
Xy
atan —a, [
2

N
6= —21.513°
6.10 m=3{" %)
(a) E=70GPa
IBi:—IS y;:—lO V=03
=15 =0
B s j=2
Gn=0 Ym= 10 (10, 10) (20, 10)
2A= 150 mm’ =150 x 10 m?
o, . 07 03 0
70x10
lo, ! = 03 07 0
(1+0.3)[1-2(0.3)]
. 0 0 02
XY
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50

2.0

| -15 0 15 0 0 0 0
x—| 0 —-10 0 0 0 10[ x 107

150 0

-10 =15 0 15 10 0
5.0
0

{oxl J—sz.s
16, t = 1-32.8} MPa
R

g 2
. 52.5+2(—32.8)i\/( 52.52+ 32.8) T (-538)

=—-42.65+11.22
0, =-31.4MPa

0> = —53.9 MPa
26,= tan’' 253 g e
—52.5—(=32.8)
6,=14.32°
(®)
M (20,20)
i i
(5,95) (20, 5)
oxl 942 404 0 |
(Ty - = 109 94.2 W
: J 26.9| 25"
Xy
0.005
0.002

-5 0 15 0 0 0 0
x| 0 0 0 -15 0 15-0 - x107°
0 —-15 —-15 15 15 0

0.005
0
oxl J—31.4
o, = ]—13.5 MPa
Txyj - 5.38
oy, = 234 13.5i\/( 31.4+13.5) +(5.38)
' 2 2
= —22.44+10.46

301

© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



o1 =—-11.98 MPa 0, =—32.9 MPa

an 26, - 2(5.38)
—31.4+13.46
Gy=—15.5°
(c)
(15,15)
5,5) (25,5)
loxl 07 03 0
~r;ry'—[ 03 07 0 |—
1.3x0.4 200
T ) 0.2
Xy
5
2
-10 0 10 0 0 0 0
x| 0 -10 0 -—10 0 20 0 x 107
-10 =10 =10 10 20 0 s
0
le J—27.6l
O'y - = l—lgsj MPa
fxyj 4.04
-27.6-19. —27.6+19.5%?
o= 28 951\/[ 7.6 95)+4.042
2 2 ,
0= —17.9 MPa 0, =—293 MPa
ep:ltan*‘[ 2% 4.04 )
2 -27.6+19.5
Gy=—22.5°
(d)
(5,15) (25,15)
i=1 3=m
j=2
(15, 5)
E=70x10 v=3 t=
y; =0.015 y, = 0.005 y; =0.015
X1 = 0.005 X, = 0.015 % =0.025
,31:)/2—)/3 ,32:)/3—)/1 ,33:)/1—)/2
N=X3-X%X p=X1—X B=X—-X
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1
A= 5 X1 (2= Y3) T X% (3= Y1) + X (Y1 = Y2)]

B0 B 0 By O . l1-v v 0
Bl=—| 0 0 0 - Dj=——— -v 0
(B] A Y1 Y2 ¥s| [D] 1+ v)(1-2v)

n B B B 0 0 1-2v

2
[KI=tA[B] D] [B]
u; = 0.000005 U, = u; = 0.000005
vi =0.000002 V2=0 Vi=0
"
Vi
U,
d =
{d} v
U
V3.
{o} =[D] [B] {d}
le 07 03 07
o, ¢ —( ]0.3 0.7 —
13%0.4 200
T 0 0.2
XY
5
2
0 0 10 0 -10 o7
x[ 0 -10 0 10 0 10 0><10‘3
=100 10 10 10 -10]|
0

[ox ~1.05

oy =14 070 MPa

]\rxy 35

_ 0ty

(9}

g 2 2
J, —d o, +ad o, —a
+[X y]-f—fz =X y\/(x y)+fr2
2 \/ 2 I % 2 2 i

2
_\/[ —1.052+ 0.70) + 3.5

0, =—3.78 MPa

2(-3.5)

oy T1052070,
2
0= -3.43MPa
9p= l 1:211’17I —]
2 ~1.05-0.70
B, = 38°
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6.11

(a)
y
3 Py
jy
L NUT constant t
X
1 a 2
Equation (6.3.7)
- - ‘N R Y
N, O -
0 N 0
t L|N, 0 ELV] LN Ry
fs = L +dzdy=t[]s Lt :d
s Q@ 0 N, 0.] dy @ 0 y
N; 0 Nihy
L 0 N3_eva1uatedof>)/<:y . Id .
By Equations (6.3.12) — (6.3.17)
L{a—x} Lx—ay ay
N] - b - T b 3_ .
2A 2A 2A
0 fsl>< 0
0 fsly 0
i1y = o tal| Jfox| _ [4RLL
T2 0 | |fe, 0
fal| |fax| |3RL
0 fosy 0
(b)
y
3R
SIVAS)
X
1 a 2
By Equation (6.3.11)
Nl Px
0
L N, P,
{fs}—t@ 0 dy
NPl o a
0 Jy=y
304

© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



Now  Nj= 0, N= =& - &

2A 2A
0
0
R AR Rl
g =t @‘ 0 dy
%&ﬁ PO X=a
0 y=y
Simplifying and integrating
' 0 0
0
L 0
ay3_a_y4:l
gL S ol _ |55
2(4aL) 0 0
ay* L ht
el 4
412y 0
0 .Y
or
RtL
for = 0
2x 12
RtL
fix = OT
6.12
(a)
Py(x) =axX +bx+c
Given
2
a[—L) +b|—_ +p =p
2 2 T
al’+bL+p, =p;
C=p
L (Pt Py —2py)
L2
Find (a,b,¢) — (*3"1*53*4'02)
B
+py—2
N
-3p—p;t+4
b(py. pa. pr) = 2P f3 P)
c(p1, P2, P3) = P
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PZ P3

Forces in y direction at nodes 1 and 3 are
N]=Ni
f. = L(l l(]@ 24 p N o lL +1L
ﬁy_ Q B L (plb pZa p3)X (pl: pz, p3)X C(pl’ p2’ p3) X — 6 p1 3 pz
L
= [N, R(x)dx

x-0

N3 = Nn

L 1 1
f53y = Q%fa(pl, Py, P3)X + (P, By, P)X+C(P, Py P;)l X — ng3+§|_p2

L
= [(Na B
0
(Special case)

pr1:0 p3: pO

Py=P,
'PZ 3 0

X

L
p(x) =ax’ + bx+c
Want

p(x)—po[sz ol + bX £

a= %_ 12 (Po—2p2)
P S
2 12 12
p2 —%
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pL

Then
1 1 1 ) p,L . .
=—1L +—-Lp=—-L—=—— —Like6.11 bwith fg=-—
M6 de{ 3P 2 V)
B
Py 4
| S T 3 poL .
=—Lp, +=-Lp, =—Lpp=—— = fiin6.11b
fs34 6 p3 3 pz 12 Po 4 3x
(These answers match P6.11 for special case)

(b)

y
P=P,sin 2X
'
N

1

L
Renumber in CCW direction

~ Arbitrary
3

{f) = @mNS]T [T.] ds

[T,] = Surface tractions
_ {Tsxl o }

TSyJ \[PO sinn’%
[Ns] = Shape function matrix evaluated along edge 1-2
0 N 0 N, 0 N,
i=1
j=2

Let

m= 3
i (G'+ﬁ'X+ . )
A GiTRXTRY

= %A\ (O’i+,3iX)

= X Ym— Y Xm
= 0(ym) — 0(xm) = 0

Bi=Yi—Ym
=0-Ym=—VYm

1 -y, X
Ni(y=0)= — (0 - ymX) = —m
1y =0) 2A( YmX) oA

1
N=No=——2 (@ Bixt 1Y)
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Ny(y = 0) = ﬁ (@ + Bi%)

ai= YiXm—XYm
= 0(Xm) — Lym=— Lym
Bi= Ym—Yi
= VYm—0=Ym
No(y=0)= —[ Ly + YonX] = zyx X-L]

1
Nm= N3 =ﬁ [am+,3mX+ ¥yl

Ns(y = 0) = ﬁ [am+ ]
am= X ¥i—YiXj=L(0)-0(0)=0

Bn=Yi-¥%=
*“ Npy=0)=0 Asexpected

[N, 0
0 N,
=L =t N 0
= N O dz
0 N, LP sin£X L
N, 0
L0 Nij
_ 0 - r 0 )
N, R sin 2% —J2% Py sin (ZX[]
X™L 0 d t x=L 0 d
= . X = X
N N, Ry sin £* o J3(x— L} P, sin &
0 0
| N;Ry sm— 0
2nd term in (A) (Ym=Y3)
[Udv=u-— [ydu
—ty,R (n’x)
n "y dx u=x du=dx
sly= oA g sin L

l_|7-+_|;1

. TX
dv=sdex V=—CoSs

2A b3 L b3

ty,P [ xL Xy L2 ik

Yo (:r—)+— sin[?r—)

2A L 72 0
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_ 12
- ¥R [TL(-m 0—0—0}

_ LI V- L TX Y, .| XT
sty_ t @{i% XSIHT—2—3APO LSIH(.T):| dx
w13

I_Xsin?r—x d
0 L] L 2A

L. X
RL gsdeX
DONE IN 2nd TERM

_tyR | +ty3P0L[£cos7ri(}
2A | T 2A L7 L

L

0

_ ty3P0L2+IY3PoL|_- 1 +1]
2A @ 2A @

Rl tWUR LR

s2y
2AT 1 T
RSN
.fSIX . 0 .
. f
f5 _ S2X = J 0
f52y tRL
fs3x 0
sy, -0
tPOf tPOTI;
X i
6.13
7,
2 3 |
i O | b
10 in. y l XZIOOOF
AL 7 1 @ 4 l
X
| 20 in. |
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Refer to Section 6.5 for [K]

Since Uu=vi=0,lLb=v,=0
0 48 0 —28 14 |[u;
J—s,oool ~ 75000% 5 87 12 -80 v31
I 0 ‘ 091 48 -26||u,
—=5,000, Symmetry 87 |lv,
Solving
us= 0.50 x 10~ in. v;=—0.275 %10 in.

Us=—0.609 x 10° in.  v4=-0.293 x 102 in.
Using element (1)
By Equation (6.2.36), {0} = [D] [B] {d}
1 03 00 ©0 10 0 —-10 0

0 0 -20 0 0 O 20
0 0 035]|]-20 0 0 10 20 -10

~30%10°
o= (0.91)(200)

0
0
0.5810 3
-0.27581072
0
0

o] =)
|

y l J psi
erJ —-1586

. 2
o 824+247i\/[824 2&) e 1586

2
o= 2149 psi 0,=—1077 psi
1 —2x 1586
6= — tan’' [—]
2 824247
ep = —40°

Using element (2)
03 0 |[-10 O 10 0o 0 O

{a}=£+21(§);0.31 0 0 0 0 -20 0 20
0 0 035][ 0 -10 =20 10 20 0
0
0
-0.609x1073
*1-0.203m1072
0.5%107°
—0.275%x10 %
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cxl J—szs'
Oy =1 292¢ psi
T J ]_—411

2
o1 825;2921\/( 8252 292) R

o0y = 426 psi 0, =—-960 psi

1 —2x411 )
Gp: — tan _—
2 —825-292

Gp=18.15°

6.14
(@)

(a) 40 kN

INPUT TABLE 1. BASIC PARAMETERS

NUMBER OF NODALPOINTS. . ............. 5
NUMBER OF ELEMENTS. .................. 4
NUMBER OF DIFFERENT MATERIALS. . . .... 1
NUMBER OF SURFACE LOAD CARDS......... 0
1 =PLANE STRAIN, 2 =PLANE STRESS .. .. .. 2

BODY FORCES (1 =IN - Y DIREC., 0 =NONE) 0
INPUT TABLE 2. MATERIAL PROPERTIES

MATERIAL MODULUS OF POISSON’S MATERIAL MATERIAL

NUMBER ELASTICITY RATIO DENSITY THICKNESS
1 0.2100E+12 0.3000E+00  0.0000E+00  0.5000E-02

INPUT TABLE 3. NODAL POINT DATA
NODAL
POINT TYPE X Y

1 3 0.0000E+00 0.0000E+00

2 0 0.5000E+00 0.0000E+00

3 3 0.5000E+00 0.2500E+00

4 3 0.0000E+00 0.2500E+00

5 0 0.2500E+00 0.1250E+00
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X-DISP.

OR LOAD
0.0000E+00
0.2000E+05
0.0000E+00
0.0000E+00
0.0000E+00

INPUT TABLE 4. ELEMENT DATA

ELEMENT
1

2
3
4

OUTPUT TABLE 1.

NODE

[ I N N S

1

A N = =

2

(O \S T (SR

3

W W W N

GLOBAL INDICES OF ELEMENT

Y-DISP.
OR LOAD
0.0000E+00
— 0.3464E+05
0.0000E+00
0.0000E+00
0.0000E+00

NODES
4 MATERIAL

W W wn B~

NODAL DISPLACEMENTS, m

U =X-DISP.

0.00000000E+00
0.28124740E-04
0.00000000E+00
0.00000000E+00
0.11497950E-04

V =Y-DISP.

0.00000000E+00
—0.32985310E-04
0.00000000E+00
0.00000000E+00
—0.10347600E-04

OUTPUT TABLE 2. STRESSES AT ELEMENT CENTROIDS

ELEMENT
1

2
3
4

(©)

X
0.083
0.250
0.417
0.250

Y
0.125
0.042
0.125
0.208

SIGMA (X)
0.0613E+07
1.6384E+07
1.1502E+07
5.7310E+06

SIGMA (1)
1.1896E+07
2.2820E+07
3.6135E+07
2.2412E+07

312

1

1
1
1

SIGMA (Y)
3.1840E+06
1.5239E+07
3.1158E+07
1.9103E+07

SIGMA (2)

1.9012E+06
8.8026E+06
6.5251E+06
2.4221E+06

400 mm

TAU (X, Y)
3.3431E+06
—6.9854E+06
~1.1072E+07
~7 4294E+06

ANGLE
2.0993E+01
—4.2657E+01
—6.5798E+01
—6.5993E+01
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INPUT TABLE 1. BASIC PARAMETERS

NUMBER OF NODAL POINTS. . ............. 5
NUMBER OF ELEMENTS. .. ................ 4
NUMBER OF DIFFERENT MATERIALS. . .. ... 1
NUMBER OF SURFACE LOAD CARDS......... 0
1 =PLANE STRAIN, 2 =PLANE STRESS .. .... 2
BODY FORCES (1 =IN-Y DIREC., 0 =NONE) 0

INPUT TABLE 2. MATERAL PROPERTIES
MATERIAL MODULUS OF POISSON’S MATERIAL MATERIAL
NUMBER ELASTICITY RATIO, DENISTY THICKNESS

1 0.2100E+12 0.3000E+00  0.0000E+00  0.5000E-02

INPUT TABLE 3. NODAL POINT DATA

POINT TYPE X Y
1 0 0.0000E+00 0.0000E+00
2 0 0.4000E+00 0.0000E+00
3 3 0.4000E+00 0.4000E+00
4 3 0.0000E+00 0.4000E+00
5 0 0.2000E+00 0.2000E+00

OR LOAD OR LOAD
0.0000E+00 0.0000E+00
0.0000E+00 0.0000E+00
0.0000E+00 0.0000E+00
0.0000E+00 0.0000E+00
0.0000E+00 —0.3000E+05

INPUT TABLE 4. ELEMENT DATA
GLOBAL INDICES OF ELEMENT NODES

ELEMENT 1 2 3 4 MATERIAL
1 1 2 5 5 1
2 2 3 5 5 .1
3 3 4 5 5 1
4 4 1 5 5 -1

OUTPUT TABLE 1. NODAL DISPLACEMENTS (m)

NODE U =X-DISP. V =Y-DISP.
1 —0.16515414E-05 —0.12504538E-04
2 0.16515442E-05 —0.12504535E-04
3 0.00000000E+00 0.00000000E+00
4 0.00000000E+00 0.00000000E+00
5 0.27411561E-12 —0.16279491E-04
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OUTPUT TABLE 2. STRESSES AT ELEMENT CENTROIDS [

ELEMENT
1

2
3
4

6.15
(a)

F= (0.5 ) (0.25 # ) (0.005 # ) [

fi

X
0.20
0.33
0.20
0.07

Y
0.07
0.20
0.33
0.20

SIGMA(X)
5.9891E+05
3.1171E+06
5.6352E+06
3.1171E+06

SIGMA(1)
5.9891E+05
9.6226E+06
1.8784E+07
9.6226E+06

hve

| 025m

=03

40 kN

SIGMA(Y)
~3.7840E+06
7.5000E-+06
1.8784E+07
7.5000E+06

SIGMA(2)
3.7840E+06
9.9449E+05
5.6352E+06
9.9449E+05

t=0.005m

1000N

N']
2
m .

TAU(X, Y)
4.0454E-01
3.7160E+06
~1.1070E-01
~3.7160E+06

ANGLE
5.2883E-06
6.0265E+01

—9.0000E+01
—6.0265E+01

kN ] =0.0482 kN

77.1—
s

~1(0.25)(0.25)(0.005) [77.14% ]Iw}( ) __ 8.031 N

3
fs=(2)xfi=16.063N |
fsy=—16.063 N |
(©
Pw=77.1 %
t=5mm

400 mm
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Equation (6.3.6)

o
Bix 0 0
o)
By [ [77.1 5.14
feze| _ | 0 | ©@4my02m0.005m) | 0| 5
fasy 77.1 2)(3) 5.14
S 0 0
: 77.1 5.14
£ -
. BSy.

All body force matrices for each element identical to above
Adding the 4 element body force matrices

.fle. 0
fBly 10.28
fBZx 0
feay 10.28
f 0
{Fe} = fBSX “ 028 N
B3y .
fB4x 0
fouy|  [1028
fBSx 0
¢ 20.56
B5y

6.16 The triangular element is called a constant strain triangle (CST) because the strain is
constant throughout the element.
6.17 The stresses are also constant as the strains are constant.
6.18 No, bending in the plane takes place
Yes, loads in-plane of the wall
Yes, a plane stress problem
Yes, if loads in-plane of the bar
Yes, a plane strain problem
Yes, a plane stress problem
No, loads out of the plane of the wrench
Yes, as loads in the plane
i. No, bending in the plane takes place
6.19 We must connect the beam element to two or more nodes of a plane stress element. The
beam must be along the edge of the plane stress element.

PR e e o

6.20
7 B 4 — B8
5 6 3 7
L
3 4 2 6
1 2 1 5
(a) (b)

Np= Ny (M+ 1)
(@ nNp=23+1)=8
(b) nb=2(5+1)=12
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for model (a) model(b)

n, =8 n, =12

1 2 3456 78 123 456 78
% x X X M= % 0 0 % x i
X 0 X 0 ¥ % 0 0 X X
X X X X X X 0 0 X x
Xx 0 %X 0 x 0 0 0 X
X X X X x x 0 0
Symmetry X 0 x x % 0
X % X X
L » || Symmetry X
6.21
y
m
h
X
i b ]
By (6.2.10)
b 2b h _bh 2A
ai = Xym = YiXm= - |~ _g. (0)_?=T
h by 2h bh 2A
o (o (212)-2-2
3 2 3 3
SISHEE) -5
am=|-—-—|-1-— |- | =—=—
2 3 382 3 3
X 1 {2A 1
_ T b S [t I — - _
{fs} = UN] {Yb}dv N'_2A(3) 3andNJ Nm
or
N 0][X
{fi= 1], ey
' 0 N .Yb_j
. o
= X
= d} I:H bl-tdA
0 4l |
XplV
(- ot
o Y, 3
Similarly
SRLY
foy={f _elv 6.3.6
oy} = {fom) 1Yb}3 (63.6)
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6.24

b| b
h
h
Gy (b=Xh=y) | (brxi(h-y)
1= , N2 —
4bh 4bh
_(b+xjth+y)  (b—xj(h+y)
N;= , Ng=
4bh 4bh
at center (X= 0, y=0)

1 1 1 1
N=_9N=_5N=_7N=_
Y gy

Ni+No+N3;+Ng=1
at oint[x—g y-D)
P 277 2,
N e Y
4bh 16

3 9 3
N,= —, N3= —, N,= —
TR TRET:

NN+ Ns+Ng= 1

In general add the functions in Equation (1) and you get for all X and y on the element

N1+N2+N3+N4: 1

6.25
4 2" 2 3
"
(0. 0) X
1
1 47 2
{o} = [D] [B] {d}
. —-th-y 0 h-y 0 hty 0 —{htyy 0
[B]=m 0 —{b—x 0 —Hbtx 0 btx 0 b-x
—{b-x —(h-y) —{b+x h-y btx hty b-x —[(h+y
At center x=0,y=0)
| -1 0 1 0 10 -1 0
[B]:§ 0 -2 0 -202 0 2
-2 -1 =2 121 2 -1
317
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0.005
0.0025

er=1] 0-2 0-202 0 2
8 0.0025
-2 -1 -2 121 2 -1
~0.0025
0
0

J' e J 0.0009375]

e =18, ~0.00125 | 2
n.
‘l’ny 1—0.000625J
{0} = [D] {&
30x10° 03 0 ][0.0009375
=220 103 1 0 |{-000125
1=03"16 0 035]|-0000625
o, 18.54]
o, = 1—3194; ksi
7, —7.21J
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Chapter 7

7.1 For the simple 4 noded elements it is a violation of displacement compatibility to have a
mid-side node. Some of the elements have mid-side nodes in this model. Use ‘transition’
triangle to go from smaller to larger rectangular elements.

/ Transition triangle

O = Mid-side nodes

7.2 The mesh sizing is not fine enough in the reentrant corner region at C. We need smaller
elements near point C and small radius at C.

7.3 Based on the formulation used here we can not have ¢ = 0.5 for the plane strain case as
the denominator in the material property matrices [D] (see Equation (6.1.10) and [K] (see
Equation (6.4.3) becomes zero. A penalty formulation see Reference [7] can be used to
avoid this problem.

7.4 The structure is plane strain if this section represents a cross section of a long structure in
which the loads do not vary in the z direction.
The structure is a plane stress problem if this section is a thin plate type structure with
loads in the plane of the structure only.

Also see Section 6.1 for descriptions of plane stress and plane strain and examples of
each.

7.5 When abrupt changes in thickness at E’s occur from element to element.

7.6 Unit thickness/7.7 (a) best aspect ratio.

7.9 (a) No, as replacing a portion of the patch by a different material with different mechanical
properties will in general produce non-uniform strain under constant state of applied
stress. For rigid body mode tests, however, different mechanical property materials still
result in rigid body displacement.

(b) Yes, the patch can be arbitrary in shape. If we apply a test displacement field of ux= 1,
Uy = 0 at the external nodes of a patch of say 4 elements and set the internal nodal force
to zero, then solve for the displacement components at internal node i, these
displacement components should agree with the value of the displacement function at
that node. Also the strain function or field should vanish identically at any point over
each element.

(c) Yes, we can mix triangular and quadrilateral elements in a 2-d patch test as long as the
material properties are the same.

(d) No. Mixing bars with plane elements would alter the constant strain states as the plane
element and bar are of different structural types.

(e) The patch test should be applied when developing new finite elements, to determine if
the element can represent rigid body motion as well as states of constant strain when
these conditions occur.
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7.10 Using Mathcad

A=1x10"* E =200 x 10° L,=0.6 [L]=1.4
1 -1 0 13333x107  -3.333x107 0
k]=[-1 1 0 [kl]:[kl]ALE [ki]=1]-3.333x10" 3.333x10° 0
0 0 0 ‘ 0 0 0
0 0 0 0 0 0
[kl]=[0 1 -1 [kz]:[kz]ALE ka]=]0 1.429%x10" —1.429x10’
0 -1 1 ? 0 —1429%10" 1.429®107
3.333x107  —3.333%10’ 0
[K] = [ki] + [ko] [K1=|-3.333x10"  4.762x10" —1.429x10’
0 —1.429®10"  1.429x10’

Set these 3 values to defined quantities of U; = U3 =1 for the rigid body patch test

u=1 us=1 F.=0

Guess at Fy, F3, and u, as shown below.

Fi=1 u=0 F=1

Given Use the given command to create a solve block.
K Y
F, [=[K]| u, Use control and equal sign here.
F Us
F
U, | =Find (F1, Uz, F3) Use the ‘Find’ command to find F1, Uz, and F;.
Fs

Fi=0 u=1 F;=0

The rigid body motion patch test is satisfied as U, = 1.

Now check the constant strain test. Let u(X) = X for the nodes at the boundaries, i.e.,
u; =0 and u3 =2, Verify that u, (x=0.6) =0.6.

u =0 u;=2 F=0 Initial these values
Fi=1 F=1 u,=0 Guesses for these values.
Given
1 W
K| =kly
F; Us.
K
u, | =Find (F;, Uy, F3) Use the ‘Find’ command to solve for F;, U,, and F5.
=
Fi=-2x10 F3=2x10 U =0.6

Now upon solving the system of equations U, = 0.6 as it should to satisfy the patch test
for constant strain.
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712

INPUT TABLE 1.. BASIC PARAMETERS

NUMBER OF NODAL POINTS. . ............. 5
NUMBER OF ELEMENTS. .................. 4
NUMBER OF DIFFERENT MATERIALS. ... .. .. 1
NUMBER OF SURFACE LOAD CARDS. ... ...... 0
1 = PLANE STRAIN, 2 = PLANE STRESS . . . ... 2
BODY FORCES (1 =IN — Y DIREC., 0 = NONE) 0
INPUT TABLE 2.. MATERIAL PROPERTIES
MATERIAL  MODULUSOF  POISSON’S ~ MATERIAL  MATERIAL
NUMBER ELASTICITY RATIO, DENSITY  THICKNESS
1 0.3000E+08  0.3000E+00 0.0000E+00 0.1000E+01
INPUT TABLE 3.. NODAL POINT DATA
NODAL
POINT  TYPE X Y X-DISP. Y-DISP.
OR LOAD OR LOAD
1 3 0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00
2 0 0.2000E+02  0.0000E+00  0.5000E+04  0.0000E+00
3 0 0.2000E+02  0.1000E+02  0.5000E+04  0.0000E+00
4 3 0.0000E+00  0.1000E+02  0.0000E+00  0.0000E+00
5 0 0.1000E+02  0.5000E+01  0.0000E+00  0.0000E+00
INPUT TABLE 4.. ELEMENT DATA
GLOBAL INDICESOF ELEMENT  NODES
ELEMENT 1 2 3 4  MATERIAL
1 1 2 5 5 1
2 2 3 5 5 1
3 5 3 4 4 1
4 1 5 4 4 1
OUTPUT TABLE 1.. NODAL DISPLACEMENTS
NODE U = X-DISP. V = Y-DISP.
1 0.00000000E+00 0.00000000E+00
2 0.64664544E-03 0.66631597E—04
3 0.61664509E-03 ~0.66630528E—04
4 0.00000000E+00 0.000000000E+00
5 0.30527671E-03 0.24373945E-09
OUTPUT TABLE 2.. STRESSES AT ELEMENT CENTROIDS
ELEMENT X Y SIGMA(X) SIGMA(Y)  TAU,Y)
1 10.00 1.67 1.0000E+03 1.0011E+02  —3.2032E+00
2 1667 5.00 9.9359E+02  -1.0171E+02  1.2599E-05
3 10.00 8.33 1.0000E+03 1.0011E+02  3.2035E+00
4 333 5.00 1.0064E+03 3.0192E+02  2.8124E-04
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SIGMA(1)
1.0000E-+03
9.9359E+02
1.0000E+03
1.0064E+03

7.13

P 7.13 Left end fixed, right end surface traction of 10,000 Pa

SIGMA(2)
1.0010E+02
~1.0171E+02
1.0010E+02
3.0192E+02

E:8

/

o P

L7
[T

Pl

h..T:il.ﬁﬁ:ir-ﬁr-n:

RN REEE

7.14
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ANGLE
—2.0395E-01
6.5906E-07
2.0396E-01
2.2873E-05

Stress
Tensor Y-Y
N/(m*2)

28613.69
26632.92
23652.16
eria
17690.63
14709.87
117291
8748.343
5767.579
2786.816
-193.9471

i,

<



FEM model
56 elements | P=4 kN
75 nodes |
Ie) -
1in.
[© < 2in.
@ 71 .
~<— 41n.
@ .
61n.
Q < gin.
© < 10in.
@ 67
©
66 .
15 in.
40¢
L win.
64
Q
< 30in
Q
62
Q|
43 .
40 1n.

s

STRESS IN PSI AT VARIOUS DISTANCES
ALONG THE TENSILE PLATE WITH A 1000 # LOAD

ELEMENT # 14 28 42 56
STRESS 26 -2026 -2026 26 (AT1")
ELEMENT # 13 27 41 55
STRESS —563 —1437 —1437 -563 (AT2")
ELEMENT # 11 25 39 53
STRESS -969 —-1031 —-1031 -969 (AT 4")
ELEMENT # 10 24 38 52
STRESS —-1002 —998 998 —-1002 (AT6")
ELEMENT # 9 23 37 51
STRESS —-1002 —998 998 —-1002 (AT 8"
ELEMENT # 8 22 36 50
STRESS —-1001 —1000 —1000 -1001 (AT 10")
ELEMENT # 6 20 34 48
STRESS —-1000 —1000 —1000 —-1000 (AT 15")
ELEMENT # 5 21 33 47
STRESS —-1000 —1000 —-1000 —-1000 (AT 20")
ELEMENT # 3 17 31 45
STRESS —-1002 —998 998 —-1002 (AT 30")
ELEMENT # 1 15 29 43
STRESS —-1005 995 995 —-1005 (AT 40")
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Stress in plate at various depths (psi)

5004

at6” 0

-1000 —1000
Oy G
500 4 500 -
a2’ 0 atg” 0
-1000 —1000 +-
Oy Ty
500 1 500
a4’ 0 atl0” 0
-1000 - -1000
7.15
Stress
Maximmm Principd
Ibf
w2
12821.95
11539.76
10257.56
8975367
7693.172
6410.977
5128.781
3846.586
2564391
1282195

—2955858e-012

Load Case: 1 of 1 Ibf
Maximum Value: 12821 .95 o Y
Minimum Value: -2.955 858e-012 inlL,\fz

L) 20314 ma 100829 As0%T

Figure. 8
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The maximum principal stresses are at the top and bottom of the circular opening of the
connecting rod. The maximum stresses can be seen in Figure 8 above. Using a mesh density of
only 400 (Figure 1- Figure 4) the precision in the area of interest (i. e., where the maximum stress
occurs); see Figure 1 and Figure 4, the precision was about 0.28 further refinement was required.
The mesh was refined to 800 and 1200 then finally to 1600. With the mesh density being 1600 the
precision was less than 0.1 in. the place of interest and can be assumed correct. The maximum

principal stress of about 12822 -2 was determined.
mn.

7.16
P 7.16 Using symmetry in the model ) 3"3;5_ )
Surface traction = 36 N/mm/25 mm = -1.44 MPa (neg as away from surface) M"""N:',%';“"Pa’
3311824
2983679
2655534
2327389
1999244
1671100
-~ T T T T T T T U T Oy T T CrTTes 1342955
S NE T I - 1014810
—
— b 3 686654.6
— | 36519.6
] 5 ) i 30374.66
* et dddidddbdddbdbbdddddddbdddddddbdddddddd
r4
I:h‘br
-~
717

! 20 in l

Stress
Maximum Principal
Ibt/(in"2)

12740
11401.18
10062.31
8725462
7384614
6045.767
4706.919
3368.072
2029.224
£90.3768
-648.4708

Load Case: 10f1

Maximum Yalue: 12740 JDTKII;I“%

Minimum Value: -648.471 IofA(i
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14000

12000 — =

—e— No Fillet (90 deg. Corner) /
—a— (.25 in.Radius Fillet

8000 //
6000 //

4000

10000

Maximum Principal stress (psi)

2000

400 800 1600 3200
No. of elements
Maximum principal stress vs no. of elements
7.19
15 Ibf

Bony material

10 Ibf

Implant material

Model Parameters

Implant material modulus of elasticity 1.6 x 10° psi
Bony material modulus of elasticity 1.0 10° psi
Implant depth below bony material 0.100 in.

400 Mesh Density
Stress
15 Ibf Maximum Principal
Ibf
10 bt in?
Load Case 1 of 1
Maximum Value: 20232.2 12f
s
Minimum Value: -2.27374¢-013 -1k
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720

40 000 Ib
/— 168.45 =168.451b
34 @ 51 68 gs ! /— 280.76+576.65 = 857.41 Ib
@ 33 @ 50 67 @ 84 III/— 692.88+935.14 = 1628.02 Ib
0 49 66 @ ||-’/_ 1037.51+1236.19 = 2272.70 Ib
@ 31 43 65 ®|, 132340+ 1480.14 = 2803.54 Ib
@ 30 47 64 a1 |../_ 154720+ 1665.32 =3212.52 Ib
@ 2 @ 16 0 %0 ||-/_ 1713.59+1792.07 = 3505.66 b
28 5 o - Ih/— 1821.21+1860.35 = 3081.56 Ib
/— 1870.12+1870.12 = 3740.24 Ib
27 44 61 78 |1
@ @ @ ' — 186035+1821.21 = 3681.86 Ib 40000
26 43 60 77|
/— 1792.07+1713.59 = 3506.66 Ib
25 42 59 76 I
@ @ @ 1665.32+1547.20 = 3212.52 Ib
@ 24 @ 41 58 75 ||f/_
— 1480.14+1223.40 = 2803.54 b
G » @) 40 G 5 G 74
1235.19+1037.51 = 2272.70 Ib
@ 2 39 56 ® B "
935.14+ 692.88 = 1628.02 Ib
G o 38 G 55 G 7
576.65+ 280.76 =857.41 Ib
@ 37 54 71|
% iz % zi 1@23)& 5352 ZZ In'/_ 168.45 =168.451b

64— 12 in. by%in. elements

From computer program output

3
Yinaxa = — 0.4993 in. Ymax exact =— 1.152 in. = ———
3El
12 .
AR= - =24 (56% error due to large aspect ratio)
2

For other results see Example in Section 7.1, Table 7.1
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721

7.22
P 7-22 circular hole Stress
Maximum Principal
N/(m"2)
i 2789.786
] 1 T I T Y | — 2511502
R 1] [ —> 2233218
- _ N s 1954 934
] : * 1676.65
. > 1398.365
-—] = — 1120.081
- =1 r—1 - Q44 TATY
JEN—— T i 417072
— ] — 563.5131
— | (I — 285.228%
-— O 5.944525 -
—] | | —
—= l— .
— ] T —>
z

Load Case: 10of1

Admvirnien \falis: 1700 70
WIGAITTIUTT ¥ GIUG, £7Ud

Minimum Value: 6.9448:
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Stress
Maximum Principal
N

m'2

The figure above is the maximum principal stress. The maximum is 3505 Ifz The

location of maximum stress occurs at the corners of the hole (with 1 mm radii)

7.23

Stress
Maximurm Principal
Ibt/(in*2)
367.1783
Sk 218 JRAL

263.3585
211.4485

4810113
-100.0111
-151,921

Lo ol ush lfuidal | |

z
A
Load Case: 10f1 I

=
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725

This is the aluminum plate, E = 70 GPa

] z
4 0 YAy
&5
Y
0.000 0.384 m 0.780 1.153
This is the steel plate with E = 210 GPa Stress
Maximum Principal
n{mzZ)
) O T O 6 s = 9478465
I T O 1 A5INA19
1 7582772
6634926
5687079
4739233
3791386
2843540
1895693
947846.5
™ ‘ "‘_-" ’ - ~:- UL AULUR OB TU
4 RRSS GV Yt
Wy et L AN ——
4 SRRSO TSI L
= ——1
>
1 R L i
S l— == 'y
) [ i —
1 A =
0.000 0.290 m 0600 1.048
7.26
 Stress P 7-26 principal stress plot
Maximum Principal
6298110
5668299
5038488
4408677 “ fif. | 1
3778866
3149055 & \
2519244 + ~._
1889433 T bl ——+
1259622 ¥ Ig ” | —+»
629811 4 N —
-1.74623¢-009 i* - |
@
&
& = £}
T z
Load Case: 10f 1 l i
-—r ;:
Maximum Value: 6.29811e+006 NAmM*2)
0.000 m 0429

0212 0.636

Minimum Yalue: -1.74623e-009
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|

Stress
Maximum Principal
NAm™2)

8148778

7333901

I 6519023

5704145
ABaadE7
4074389
3258511
2“1”1

| 1629756
B14877 8
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The largest principal stress of 6.29 MPa occurs at the top and bottom inside edges of the
hole. The second largest principal stress of 5.67 MPa occurs at the elbow between the
smallest cross section and where the taper begins.

7.28

700 N

Fixed point
Stres
von Mises

1bf

in.2
6.744453¢+007
6.070319¢+007
5.396186¢+007
4.722053¢+007
4.047919¢+007
3.373790e+007
2.699552¢+007
2.025519¢+007
1.351385¢+007

8772520
31196.21
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7.31

22,400 Ib

Figure 1: Mesh with Boundary Conditions and Nodal Force

Stress
von Mises

in?
743817.1
669436.9
5950567
520676.6
446296.4
371916.3
297536.1
223156

148775.8
74395.64
15.4796

Load case 1 of 1

Maximum value: 743817 12f

2
. . bt
Minimum value: 154796 72 11222 in. 2243 3.365

Figure 2: von Mises stresses (psi)
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7.32

600 Mesh Density
Stress
Maximum Principal
Material: Steel 4130 bf
Element Shape: Quadrilateral in"2
Mesh Size: 0.3 47674.97
42907.47
Angle: 15 38139.98
Geometric Ratio: 125 2;25 ‘;:
Close Factor: 4 23937.49
Refinement Factor: 1 :jggz:zz
9534994
4767497
4.263256¢-014
zZ
Load case 1 of 1
. Ibf
Maximum value: 47675 2 v
Minimum value: 4.263256 ¢-014 725
0.000 4.636 in. 9.271 13.907
I I I |
Mesh Density: 25-600
Bracket without Fillet Maximum Principal Stress
b
in.2
25 Mesh Density 22811.17
50 26114.15
100 27050.65
150 28179.32
200 28967.93
300 28800.52
400 35102.97
500 32852.23
600 33678.14
Bracket with Fillet
25 Mesh Density 47481.11
50 47492.06
100 47502.16
150 47511.98
200 47521.59
300 47832.01
400 47688.08
500 47658.56
600 47674.97

In the FEA world re-entrant corners are a bad thing. These represent an infinite change in
stiffness inside the part, which will result in an infinite stress concentration.
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733

Aluminum alloy 6061 with plate thickness of 12 mm mﬁ‘:is;s
Yield strength of material is 255 MPa so FS = 255/201 = 1.27 Ni(mm2)
201.0487
180.9458
160.8429
140.74
120.6372
100.5343
80.43143

60.32856
40 22569
2012281

0.01984207

0.000 30671 mm 61342 2014

737

Stress von Mises
Ibf
in?

96002.11
8640191
76801.7
6720149
57601.28
48001.08
38406.87
2880066
1920045
9500.244
0.0362343

Load Case: 1 of 1 : .
Maximum Value: 96002.1%{2 Y

Minimum Value: 0.0362343 %

Figure 3: Maximum Stress Plot

* Maximum von Mises stress occurred at the base of the notch in the crimper tool. The
value was 96,002 psi.

738

The model is shown first with the boundary and loading conditions were then applied.
The nodes of the far left hex were constrained from all movement. The red surface in the
second figure below was selected and changed to surface 2. This allow the 100 X =

cm

10,000,000 % force to be applied to the surface as shown.
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Next a material was chosen and an initial guess at the thickness t was made. ASTM A-
514 was chosen, as this is a quenched and tempered steel with a high yield strength and
will allow for the thickness to be minimized. A thickness of 1 cm was chosen as the initial
guess, as this is an easy number to work with and it is compatible with the other wrench
dimensions. A check was then performed to insure that the model properly reflected the
problem. This check is shown below.

Thickness | Pressure Stress
Material (cm) ( N ] ( N ]
cm™2 cm™2

ASTM A 514 1 100 | 5.03E+08
ASTM A 514 0.1 1000 | 5.03E+09
Al 3003-H16 0.3175 314.96 | 1.58E+09
Al 3003-H16 04 250 | 1.26E+09
Al 3003-H16 0.5 200 | 1.01E+09
Al 3003-H16 047625 209.97 | 1.06E+09

gSy = 2 #1.72e9™= 1.156:9dir21

3 3 cm

With a thickness of 0.47625 cm, the stress was found to be 1.06 * 10° d_yr;
cm

Slress
von Mises
dyniem 2}

5.020035e+008
4.526050¢+008
4.023083e+008
3.521007 £+008
2018031 ¢+008
2.515065+008
2.012079e+008
1.509103e+008
1.008128¢+008
A 5031517 e+007
i Pa s 1757747

A1

z

Load Case: 10f 1 l___i

Maximum Value: § .0299381-0‘?3”5!?!‘1!@ m*2)

3818 &m 7237 10855

Minimum Value: 17577 2 dyn/(chr2] 1 1 |
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7.39 Zoomed in of the previous. To simulate a real cut, I inserted a very small radius at
the point of concern.

Small rad

Original design

Load Case: 1 of 1

1bf
in2
1bf

Minimum value: 16.788 vy

Maximum value: 74820

Stress
Maxim um Principal

bt

in"2
4432.624
B 3996.442
B 3560259

3124.077
2687.895
2251713
1815.531
1379.349
g 943.1664
506.9842
70.80207

Maximum principal and von Mises look very similar

Rounded Edge ——

Taper Model
Load Case: 1 of 1 ‘
Maximum Value: 4432.62 l—bf
in"2
1bf

Minimum Value: 70.8021

in"2
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Stress
von Mises
1bf
This geometry gave me the best result and had a better precision than the other configurations. in"2

3822.889
3442.54
3062.19
2631.841
2301.491
1921.142
1540.793
1160.443
780.0937
399.7442
19.39483

Maximum value: 3822.89 M

in"2
1bf

Minimum value: 19.3948 ——
in"2

Radius Model

Stress
von Mises
This geometry had some interesting results but the overall stress was 1bf
still higher than the rounded off configuration

g 4786.803
r 4316.144
3843.485
3370.826
2898.167
2425.508
1952.849
1480.19
1007.53
534.8713
62.21216

T T

Maximum value: 4788.8 M
in"2
Minimum value: ()2.2]22,1—bf

in"2 Relief Holes Model

337

© 2012 Cengage Leaming. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole orin part.



Chapter 8

8.1 Triangular element
From Section 8.2

Nj=1->= =22 22 22 27

p— 2 —
Np= ZX 26 - DY, 2

b 2’ h K
4xy 4y 4xy 4y’
Ny= % Ns= = - 2 =2
bh h bh h
4x  4x%  4xy
Ng= ————~—
b b> bh
(@)
At X=0 evaluate N’s
y=20
Ni=1,N=0=N3=Ns=Ns= Ne
(®)
At x:—b
2
y=20
3 2 2
N; = 1—£—3(—0)+ @E+4(O)(O)+2(O) =l—§+l=0
b b b? bh h? 2 2
430 420
and N2: N3:N4:N5:0, NG:T_ bz —1
3
4
5 2

(=2
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8.2

(0, h)
3
b h
c C(?’T>
1 2
L~ (bh0)
Strains
U
£ Vi
x 1{310_820;130{340{350,360 "
&y =EAO ¥i 07, 0 73 0 ¥, 0 75 O :’sxv (D
Yy B va B Byova Buovs Bs vs Bel |
Ve
Evaluate 8’s and y’s at centroid
4h
Bi=—3h+ M ayo 3py @D+4(D)=—D
b b 3 3
4h
,82:—h+ﬂ(:—h+—QD:lh
b b 3
'h} 4h
=0,B=4y=4| - |=—
F=0.Bi=dy (.3 3
—4h
= _4y=——
Bs y==3
— 8hx 8h(3[] 'h)
=4h- —= —4y=4h- ———4|=| =0
P b y b [3
. b (& ~
V1:—3b+4x+ﬂ:—3b+4(9)+ b(3):—b
h 3. h 3
4by 4@ b
=0,)3=-b+—=L=-b+—3 ==
V2 V3 h h 3
‘ 8b
ya= 4x= ,1/5:4b74x78by 4b—4(t—))——@D—0
3 h
—4b
— 2
17 3 (2)

Performing the multiplications in (1)
(After substituting §’s and y’s from (2))

.e:(_—hu ST LY —ihu)i
3 T3l 3 3 S g
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=(i)u—bv+bv+9u+ibu+ihv—ihV—ibu)i
= | T T BT T T ST N
g=_[7u+u+4u474u](i)
X 1 2 5 bh
£:—[fv+v+4v—4v](iJ
y 1 3 4 6. bh

Yoy = @[— U+ Uy +4u, — 4u |+ 2 [V, +v, + 4v, — 4V5]D(ﬁ)

Stresses
{o} = [D] {&
oo el
y -/ o y
% 10 0 — ] [¥x.
E [h, b 1
o= Y _5(—u1+u2+4u4—4u5)+v§(\—v1 +v3+4v4—4v6)}a
E [ h b 1
o= 7 _v;(—ul+u2+4u4—4u5)+§(—v1 +v3+4v4—4v6)}E
E b h W] 1
Txy= ——u + U +4u, —4ug )+ — -V, + v, +4v, —4vi } | —
xy 2(1+V) |:3( 1 3 4 6) 3( 1 2 4 5):| bh
83
I
- 3
h{#? 45 4
LAy S —
! 6 2
L2
The equation is {fs} = I;]]NS]T{T} ds (1)
{T}= Jpxl: J pl ....1s the surface traction ?2)
Lpy] lo]

gz [V 0 N 0 Ny 0N, 0N 0N )
0N 0 N, 0 N 0O N, 0 N, 0 N,
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Substituting (2) and (3) in Equation (1), we have

TR b Ir
=[] N, 0 {p}dydz
0 N, |lO
N, 0
0 N,
N, 0
0 N,
Ne O] atx=0
L0 Ne] y=y
{fs}':tljl .Nlp dy
0
N,p
0
N;p @
0
Ngp| at x=0
0 y=y
From Section 8.2 for this particular element we have
3x 3y 2y?
Ny=1-2 22 4o +dxy+ =2
1 b h Xy h2
-x 2xX -y 2y?
N, = , Ny3= —+——
2T 2o 8T ~
4xy 4y 4y 4y’
Ny= — ,Ns= ——-—=——— 5
““bh”” h bh R ®
4x  4xt  4xy
b b bh

Substitute (5) into (4) and evaluating N's at Xx=0, y =Y, we have
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0
0

0
0
0

ANIN

0
0

G-l
0

3y2 2y " pth
fon= pt] y-——=—+—5 | =—
o p(y 2h 3h2]0 6
foe | Y L2 o pth
N ST 6
4y 4y )" _2pth
fox=pt| ————| =——
S5X p (2h 3h2 . 3
ph 3
e
%mh 5 4 h
ph
6 16 2
Nodal equivalent forces
8.4
Po
N s
%pr 5 4 h
X
16 2
ifs = [JINd"{T}ds (1)
[P _ %]
{T} = =3 " 2)
W,py,l 10 [
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N, 0 N, 0 N, 0 N, 0 N, 0 N, 0
[N]= 3)
0 N, 0 N, 0 N, 0 N, 0 Ns 0 N

Substituting (2) and (3) in (1)

1— 1 [Py
{fsj—:]@“\ll 0 JJr)T],dde
0 N; loJ
N, 0
0 N,
N, O
0 N,
N5 0 atx=0
0 Ng y=y
h
Jlfs}:tD Nl% dy
0
N
0
N; 5
0 “)
N, 5
0
N
0
Né% atx=0
0 y=y

(Shape functions are same as in Problem 8.3). Upon substituting shape functions into (4)
evaluating the N's at Xx=0, y =Y, we have

T3y, 2y
Prb=g) |03 2B 0y

0
0
0
2 2
0
0
0
4y2
0
0
343
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_omt(y 3y oyt
fslx_ | T~ T _2 _0
h 2 3h  4h 0
(_ Pt -y 2y")" mth
ox= | ——+ =—
h {3h 4n’), 6
f Pot [ 4y’ 4y h_ Py th
S5X — _7_2 =
h{3h 4n?)|, 3

Note: Different result in Problem 6.9

Nodal equivalent forces
8.5 (a)

h= 6in.
b= 4in.
24 = 24 in2

(0, 3) Centroid at (% 2)

{e} = [B] {d}
1 B0 f 0 B 0 B, 0 B 0 B O
[B]= A 0O v 0 ¥ 0 ¥ 0 ¥ 0 ¥s 0 ¥
v B Bovs By ove Byovs Bs o ve Be

'

Element is oriented as in Section 9.2

B’sand p’s as in Section 9.2

Bi= 73h+4—2X +4y=6x+4y— 18

pr= —h+ 2 —6x-6.pi=0
Bi= 4y, Bs=—4dy
Bo= 4h78—2X _dy=—12x—4dy+24
;/|:f3b+4x+£y :4x+§ y—-12
h 3
y2=0
4by 8
- b+ XSy y
V3 h 3 y
Ya= 4x
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Vo= 4b—ax— ¥ :—4x—% y+16
Vo= —4X
2A &= B+ Brust B Us
= 0.001 (6Xx—6) +0.0002 (4y) + 0.0005 (— 12X — 4y + 24)
2A £,= —0.0012y + 0.006
&= -5%x10 "y+2.5%x10 "
2A &= YaVit pavat s Vs + s Ve
= 0.0002 @ y— 4]+0.0001 (@x) +0.0001 (— 4x—1—36y+ 16) +0.001 (—4x)
2A g,= —0.004x+0.0008
g= —1.67x10*x+3.33x 10"
2A K= 0.002 (6X— 6) +0.0005 (% y—4] +0.0002 (4x) +0.0001(4y)
+0.0001 (~ 4y) +0.0005 (— 4X) +0.001 (— 12x— 4y + 24)
2A fy= —0.0012x~ 0.00267y + 0.01
Yy= —5%x10°x—1.11 x10*y+4.167 x 107
Evaluate stresses at centroid
{o} = [D] {&}
0.00015
@y, . =17 1.89x107"
132 0.000128
’ 4
1 v 0 I 1.5x10
= _ —4
{0} = —a |V 1 0 1.89% 10
00 ¥ 1.28x10 *
' 32881
{0} = {— 4848} psi
1536J
(b)
in2
at (2%)

Using expressions for §'s and s from part (a) with h= 4 in. and b= 6 in. now
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Bi= 3 X+ dy—12.5o= Sx- 4. fy=0

—-16
Ba= 4y,ﬁs=—4y,ﬁf,=7 X—4y+16

yi=4x+6y—18, y,=0, y3=6y—=6
ya=4X, Ys=—4Xx—12y + 24, ys=— 4X
2A &= 0.001 (% X— 4] +0.0002 (4y) +0.0005 [— % X—4y + 16]
2A &= —-0.0012y + 0.004
§=-5%10°y+1.67x10"
2A &= 0.0002 (6y— 6) + 0.0001 (4x)
+0.0001 (= 4X— 12y +24)+ (0.001) (- 4x)

2A g =-0.004 x+0.0012

g=—1.67x10*x+5x107"
8
2A o= 0.002 [3 X— 4] +0.0005 (6y — 6)
+0.0002 (4x) +0.0001 (4y) + 0.0001 (- 4y)
16
+0.0005 (— 4x) + 0.001 (— 3 XAyt 16]

2A py= —0.0012x— 0.001y + 0.005

Yy= —5%x10°x-4.167 x 10 °y-2.083 x 10"*
{o} = [D] {&} at centroid (2,?)

J’ 0.0001 1
= —0.000284J

"
4
23 l —0.0000527

c otV [ 0.0001 1
o= —— |v 1 0 |{-0000284 {
=Vl o 1oy l_—o.ooooszz]

J 9281
{0} = {— 8288} psi
l 632J
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8.6

-—
0,0 (3.0 (6.0)

Using Equation (8.1.14) in (8.1.13)

&

< 01 02xy 0 000 0 0 0
g b=10 00 0 0 0 00 1 0 x 2y|[X] {d} (1)
}’ny 001 0 x 2y 01 0 2x vy O
where by Equation (8.1.7) {a} = [X]" {d} and
o o o0 0o o T-1(y,
16 0 36 0 0 u,
16 6 36 36 36 O Uy
16 3 3618 91 u,
13 3 9 9 9 ; U
13 0 9 0 0] u
fay= |-l T oo _ 6 @)
'T0 0 0 0 0 v,
16 0 36 0 0 v,
16 6 36 36 36 V4
Ogn ¢ 16 3 36 18 9 v,
113 3 9 9 9| |%
i 13 0 9 0 0] [V
Using computer, we invert [X] in Equation (2) and reorder {d} to normal form [u; v; U, V, ...]T
={d}’
[X]"{d} =
1 0 0 0 0 o 1o 0 0 0 0 0
-05 0 -0167 0 0 0 10 0 0 0 0.667 0
0 0 0167 0 -0167 0 1 0 0 0667 0 —0667 0
0056 0 0056 0 0 0 10 0 0 0 -0l 0
0 0 -0.111 0 0 0 :0.111 0 —-0.111 0 —-0.111 0
0 0 0.056 0 —-0.056 0 i 0.111 0 0 0 0 0
0 1 0 0 0 0 : 0 0 0 0 0 0
0 -05 0 —0.167 0 0 i 0 0 0 0 0 0.667
0 0 0 0.167 0 —0.167: 0 0 0 0.667 0 - 0.667
0 0.056 0 0.056 0 0 i 0 0 0 0 0 —-0.111
0 0 0 —-0.111 0 0 : 0 0.111 0 —-0.111 0 0.111
0 0 0 0.056 0 - 0.056 i 0 —-0.111 0 0 0 0
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at centroid (X =

£y
Sy

Py

Ve

4,y=2)

]0
=0
0

S O
—_ O O
S O
A~ O N
~ © O
S O O
—_ O O
S = O
o O O
N O

0
41 X1 {d}
0

Multiplying matrices in Equation (4) yields

X

vy

Then

8.7

By (1) =

l {—0.052u, +0.059 u, + 0.222 u, — 0.222 us + 0.001 u)
(= 0.053v, —0.391v; +0.223v5 — 0.223 v}

‘ (= 0.052 v, + 0.059 v, + 0.222 v, — 0.222 Vs + 0 v —

' 0.053u, — 0.391u, +0.223ug — 0.223 u)

g, +tve,

£, +veE,

Bl

1-—

I - -l -1

0,0)

u = u(,0)=a

W= u(60, 0)=a; + 60 &+ 3600 a4

U; = U(60, 60) =a; + 60 a, + 60 a; + 3600 a4 + 3600 as+ 3600 a,
Us= u(60, 30) = a, + 60 a, + 30 a; + 3600 a4 + 1800 as+ 800 a4
Us= Uu(30,30)=a;+30a,+30 &+ 900 a;+ 900 as + 900 a4
Us= Uu(30,0)=a; +30 &+ 900 &,

a = Uy

348
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u, —2u, +u
By (2)-2(6) = ay= =——>—

1800

By -(2)+4(6) = = "t
60

U, +U; — 2U,

By 2(4)—(3) » ag= 2 B2
y2(4)-(3) = & 1800

— Uy + U, —Us + Ug
900

#-() = a=

U, — Uy +4uU — 4ug
60
Can verify by substituting all a’s into Equation (3)

U= u1+[4u6—u2+3u,'] X+[u2—u3+4u5—4u6] y
60 , 60

@)= a=

+(u2—2u6+u1J X2+(—u2+u4—u5+u6]xy

1800 900
U, +U; —2U, ]
+ —_— 2 =
( 1800 . Y
Shape functions are
3x X
Ni=1- —+ (From all u; coefficient)

60 1800

2

_ 2
N2: _X+l+ X _ﬁ+ y
60 60 1800 900 1800
2

N
60 1800
2
Nz Y2
900 1800
oo BV Y
60 900

4x 4y 2% XY
60 60 1800 900

2A=2 (%) (60) (60) = 3600

Bi= 2A(ﬂ] ~ 3600 [—i+ﬁ) —_ 180 + 4x
ax 60 " 1800
1 2X y}
= 3600 |- — 4+ Y | =60 +4x_4
P2 [ 60 1800 900 4

_ _ 'y]_
=0, B8:=3600L] =4
Bs= 0. Bs [900 y

-y
= 3600 | —|=—4
As (900J Y
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[ } =240 - 8x+4y
1800 T 900

7 N, [ 4 X )
=0, y,=3600 | = -] =240 4x
n= v 60 900
X
= 3600 —+ =60—-4x+4
& (60 900 18OOJ y
~ 3600 )—760 +4
Vs [ 1800 y
X
= 3600 s IV
va [ 1soo] y
Vo= 3600 (—+i) —_ 240 + 4x
60 ' 900
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Chapter 9

9.1
(a)
m
(0.2)
0.0 S (2.0)
i j
Figure 9.1a
[K]=2 mr A[B]"[D] [B]
ri:(),zizo,rj =2,2=0,rn=0,2z,=2
ai:rjzm—qrm =22-0=4
&= TnZ—Znl=0.0-2.0=0
On=1iZ—-%r;=00-02=0
B=2-2Zn=0-2=-2
B=2n—-%z=2-0=2
1 2
=z-z2=0-0=0 T =-2)==
Bn=12-1% 3() 3
- 1 2
yi:rm—rj:0—2:—2 225(2)=§
1
Yi=ri—-trm=0-0=0 A=E(2)(2)=2
Ym=T1j—ri=2-0=2
-2 0 2 0 00
5 Lo -2 0 0 0 2
(Bl =
412 0 20 2 0
-2 -2 0 2 2 0
0.75 0.25 025

_ 30%10° 025 075 025 0
(1+0250-0.5) 0.25 0.25 0.75
0 0 0 025

(D]
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-1 0 1 -05]
~0.5 -1.5 -05 —05
(B[ [D]= 30x10°f 2 12 0
25 0 0 0 05
05 05 15 05
L 05 15 05 0 |
(5 1 0 -1 1 0]
1 4 =2 -1 =2 =3
= 2s1327x10°| O 72 8 0 4 2
-1 -1 0 1 1 0
1 =2 4 1 4 1
Lo -3 2 0 1 3/
(b)
m
2,2)
(0,0) 12.0)

| ]

Figure 9.1b
rizoaZzoarjzzaqzoarmzzazmzz
a=4,0=0,0,=0
ﬁizfzaﬁj=2aﬁm=0
yi:anj:725ym:2
F=2x3:1333,2:5,A:2

3 3
-2 0 2 0 00
= _1lo o 0 —2 0 2
[B] = —
411 0 1 0 10
0 -2 -2 2 20
0.75 025 025 0
B 30%10° 025 0.75 025 0
IPl= oo G-t
(1+0250-%1 025 025 075 0
0 0 0 025
[-125 —025 025 0 ]
0 0 0 -05
_ 30®10°] 1.75 075 125 —05
[B]"[D]= ——
25 | -05 -15 -05 05
025 025 075 05
| 05 15 05 0 |
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[275 0 -225 0.5 025 —0.5]
0 1 1 -1 -1 0
-225 1 575 =25 025 15
05 -1 -25 4 05 -3
025 -1 025 05 175 05
| -05 0 15 -3 05 3

[k]= 50.265 x 10°

(¢) E=30x10° 1—b2 v=0.25 (Mathcad used here)
in.

Triangle coordinate definition
o foiny r=0 o .
i= . This defines an array variable
0 in. z=1
X coordinate is the top
y coordinate is the bottom

. 21n. .
1=, Area of triangle
Oin.

% base x height

—(;E) A:lz(j,—ir)(mz—iz) A=2in’
Develop stiffness matrix

ai =jr My—jzm ai=4in’ B=j.—m Bi=-2in. yi=m—j yi=-1lin
a=mi,—mi a,=0 B=m—i, B=2in yi=ir—m, y;=-1in.
Am=ir jz—lz]jr an=0 Bm=iz—jz; PBm=0in. yn=ji—ir Ym=2in.

Evaluate [B] at centroid of element

i+, + i+ j,+
Foar = % Zoar = % Foar = 1 in. Zour = 0.667 in.
B 0 B; 0
1 0 ¥ 1 0 7
[B]l= —| « ¥iz Bl= =%l « ¥z,
2A| -+ 42 0 2A L+ o+ 0
bar bar Toar J Toar
7i B; Yi B,
JBm 0 .
1 0 Ym
[Brm] = PYNED Fmdae ()
E+ﬁm+ rbar
Ym Bm

B=augment(B, B;,B,)
Gradient matrix at centroid of element
-0.5 0 0.5 0 0 0
[B]= 0 -0.25 0 -0.25 0 0.5 L
0.3333 0 0.3333 0 0.3333 0 |
-0.25 -05 -—-025 0.5 0.5 0
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I-v v 0 . .
l—v v 0 Axisymmetric
V —
[D]= ——— stress
(I+v)(1-2v)| v v I-v 0 r .
|- 2y | constitutive matrix
0 0 0 2
3.6x107 12%10" 1.2x10’ 0
(D] = 12x107 3.6x10" 1.2x10’ 0 Ib
12x107 12%10° 3.6x10’ 0o |in?
0 0 0 1.2x107

[K] =277 oo A [B]T [D] [B] Axisymmetric element stiffness matrix

K= ~5.341x10" -1257x107  2231x10° -5.027x107 5.655x10"  6.283x 10’
—1.257x10" —9.425x10° —-5.027x10" 6.597x107 2513x107 —5.655x10"
6.283x10° =5.027x10" 5.655x10" 2.513x107 8.796x10"  2.513%10’
| -1.257x10" -5.655%10"  6.283%x10" -5.655x10" 2513x10°  1.131x10° |
9.2

z (b, h)
m Po
i j
(0, 0) (b, 0)
N o]
T[prl o N
{fo = [IN"y Tds= LN, o | [22)
p2 h % orrdz
o Noflo]
N3 0 Evalglatcd
L O N3_@;'Z
1 1
Now N=— (a+ Br+vig,N=— (a+ Br+ y;z
i 2A(|,3 Yi2), N 2A(]ﬁ Vi2)
1
Nm= — (am+ Bml + YmZ
m ZA( m+ Bm YmZ)

r=0,r=0brm=b2z=0,z=0,zn=h
ai="1Zn—ZIm=bh—-0b=bh, gj=rnz—-2zmri=0
B=2—-Zn=0-h=-h, =2Z,—z=h-0=h

Vi=rm—rj=b-b=0, yj=ri—ym=0-b=-b

354
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an=1r1iZ—-21=0,n=2-2=0-0=0
Y= I‘jfl’i:bf():b

So the shape functions evaluated at r=band z=z

1
N=— (bh+(=h)yb+0 2=0
bh( =h 2
N-:L(0+hb+(—b)z)zi(hb—bz)
" bh bh

1 1
Nm= — (0+0b+b2)=— (b
bh( ?) bh(Z)

0 0
0 0
h th(hb—bz) 0 p[,_hz
s = 27 dz
N 0 o (hb=b2) ||
o (02) 0
L0 0 (b2)
0o 0
0 0
b 2 b 2 3
_omb bz | o BB
bh 0 h 0
oz pbz’
h 3h
0 0
0
fslx 0
0 fsly 0
pbh? ph
— 2_75 6 = ;szx = 27nbh 6
hl o s2y 0
pobhz fs3>< M
’ fs3y ’
0 i 0.
9.3
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DN o

Equation to be evaluated is {fg} = 27TA
3 |24
Re
Zs

2 _ .
r :4+2X§ = r =5.3331n.

Z5=0.283 -2
in.
_ , Vimin?  [0.283-2[]
Ry =WoF = 20&[27:1‘1) i in’ = 5333 m]
min rev/ 60s B2,2><12_1—1’3D
Rg = 0.01712 %
in.
2arA 2
”T = 5333 in) @ in?)=2234in>
So

farr = (22.34) (0.01712) = 0.382 Ib

faip = (—22.34) (0.283) =— 6.32 Ib

feor = (22.34) (0.01712) = 0.382 Ib

fegp = (— 22.34) (0.283) =~ 6.32 Ib

fegr = (22.34) (0.01712) = 0.382 Ib

fesz= (— 22.34) (0.283) =~ 6.32 Ib

9.4
(a) Element Figure 9.4 a
The equation to be evaluated is {0} = [D] [B} {d} (1.3)
rn=0,z=0,r=2,z=0,Im=1,zn=3
a=6,a=0,amn=0,5=-3,6=3, fn=-3,
vi=-Lyi=—1 =2 ©0.0) 2.0)
1

T-LZ-LA- (3)(2)=3in’ Figure 9.4a

-3 0 3 0 -3 0
0 -1 0 -1 0 2

1=
6/l2 0 2 0 -1 0
-1 -3 -1 3 2 =3
0.75 025 025 0
30%10°
(D] = 0.25 0.75 025

(1+025(1-0.5)10.25 025 0.75
0 0 0 025
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o, 0.75 025 025 0
O, _ 30x10° [0.25 0.75 025 0 QD

%J ©(1.25)0.5[025 025 075 0

T, 0 0 0 025
1
-3 0 3 0 -3 0]|2
w0 -1 0 -1 0 25| 04
20 2 0 -1 0|6
-1 =3 -1 3 2 =3l{o
0
o, © 80.0x10°
o, -17.8x107"°| .
= psi
Fa 80.0x 10>
iz 12.0x 10
(3.0)
(b) Element Figure 9.4b
n=1,z=0,1=3,=0,rn=3,2z,=3
a=9,a=-3amn=0,6=-3,6=3,6mn=0
¥=0,yi==2, p=2 (1,0) 2,0)
F =22333, Z, =0.666,A=3 Figure 9.4 b
-3 0 3 0 0 0
[§]=l 0 0 0o -2 0 2
6(0.858 0 1.14 0 0.512 0
0 -3 -2 3 2 0
0.75 025 025 0
(5]~ _ 30®I0° 1025 075 025
(1+0.25)(1-0.5){ 025 0.25 0.75
0 0 0 025
{0} = [D] [BI {d}
Vr 5830
o, _ |-3770 _.
= psi
1%] 3090
T.) | 400
3,(0.2)
(©) u; =0.0001 in.  w; = 0.0002 in.
U, =0.0005 in. W, =0.0006 in.
Uy = 0.0 in. w; = 0.0 in. ] 5
(0, 0) 2,0)
Figure 9.4c
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u .

w | (o, 9.6x10°

u o 2.4x10°

a= ||| % |- o118 (0 - 2

4

W, Gy 1.2%10

Uy | \Trz 1.8%10°

Ws,

9.5 By Equation (9.1.35)
1le+Br +y.z |
(fa} = Ijn_{ prenTas i0 Pp'lznjdz
7 2A 0 a+ B r+v,z)lp,)
Now
Q=TImZ—liZn="1Z— i Zm Since rj=rm
B=Zn—13 K=ri—T] Z =12y
1
A= 5 (ri—r) @m—2)
27r, [ Pelry 2 =1z +( Zpr +(r—ry)z
) - U P Zn = 1dz
2A lpz[r Zj =1 Zn+H(Z— Zp)r + (5 — r)zj

Integrating, we obtain

2:rr

{f}_ﬁ

@-7) |
rI:(rj i =1 Zy) (Z = Z))+ 1 (Zn = Z)* + (5 = 1)) : ZZJ ﬂ
zﬁ.,—z2
] zl:(rj Z; 1 Zy) (Zn — Zj) +T; (Zm_zj)2+(ri _rj)( 2 ):“
Factoring out z, — Z and simplifying

Nz nzg N2 r-zmj|
271 (2, — Z)) pr[ = '—+#+'—1

f. =
s} A pz[ rJZJ*rjzzm"'rZJ*'rzm:H
" 1
27z~ Z)) [P [3(zn— 20~ ﬂ)]]
2A | pdEa- 20 -0 )
_ 2:rrj(zm—zj)l[ s} Al
2A | pA)
2xr.(z,— 2)
for = jtém~ 4
fs} - 5,
9.6 (a)
E=210GPa
(0,50} 3 5 —025
A:% (50)(50)
A=1250 mm?
T=16.67mm
Z=16.67mm
, 2
(0.0) (50.0)
(a)
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ai =50 (50)— (0) (0) = 2500 mm’

B =-50 mm, y;j =— 50 mm
G = 50 mm, y; =0 mm
Bmn=0mm, ym=50 mm

-50 0 50 0 0 0
=11 0 =50 0 0 0 50 1
2(1250)| 50 50 0 50 0 |mm
50 =50 0 50 50 0
[0.75 025 025 0
D] = 210x10° 1025 075 025 0 | N
(1.25)(0.5)] 025 025 075 0 |m’
Lo o0 0 025
[—25 -125 50 0 125
0] [5] = 200x10° | 0 -375 25 0 125
1250(1.25)| 25 -12.5 50 0 375
125 125 0 125 125

[Kl= 2T A [B]" [D] [B]

_ 2®0.01667 m)(1250)(210x10”) x 10~

(1250)(1.25)

Multiplying [ES]T times [D] [B], we obtain

(3125 625 0 —625
2500 —1250 —625
[k]= 7.039 x 10° 50000
625
L Symmetry
9.6 (b)
Ib 2
3, (60, 60)
F=40mm
=20 mm
! |2 5
(0,0 (60, 0)
(b)
A= 1800 mm>

= — 60 mm, 5, =60 mm, =0

yi= 0, yj=-60mm, ym= 60 mm

359

12.5
375
12.5

625
-1250
2500
625
2500

[B]"[D] [B]

0
—1875
1250
0
625

1875

=
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k= 277 A[B] "[D]LBI

-60 0 60 0 O O
1 0 0 0 -60 0 60| 1

2(1800){ 30 0 30 0 30 0 |mm
0 —-60 —60 60 60 O

[D] asin 9.6 (a)

=375 0 525 -15 75 15
210x10° | =75 0 225 —45 75 45

[D] [B] =
1.25(1800)| 75 0 375 —15 225 15
0 -15 -15 15 15 0
] 9y _ _
k)= 2®(0.04m)(1800 )(210 % 10 )[B]T[D][B]

(1.25)(1800)(2)( 1800 )

(2475 0 -2025 450 225 —450 |
900 900 900 -900 0
5175 -2250 225 1350

[k]= 11.73 x 10°
3600 450 —2700

1575 450
| Symmetry 2700 |
(©)
N(1,2)
.
i (0,0) j(2,0)
r= 0 Z=0
r= 0.002 z=0
rm= 0.001 Zn=0.002
A= % (fj— 1) (Zn—2), E=210 X109,z:§ ><0.002,r:$, V=025
Q= lZm—Zm Aj=ImZ —Zmfi am=TiZ —ZTj
B=2—72Zn B=2Zn-7% Bn=2-13
Yi= Im—1Tj yi=ri—rIm Ym=Tj—Ti
B 0 Bi 0 B, 0
- ! 0 Yi 0 i 0 Ym
T 5A @) ¥z ;
A2 g+ I 0 S+ 0 ot g +Int 0
7 B 7] B; Vm B
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I-v vy v 0
D1 - E v 1=v v 0
[B] 1+v)(1-2v)| v v 1=v o
1 2v
0 0 0 2
[k]1= 27w A[B]"[D] [B]
8.577x10%  1.759®™10% —3.738M10® —8.796x107 4.398M1(’
1.759%10°  4.618%x10° —8.796x10" —6.597x107 -3.519%10°
i = -3.738x10° -8.796x10" 1.561x10° -3.519x10° 3.958x10°
-8.796x10" —-6.597x10" -3.519x10° 4.618x10° 1.759%10°
4398x107 -3.519%10° 3.958®™10% 1.759®™10® 6.158® 108
-8.796107 —3.958x10%° 4.398x10° -3.958x10° 1.7593x¢10%
9.7 (a)
Az
3(0‘50)
| 2
0.0 (50, 0)
(a)
From Problem 9.6 (a), we have [D] [B]
{o} = [D] [B] {d}
Oy -25 -125 50 0 125 125
T;1 _ 210x10°MPa| 0 375 25 0 125 375|
Oy (1250)(1.25) [ 25 -125 50 0 375 125
Trz -12.5 -125 0 125 125 0
J—84'
= | 784 ¢ MPa
252
—101
(b)
(30, 50)
3
1 2
0, 0) (60, 0)

(b)

From Problem 9.6 (b), we have [D] [B]

361

-8.796™ 107
-3.958x10°
4398x10°
-3.958x10°
1.759® 108
7.917 % 108

0.05

0.03

0.02

0.02
0
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00s|
"rl 375 0 525 -15 7.5 15||0.03] |-103
Oy _ 210®10° | 75 0 25 -45 75 45[|0.02| _ J-103 MPa
G| (1500125 75 0 375 -15 225 15|[0.02 112
Tz 0 -15 -15 15 15 0l 0 -73
0
() u; = 0.00005 w; =0.00003
U= 0.00002  w;=0.00002
Un= 0 Wm=0
Ui
W
uj
{d} =
Wi
um
Wm
Gr
UZ
o = [D] [B] {d}
T

rz.
or=-287x10 Pa
0,= —2.45%10° Pa
Op= 3.57 x 10’ Pa
Tiz= - 1.89 x 10° Pa
9.8 No, not in general, as the axisymmetric elements are rings, not plane quadrilaterals or
triangles. So axisymmetric nodes are actually nodal circles whereas plane stress
elements have node points.
9.9 No, the element circumferential strain is a function of r and z (see Equation (9.1.15).
9.10 Make u; = 0 for all nodes acting on the axis of symmetry.

9.11 How would you evaluate circumferential strain £gatr =0?

From text Equation (9.1.15)

aZ
o= 2 ray+ B2 (1)
r

"
&=a 2)

Also from text Equation (9.1.1¢)

£o= ~ 3)
r
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du
= = 4
&= 5 “)

u= gr (%)

Substituting (1) into (5)

a, Z
. u:[awi}r:aﬁaﬂmﬂ ©6)
r r

Partial of (6) with reference to r

au:

— =& Compare to (2) @)
ar

89|r —o = &= & as stated in problem statement
9.12 What will be the stresses oy and ggat r =0?

From Equation (9.1.2)

E a 23 a
o= —————| | I I
IEVA=M{ e 1-v) + &,(v) + &)

E
T Urvi—2v) (8, = BY +aV+ V)

o= —— (& +aV)
"o+ vi-2v)
E & & =%}
o= ———— | | Il I
VA=W g (v) + £,W) + g1-V)
— E —
C 1+ v)(1-2v) (sl + 2w+ 2, - a50)
Op (+a V)

T d+vyi—2v)

vatr=0, oOp=0;
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9.13

. . b
Axisymmetric model pressure load of 13.26 —-
mn.
e S AR SETES
@it (M Seecson Yew Rewdis Resds Qotons  jeguae (eplay Opticrs lites [oos  pendow e 18] =]
N W@ |
[polumAaA+ioanocnee DeM|lenre|+oefv|v||aceana
| : e P PRI T e 1} 1 —
Minimum Principal
in"2
0.007418568
-2.361932
4731283
~7.100634
£ _ 60001 -9.469985
A p(2g? 11.83934
. ~14.20869
= 1326 psi ~16.57804
~18.94739
2131674
~23.68609
z
Load Case: 1 of 1 Ibf
Maximum Value: 0.00741857 ) Y
Minimum Value: —23.6861 .lb/\f
in"2
am
Plane stress with a thickness of 18.85 inches
< ALGOR FIMPRO - | Sopervicw - | 108 Strass ) SR ¥, 2% ¥k 1 B B =j01x
© e Gt Soeclon few Remit Resits Qoo [ngae elay Optios Uiites Tpok Bindow ey «18]x]
|Hed|an I
roluma+|ococcoee | ReM|vnrely e8|V eeowa|
Stress
Minimurtrrlelg:incipal
_Ibf
in"2
432987¢-015
~1.386642
~2.773284
—4.159927
6000 Ib i et
agrd 13.26 7 8319853
& - 9706495
d=18.85in. 1 ~11.09314
~ ~1247978
! —13.86642
z
-
Load Case: 1 of 1 - d
Maximum Value: 4.32987¢-015 lﬂifz Y
Minimum Value: -13.8664 2L
in"2
il = i R - R e o N
ik o] FE T — =] beactim [ 7] Consart e -]
Besiy — T wm
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9.14 von Mises stresses (with filleted corners)

von Mises stresses (with filleted corners)

Load Case: 1 of 1
Maximum Value: 6773.52

in2

Minimum Value: 18.0677——%
in"2

Zoomed maximum principal stresses in filleted corner

Load Case: 1 of 1
Maximum Value: 7591.64 .]bAf
in"2
Ibf
in"2

Minimum Value: 204.609

365
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Stress
vonMises

Ibf

in"2

6773519
6097973
5422428
4746883
4071338
3395793
2720248
2044.703
1369.158
693.6128
18.0677

Stress

Maximum Principal

Ibf

in"2
T 7591.645
6852.941
6114.238
5375.534
4536.831
3898.127
3159.424
2420.72
1682.016

943.3129
204.6093




9.15

Stress
Maximum Principal
NA(m*2)

1.053932e+007
9416016
8292709
7168402
6046095
4922788
3799482
2676175
1552868
429561.2
£93745.7

Load Case: 1o0f1

Maximum Value: 1.05393e+007 NA(m*2)
0.000 0.5499 m 1.089 1633

Minimum Value: -693746 N(mAg———————

Steel liner Concrete

N

400 mm 1250 mm

325 mm->|

+—— 750 mm ——»|

_

Note: Without the arc (inside radius), we have a 90° re-entrant corner where stress is approaching
infinity. We have a singularity in the linear-elastic solution based on linear theory of elasticity.
Therefore, we need the arc as in good practice or elastic-plastic model where an upper bound on
the corner stress is the yield strength of the material.
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9.18

Stress
P 9-18 Tensor -2
Ibt/(in"2)

1102.669
261.2695
-580.1298

4 am4 PR
=14s1.023

2262928
-3104.328
-3945.727
-ATB7.126
5628525
-6469.924
7311324

-

Load Case: 10f1

Maximurn Value: 1102.67 Ihrf&m?)

Minimum Value: -7311.32 lbf(incaT——————— |
9.19

Stress
Tensor %-X
Problem 9-19 Thick-walled pressure vessel N/(m*2)

158989.5
changed to 35000 Pa internal pressure 155555.3

- F 1521211
148685 8
145252 6
141818.4
138384.2
1349499

131515.7
i 128081.5
124647.3

Load Case: 10of 1

4
e ey

Maximum Value: 158990 NAm*2)
0.000

0200 m 0.798 1.197
MiInimum Value: 124647 MmBE——

Figure 1 Thick walled open-ended cylinder

Theoretical Solution for hoop stress at inner radius

q=35x10° a=15 b=12 r=12

o — g’ a’+r?
=D arh
r2 a-r

0o =1.594 x 10° Pa
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Algor Results Theoretical Results

Hoop Stress 159.5 MPa 159.4MPa
Maximum Principal Stress 159.5 MPa -
Minimum Principal Stress 35 MPa -
Deflection in y-direction 0.93mm R

The Algor results for hoop stress and the theoretical solution for hoop stress are very
close which proves that the Algor model is correct. The pipe has a very minimum
internal and external deflection, less than 1mm on the inner radius. The stresses are also
manageable at 159 MPa.

9.20 A steel cylindrical pressure vessel with flat plate end caps is shown in the figure with
vertical axis of symmetry. Addition of thickened sections helps to reduce stress
concentrations in the corners. Analyze the design and identify the most critically
stressed regions. Note that inside sharp re-entrant corners produce infinite stress
concentration zones, so refining the mesh in these regions will not help you get a better
answer unless you use an inelastic theory or place small fillet radii there. Recommend
any design changes in your report. Let the pressure inside be 1000 kPa.

503 elements and 645 nodes. Stresses are highest at sharp corners and the middle of the
top and bottom of the pressure vessel. The design is acceptable as the von Mises stresses
do not reach the yield strength of the material.

Stress
von Mises
Ibf
in"2
5.248735¢1007
4.740389e 1007
4.232044e7007
3.723690e 1007
3.215353¢1007
2.707008¢7007
2.198662¢7007
1.690317¢1007
1.181872¢ 1007
6736363
1652810

Load case: 1 of 1 N
Maximum value: 5.24873¢ + 007 . —

Minimum value: 1.6528 e + 006 i;‘jz
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9.22

von Mises

- 39399
35075
30752
26428

- 22105
17781
13457
9133.8

RN TITA TR SV T IWPE AL S |

il

von Mises (psi)  In the transition between the cylindrical shape
Elliptical Head and the ellipsoidal head the stresses increase and
are highest at the transition. Transitions from 9133.8 psi
to 39399 psi back to 13457 psi.

von Mises

39399
35075
30752
26428
22105
17781
13457
91338

The recommended head shape of the hemispherical ends versus the ellipsoidal ends
would be the hemispherical ends due to a lower stress concentration at the transition
between the head and the cylindrical body.

9.23 According to the von Mises stress analysis, the average stress through the glass is around

—; of the tensile strength of the glass. If the maximum force used with this syringe is 45

N, the design should be fine. However, if 45 N is the normal operating force which may
increase, I would recommend analyzing this again with a safety factor of 4 (180 N force)
to make sure it will still be under 5 MPa. As for the maximum principal stresses, they
are well below the tensile strength of the glass and do not appear to be an issue.
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Stress
von Mises

m*2
3939543
3555410
3171277
2787145
2403012
2018880
1634747
1250614
866481.7
482340
9821643

Stress
Maximum Principal

m”2

2629366
2358215
2087065
1815915
1544765
1273614
1002464
731313.7
460163.5
189013.2
—82137.12

Another analysis with a safety factor of 4 (28.64789 —2—) reveals that this syringe is

radian
still within the tensile strength of glass is all areas. With this information, I would

conclude that the syringe design is indeed safe with this material specification.
9.25 Steel hole punch

No side groove With side groove

f s ) s

| | o " | vonMises

| ‘ Infin"2) ! i3]
5474173 4837 753

| EIoph s

[ g Ja0620 |t 383,035

| 3834153 2405 705

l L 3287479 t 2026356
2140808 2451007
2184133 1073656
1647459 1496308
- 1100786 1018959
- 554.1127 5416008
7430334 §4.2605

|

|

|

sez
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Chapter 10

10.1

X) X3
s=_1 3|_>s s=1

U=a,+ as+as

dx
ds
X=a;+ &S+ a;S

X = a+a(- 1) +as(- 1)’
%= a+a(1)+as(1)°

(1)—(2) gives

X X

2

Xi— X% =—2a, &=

X3 = a; + a&(0) + a(0)
a = X3
(3) and (4) into (1)

- X + X, —2X
B x4 2% X%~ 2%
2 2
+ X + X, —2X
X:X3+X2 )(18+(1 ) 3}52
2 2
3= Z_Xtx + (X1t X — 2X%)S
dS 2 1 2 3
X +
Now X3 = ITXZ for xzats=0
and Xo— X =L
L
J= E + [ X1+ X% — (X +X%)]s
j= L
2

10.2 Using Equation (10.1.1 b)

(a)
s= [x— > +X2)] ( 2 ]
2 XX,

AtA= X= Xa= 141n.

s [14- (10+20)] [ 2 J
2 20—10

21
s=(14-15) —=——=-02
10 5
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By Equation (10.1.5)

N 1+02 _ 0.6, N, = 1-02 =0.4
2 2
By Equation (10.1.1 b)
(b)
At A= T7in.

o[22 ()

2
=[7-7.5]|=
s=1 ]{5]

s=-02
By Equation (10.1.5)

NERCICEINY
2
Ny 1‘£2°~_2) - 04

10.3 (a) Using Equation (10.1.1 b)

X= Xo=40 mm

s= [40‘(20;60)}[60320)

s= [40 —40] (4_20J

(b)

- [»-2(

10.4

|

|
o -
-
Pl =

-
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(1) —a+tastaS+aus (A)

X=a;+&S+agS+as (B)
x= a+a(-1) +ay(-1) +ay(-1)’ (1)
1 _ 2 " 3
X=a ta (71) + a3 (TIJ +ay (%J 2)
2 3
weana (3] va(5) ra(3) o
X= ay+a(l) + as(1)°+ a(1)’ @)
(1)+(4)=> X1+X4: 2a1+2a3 (5)
@)+ () = X%+x=2a+ % ©6)

(5)— (6) gives
X+ X4 — (X2+ X3): Za] +2a3* {2&1 +%}
2
or B= 3 (X1 + X4— X2 — X3) 7
(7) into (5)
2
X+ X = 2a;+ 2(5] X1+ X=X —X3)

_%(X1+X4)+%(X2+X3)

or a = 5 3
DH-M@)=x-X=-2a-2a )]
@-0) = %-x=-a- (10)

(9)—2 (10) gives
X=X = 20— %) = %

2
U= [2(%2—X3) — (X1 — X4)] (1n
(11) into (9) yields
= 13-(X1—X4);§[X2—X3) (12)
Substituting (7), (8), (11) and (12) into (B)
_ At %)= (% + X4)+ [ = %) =8(% — x)]s
6 6
" Hx+X =% = X) Sz+[8(X2_X3)_4(X1_X4)JS3 (13)

6 6

Combine like X;, %, X; and X4 coefficients
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[43224 2J (32231
+ |- - = +-s+Z x|+ ———=
3 3 3 3 3 6 6
By (14) then
%
X
X3 =[N No N3 Ny
Xy
le_—253+252+—s—l
3 3 6 6
N2_i§_z _fs+2
3 3 3 3
= g 2gidey 2
3 3 3
N4:—S3‘|‘252—_S—l
3 6 6
4 1 4 4 4 4
[—2sz+—s+— 48 ——s-— —48-—s+—
du 6 3 3
@) ds 4
28" +—s——
Differentiating (13)
dx_ (—2sz+is+l) X1+ [4sz+fr s—f) %
ds _ 3 6 3 3.
+(—4s2 —s+£) x3+(252+§s l]x4
Simplifying
4 1
=28 04X+ 3 S X) — = (K X)
4 4
45 (6—X) — gs(x3+x2)+§ (X3— %)
+ X ] +
L. 3 utx) 1 L_4§(£j 8 S(M)ﬁ(
3 2 6 2 3 2
— gL+ Sexm L oL -Bex+ 2L
3 6 3 3
ax _ L
ds 2
Now
du & du
— =-2 and — =&=[B] {d
o x & [B] {d}
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[—128 +8s+1 1257 —4s—4 —125*— 45+ 4 125> +85—1 |

&

= = U
| 3L ! ! 3L |y
u,
(B]= [ 128 +8s+1 128> —45—4 — 125" — 45+ 4 128° +85—1 |
3L 3L
L 3 5 5 3L

10.5 (a) Using Equation (10.5.6)

20—10 10+ 20— 2(15
x= xA:13:15+{— —)s++—()sz
2 2
5 08 +5s+2=10
s= 22 =04
N S(5-D _-04(-04-1)
' 2 2
=0.28
s(s+1) -0.4(-04+1)
N,= =
2 2
=-0.12
Ni=1-5=1-(-04)
=0.84

SN’s= 028 —0.12+0.84=1
U=a, +as+as
U= 0.006=a; +a(— 1)+ a(— 1)
Uz = 0 =a; +ay(0) +a(0)
Uy = — 0.006 = a; +ay(1) + a5(1)*
a;=0,a,=-0.006,a =0
u=-0.006s and s=-04 at xa=13
u=—0.006 (—0.4)=0.0024 in.
2s-1 2s+1 4s

&= u + U——u

X L 1 L 2 L 3

g= 2271 0.006)+ 2551 (—0.006) =0
~0.12

&= — (L=10")

£=—-0012 %
m.

10.6 (a) Using Equation (10.5.6)
— + —
X= Xp= 1.5=1+ (32(_))5_1_(%2(1)} 52

15=1+s+08
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s-05=0

s= 0.5
N — s(s—1) _ 0.5(0.5-1)
= -
2 2
=_-0.125
s{s+1)  0.5{(0.5+1)
N, = =
2 2
= 0.375
N;=1-=1-052
=0.75

>N’s= —-0.125+0.375 +0.75

=1.0
10.8
1 — — 3 —» —» 2kN-m
. |2 A=2¥104m? E=205GPa
L=4m I L=d4m
{F} = [K] {d} (A)

where by Equation (10.5.22)
AE 4.67 0.667 -5.33
[K]= T 4.67 -5.33 (D
Symmetry 10.67
By Equation (10.5.9) for N ’s and using Equation (10.1.21)
1

- T RN b
= [ INTT Ty Ty = 250 ax= s

S(s—1)
2
o ]ssEn| (L Ny L
4= 1] > (2 m) st (2)
1-¢
Upon integrating Equation (2)
s &)
(3_711
(s Y 4
{fs = [_6 —TJI (2 5 3)
-]
S__
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{fs = (H= kN 4)

WA Wi~ W~
wlm wis wiks

Using Equations (4) and (1) in (A) and applying boundary condition u; =0,

4
3 2393 -2.732 u
j 302 < 10° ] (5)
]E ~2.732 5.468 lu,
3
Solving (5) for u, and us
Uy=3.885%x 10" m,u;=2.916 x 10 *m (6)

Stress in bar
E=205x 10’

Ats=—1lorx=0

X 1 N
o1 = E[z(—”‘l 2CD+1 ‘4i‘1)ﬂ3.885x104 , 0,=(3.987x107)
——— M

4 4 A ~
2916x10" I
' : 39.87 MPa

Ats=1orx=L

0
<1201 4|
0, = E{z ! lﬂ—ﬂ-s.sssxlo*“ , 05 =(—4.357 x 10%)
4 4 4

2916% 107

—0.04357 MPa

Note small number compared to stress at fixed end.
10.9

X= i [(I-9(I-Hx+(1+91-Dx+(1+9)(1+1)xs
+(1-9+1x]

y= i [(I-9A-Dy+A+9A-Dy+A+5 (1 +1)ys+ (-9

(1+1)yd
[J]= “XS :; Equation (10.2.10)
W dt
ax 1
=3 [= X5+ X + Xo— T+ X3+t X3 — Xg— tXq]
s
ax 1
¢
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ay 1
= = — [ttty -ty t Y3ty - ya— tyy]
ds 4
dy 1
EY [-Y1+SYi—Y2—SYat Y3+ Sy + Ya—Sy4]
Jt 4
J J
[J]= [ 11 12}
‘]21 ‘]22
where
1
Jiu= n (= X+ X+ Xo— tX + X3 + 13— Xa — tXy)
1
Jin= 2 EVittyityo—ty, T Y3+ tys— ya—tys)
1
o = n (= X1+ SX| — X — SXo + X3+ SX3 + X4 — SX4)

1
In= 2 Y1+ SY1—Ya— SY2+ Y3+ SY3 + Y4~ SYs)

Find determinate |J |
[J]= Ji1Jo2— Jo1 iz
Multiplying and collecting terms

1
[J|= E [2X1y2— 2tX1y2+ 2t Y3 — 2SX1Y3 + 2SX1Ya— 2X1Ya— 2XoY1 + 2t %Y3

T 2%Y3+ 28X0Y3 — 2SXoYa — 2tXoYa+ 28Xy — 2UX3Y1 — 2X3Y5 — 28K s
+ 2X3Ya+ 2ty + 2XaY1 — 2SXaY1 + 2SXaYa + 2XaYa + 2tXaYn — 2X4Y3
— 2tXy3]

Factor out X's
1
[J|= 2 [Xi (V2= ty2+ ty3—Sy; + Sy4—Va)

XYY Y3 tSY;—SYa—ty) T X (SYi—tYi—Yo—SYat Yattyy)
T X (Y1— SY1 +SY2t tya— y3— tys)]

Yo =ty tty; —=Sy;+ 8y, -y,
— Yttty ty;+sy;—sy,—ty,
Sy, —ty; = Y, =8y, + Yy, t1y,
L =Sy tSy, +ty, = y3—ty;

1
[J]= 3 [X1 % X3 %]

[ Vi) + v, (1=t + ys (t= s} + yu(s— 1)
Y (= 1+ )+ y,(0)+ y3(0) + y, {1 +1)
yi(s—t)+y, (—1-s}+ y;(0)+ y, {1+1)
LY (1=8)+ Y, {s+t)+ y; (= 1=t} + y,(0)
0 I-t t-s s-—1]{y
-1+t 0 s+l —s—-t||y,
s—-t —-1-s 0 I+t ||Ys
| I-s s+t —-1-t 0 Y4

1
[J|= g X1 X2 X3 X4]

1
[J|= g X1 X2 X3 X4]
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10.10

[J]

_ |9 ds
¢t at

X and y from Problem 10.9
ax 1

Js

4

—=—-(-Da —t)xw% (1 —t)x2+% (1 +t)x3+% D A+D)x

= Np,s X1 + No,s X2 + N3,s X3+ Na,s X4

X 1 1 1
a = Z ED(d-9%x+ Z G +S)X2+71 (1 +s)x3+?1 (1-9X%

1

=Nyt X1 + No,t X2+ Na,t X3+ Na,t X4

dy
Js

_ 1. _ L 1 1.
= 4( D=ty + p ( t)V2+4 (1 +ty;+ 4( (1 +1)y,

=NisY1+ No,sy2+ N3s Y3+ Nays ya

dy _ 1
at 4

Lena —s)ywi D +s)y2+}t ( +s)y3+}‘ (1- 9y

=NptY1+ Not Yo+ Naje Y3+ Nayr ya

X W
[3]= |:N1,s N2,s N3,s N4,s:| X Y
Nie Npoo Nio Ny || % Vs
X4 Yy
10.11 (a)
& FIx=2x="2
Y
-2, 1) 2,1)
4 3
- X
(2Lt Gl R
X1 aonen+ La-n@+ La+ne + Lena+ne2) -z
ds 4 4 4 4
ax 1 1 1
T H(A-9-=2)+ 2 DA+9@+ 2 (1+9Q2)
1
+—-(1-9(-2)=0
4( 9 (-2)
yl:l:y2:*1
ys=1ys=1
dy 1 1 1
Do (- += A-H D+ = (1 1
s 4( YA =1)( )+4( B ( )+4(+T)()

+i 1)1+t (1)=0
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Y_l hatscn+dc S
g CDU=9ED+ DA+ D+ A9 ()

+?1‘(1—s)(1):1

J —Hz 0”—2 0=2
D=1, ]| =2 0=

By Equation (10.2.22)

0 I-t t-s s-1 -1
|[J]|_1 [222.2]x t—1 0 s+1 —-s-t| |-1 @A)
8 s—t —-s-1 0 t+1 1
I-s s+t -t-—1 0 1
Symplying by multiplying the matrices in Equation (A) yields
[[J]]= 2 also
A
and J]|= — as
| (311 2
A= 4 x 2 =8 (area of element)
8
=|[J]| = =2
[[I11 2
10.12
By Equation (10.2.18)
1
[B(s )] = —— [Bi] [B:2] [Bs] [Bi]
11311
By Equation (10.2.3)
X= i [(T-9(1-)x+(1+9) (1 -x+(1+9 (1 +t)X3+(1-9
(1+9x] )
1
y= n [(I-90-Oyi+t A+ (I -)y+(1+9 1+ tys+(1-9
(1+1Dy4]
By Equation (10.2.16)
dy 50 _dy #0Q)
1 3 s 0
- ax 90 _ax 80
HdO _5xdQ Y90 _ G0
s it dt ds it s st
Let
dy 1
a= == Yi(s=1) +ya(=1-9) +ys(1 +9) +yu(l-9)]
dy 1
b= —==— [yit-D+yn(l-0+y+t)+y1-1)]
ds 4
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c= % :i Xt —1)+ % (1 —t) + X3(1 +t) + X4(—= 1 — )]
dz%?zi[m@—n+mel—$+mu+9+ma—$]

By Equation (10.3.5)
(1-90-1 _(1+90-1
5 2=

N1:
4 4
_ (+spi+t)  (I-s)(1+1)
N; ———jz———,N4 a1

[N]_N10N20N30N40
0N 0O N, 0 N, 0 N,

Let

Now
[B]= [D'][N]

Using [D'] from Equation (2) above, we obtain

) Al
a5 b ot | 0 [1-si{1-t}
1 Coa) a0 || 0---0
[B]= —— 0 c—=—=—d=
|[J]| : d{t ds i1 sl
CI] 3 g{ 1 3 ) 4
o —d5s a5 —bar
col(1) col(2) cos(7) cos(8)
a(t=1)  b(s-1) a(l t) bl s)
(B] - 1 T4 T T4 0 CTF T T4 0
= T c(s ) di D cl s) d( 1t
|[~]]| 0 T4 a1 T 0 —4 T 4
c(s=)  d(1) att-1) _ b(sh) c(l-s) d(=1-t) a(-1-t) b(i-s)
4 T4 4 T4 T T T g 4 4
By Equation (10.2.19)
1
[B]= —= =[Bi] [B2] [B3] [B4]
1311

where the submatrices are

allN; [+ b, [ 0
[Bl= 0 o[N;, [-d ;[
N, [-d [ ;0 aliv ;O-bliv, [

where, for instance

_ON, _t-1
LS Us 4
dN s—1
N,,=—L =="—
Mot 4
etc.
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10.13

p
[ .
4 t ' 3 h=element thickness
4 |

At t=1

—0 1
(1+s)(1-1)
(o = |i'| i P h|—2' ds

—0 I
(1-s)(1®t)
=p

4

0 1 fsBs =0

pLh

s ps for="—"7
N Lh_ "=t 2
0 2 fue=0

ps_ ps’ Lh
7=l fs4t p2

10.14
(a)
y
IIV
’ h=0.11n.
T, =2000 psi
0, 4) —5.4) constant
4 1 3
t=1 edge
2
X
0,0) (8.0)
382
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(= T L ha

L= 5in., pt=2000psi, ps=0

N; = ILS and Ny= l;s for t=
2 2
). fsSs.] N3 0
| fa | 1| 0 Ny| [ps=0 | . L
1f545J N N, © %pt=2000j 2
fs4t 0 N4
0
[ B4=[12000) (0.1) G Lt 0 }
_ 2 : 500
0 0

|:1|IB‘2—SH2000) (0.1) Bt | 150

(b)
T, Linear
h=0.1in.
s= -1
500 psi L=5in.
0, 0 (%.0) >
fsls Nl 0
fsi - 0 Nijfps=0 TnL g
foue N, 0| |p=—250t+250f 2
fs4t 0 N4
1-t 1+t
fas= fss= 0 leT, Ny= - fors=-1
fa= T2 250 t+250) 0.1) [2 ] it
slt D] 5 D13
= 83.331b
1+t 5
foar= (—) — 250 t+ 250) (0.1 (—) dt
s= [ ) ¢ IO
= 41.67 b
10.15

(a) [ll cosg ds Use Table 10.1

3
I= [] Wicos% :chos% +chos% + W; cos

i1

5
2
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5 0.7746 8 5 —0.7746
= — cos + — cos (0)+ = cos | ———
9 2 9 9 o2

I=1.918 (Analytical | = 1.918)
That is

1 s s|! 1 1
u cos — ds= 2sin — =2sin — —2 sin (——J
2 2|, 2 2

= 4 sin L 4(0.47)
2
= 1.918
1
(b) Dlsz ds

Wis? =W $+W, s? +W; &

0
[ ]w

= —(o 7746)> + < (0) +2 ( 0.7746)°
= 0.667 (Analytical | = 0.667)

(© [] s'ds== (0 7746)* .3 (0) 42 ( 0.7746)"

= 0.400
@ El cos S S gs- 2 [COS(O 7746)\ 8[COSOJ 5 cos(—0.7746)2 — 873
9 L1-07746" ) 9l1-02) 9 1-(~0.7746)

(Exact is 3.86)

(e) [11 s ds= S (0.7746)3+§ (0)3+§ (-0.7746)* =0

1 5 < s
® DI scos Sds=(—9](0.7746) cos (0.7746) +(§) (0) cos (0) + 5 (—0.7746) cos (— 0.7746)

= 0.30756 +0—-0.30756
=0
10.16

S IS S M— b b t=05773(j=2)

S

e 1= 05773 (=)

5:76'5773 52(3.5773

[k]= [B]" (s, t;) [D] [B] (s, 1) | [I] (S1, ) | h Wy W,
+[B]" (2 t1) [D] [B] (S, t) | [3] (S, t1) | h Wa Wi
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+[B]" (51 t2) [D] [B] (81, 1) | [3] (51, &) | h Wi Wh
+[B]" (5 1) [D] [B] (8 1) | [I] (2 &) [ h W Wh
where
s = —0.5773, =0.5773
t,=-0.5773,1,=0.5773

Using computer program

(2)
y
(3.4) (54)
4 3
1 2
(3.2) (5.2)
X

ENTER THE GAUSS POINTS S AND T FOR POINT 1
—0.57735,-0.57735

ENTER THE WEIGHT FOR POINT 1

1.0

ENTER THE NODAL VALUES X AND Y FOR POINT 1
3.0,2.0

ENTER THE GAUSS POINTS S AND T FOR POINT 2
0.57735,-0.57735

ENTER THE WEIGHT FOR POINT 2

1.0

ENTER THE NODAL VALUES X AND Y FOR POINT 2
5.0,2.0

ENTER THE GAUSS POINTS S AND T FOR POINT 3
0.57735, 0.57735

ENTER THE WEIGHT FOR POINT 3

1.0

ENTER THE NODAL VALUES X AND Y FOR POINT 3
5.0,4.0

ENTER THE GAUSS POINTS S AND T FOR POINT 4
—-0.57734,0.57734

ENTER THE WEIGHT FOR POINT 4

1.0

ENTER THE NODAL VALUES X AND Y FOR POINT 4
3.0,4.0

ENTER THE VALUE FOR YOUNGS MODULUS
30000000.0

ENTER THE VALUE FOR POISSONS RATIO

025
ENTER THE VALUE FOR THE THICKNESS, h
1.0

385
© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



THE GAUSS VALUES S AND T AND WEIGHTS ARE

POINT S T WEIGHT
1 —5.773500E-001 —5.773500E-001 1.0000000
2 5.773500E-001 —5.773500E-001 1.0000000
3 5.773500E-001 5.773500E-001 1.0000000
4 —5.773400E-001 5.773400E-001 1.0000000
THE NODAL COORDINATE VALUES ARE
NODE X Y
1 3.0000000 2.0000000
2 5.0000000 2.0000000
3 5.0000000 4.0000000
4 3.0000000 4.0000000
THE ELEMENT PARAMETERS ARE
YOUNGS POISSON’S THICKNESS
MODULUS RATIO
30000000.0000000 2.500000E-001 1.0000000

DO YOU WISH TO VIEW THE VALUES OF J (Y/N)?
THE VALUES OF 1] 1 ARE
THE VALUE OF J 1
1.0000000
THE VALUE OF J 2
1.0000000
THE VALUE OF J 3
1.0000000
THE VALUE OF J 4
1.0000000
DO YOU WITH TO VIEW THE B MATRIX (Y/N)?
THE B MATRIX VALUES ARE ([B]; x5)

—-1.0566 E-1 0 1.0566 E-1 0 0 3943 E-1
0 -1.0566 E-1 .

—3.943 E-1 —1.0566 E-1 —1.0566 E-1 1.0566 E-1

3.943 E-1 0 -3.943 E-1 0

0 1.0566 E-1 0 3.943E-1 1.0566 E-1

3.943 E-1 3943 E-1 -3.943 E-1

} = one row of the 3 x 8 [B]

DO YOU WISH TO VIEW THE D MATRIX (Y/N)?
THE VALUES OF THE D MATRIX ARE

32000000.0000000 8000000.0000000 0.0000000
8000000.0000000 32000000.0000000 0.0000000
0.0000000 0.0000000 12000000.0000000
DO YOU WISH TO VIEW THE K MATRIX (Y/N)?
THE K MATRIX VALUES ARE

146666 60.0000000 5000015.0000000 —8666672.0000000  —1000005.0000000

5000015.0000000  14666610.0000000 1000001.0000000 1333353.0000000
-8666672.0000000 1000001.0000000 14666690.0000000  —5000011.0000000
—1000005.0000000 1333353.0000000 —5000011.0000000  14666690.0000000
—7333369.0000000  —4999991.0000000 1333353.0000000 1000001.0000000
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—4999981.0000000
1333383.0000000
999970.6000000

—7333369.0000000
—4999991.0000000
1333353.0000000
1000001.0000000
14666610.0000000
5000015.0000000
-8666592.0000000
—1000025.0000000

(b)

—7333369.0000000
—1000025.0000000
—8666592.0000000

—4999981.0000000
—7333369.0000000
—1000005.0000000
—8666672.0000000
5000015.0000000
14666660.0000000
999970.6000000
1333383.0000000

y (5.5)
‘3‘4]
(3.2) (5.2)

—1000005.0000000
—7333369.0000000
5000015.0000000

1333383.0000000
—1000025.0000000
—7333369.0000000

5000015.0000000
—8666592.0000000

999970.6000000
14666580.0000000
—4999961.0000000

THE K MATRIX VALUES ARE
8-1 Column
14990860.0000000
3483641.0000000
—11385300.0000000
-1626729.0000000
—4661870.0000000
—4309764.0000000
1056312.0000000
2452853.0000000

8-3

—11385300.0000000
370145.6000000
19631590.0000000
—6267461.0000000
4403077.0000000
222705.5000000
—12649370.0000000
5674610.0000000

8-5

-4661870.0000000
—4327808.0000000
4403076.0000000
2237624.0000000
11571920.0000000
3807131.0000000
—-11313130.0000000
—-1716948.0000000

8-7

1056312.0000000
474021.9000000

387

8-2
3483641.0000000
13670480.0000000
370145.5000000
~565783.1000000
~4327808.0000000
~5451907.0000000
474022.0000000
~7652789.0000000
8-4
~1626729.0000000
~565783.1000000
~6267461.0000000
14127760.0000000
2237624.0000000
~5114752.0000000
5656566.0000000
~8447218.0000000
8-6
~4309764.0000000
~5451907.0000000
222705.4000000
~5114752.0000000
3807131.0000000
11105380.0000000
279927.3000000
—~538717.6000000
8-8

2452853.0000000
~7652789.0000000

—8666672.0000000
5000015.0000000
—7333369.0000000

999970.6000000
—8666592.0000000
5000015.0000000
—7333369.0000000
—1000025.0000000
1333383.0000000
—4999961.0000000
14666580.0000000

© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



10.18

—-12649370.0000000
5656566.0000000
—-11313130.0000000
279927.4000000
22906180.0000000
—6410515.0000000

BEHI- —— [B)] [Bi

1311

[Bs]

5674610.0000000
—8447218.0000000
—1716948.0000000

—538717.6000000
—6410515.0000000
16638720.0000000

[Bs] [Bs] [Be] [B7]

Ni, s= % a1-v (S+t+1)—% 1-901-b

N, s= % (I-t)(s—t— 1)+i (1+9 (-1

N;, s= % (l+t)(S+t71)7% (I+9(1+t)

Ni, s= % a +t)(s—t+1)—% (1-5(1+1)

NS’S: (t_l)s

1 2
Ng,s= — (1 -t
655 2( )

N7, s=—-(1+Ds

Ns, s = % -1
.

Nz,t=i

N3,t:%

.

Ns,t= — (1 +9)(s—1)

Ne,t=—-(1+9t
N :l(l—sz)
75t 2

NS;'[: (S_l)t

(1-9 (s+t+1)+i (-9 t-1)
(1+s)(t+1—s)—%1 1+ (1-1
(1+s)(s+t—1)+i (A+9(1+1

(1-9 (7s+t71)+i (1-9) (1 +1)

_dxdy  dyox

Jj|= 22X _2X22
[]] dsdt dsat
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= [Np, s X+ Ny, s X + ... +Ng, sXg]
X[Np,tyr +No, ty2+ ... + Ns, ¢ ys]

— [Ny, sy1+ No,sy2 + ... + Ns, sys]

X [Ny, ¢ X +No, ¢ X0+ ...+ Ng, ¢ X5]

a(N;,s)—b(N;) 0
[Bil= 0 C(Np,i)— diN;.g}
C(Nj )= d(Np,s)  alN;,}—b(N;,)
where
_ 9y _
a= o =Nty +Notys + .0+ Ne, £ s

5
b= & =Npsyr+No,syz +... + Ng, s s

ds
_Ox _
cC= — 7N1,5X1+N2,5X2+... +N8,SX3
ds
d= % =Np,tX + Np, e X2+ ... + Ns, tXs

10.21 The 2-pt rule works as we have a 2™ order in s for the integrand see Equation (10.6.19)
and for integrand of order 2n —1 =2 x 2 — 1 =3 we get exact solution.
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Chapter 11

11.1
(2)

Boo o B o o B o o0 B oo o

0o 71 0 Y, 0 0 ¥ 0 0 Y54 O

~1lo 0 % o0 o0 % o o & 0 9
8- o o

Ny B oo v, B oo v B o0 v Boo

0 6 N 0 % Y2 0 O ¥ 0 O V.

4 0 B 6 o B 4 o B 8, o B

By Equations (12.2.4) to (12.2.8)

1 20 1 0 2 1 0 2
Bi=-]1 0 0 =0,6,=]1 0 0 =0,B;=—-[1 2 0 =4
1 0 0 1 0 O 1 00

0 2
2 0 =—4,p =1
00

S N O

o o O
Il
(]

—
S
\S]
—
(=)
\S]
—
[\S)

Vam—[1 2 0l =4 ps=|1 0 0 =0, ps=—|1 -4
0 100 120
1 100 100
61—71 =4,52=1 0,53=71 0 2l =0
10 0 100 100
100
u=11 0 =—4
120
1002 020 10 2
ov=1"92 %_yc12l2 0 o +2¢1y 1 2 0o =8
1200 000 10 0
100 0
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000000400 -4 0 0
000040000 -4 0
[51:100400000000‘4
810 0 0 40 00 40 -4 -4 0
040004000 0 —4 —4
4 0000000 4 -4 0 -4

Problem 11-1: ‘B’ matrix for tetrahedral solid element
(b)
xi=1 y;1=0 z=0
X=0 y,=0 =2

X3 = y3=0 z=0
X=0 ys=2 z=0

X Y Z 1 Y 2 1 % 5 1 % ¥
a=|x% Vv z| B=—|1 ¥ B p=l1 % L| o=-|1 K ¥
X Vi Z 1 Yo 4y 1 X% % 1 % Y

X Y oz 1 Y1 4 1 % 4 1% %
H=1% Y, | Bh=]1 Y3 B p=—I1 % B| Hh=[1 % %

X Y4 Z 1 Ya &4 1 % Z 1 % Vs

X Yz 1 % 4 1 X 4 1 X %
@a=\% Y | B=—|1 Y2 L p=|1 % 4| &H=—1 % Y
X Vi Z4 1 Yo %4 1 X % 1 X Y

X Y z 1 N 4 1%z 1% %
a=—% Y, | B=|1 Y2 & ys=—1 X% & &=|1 X Y
X3 Yy 7 1 Y5 & 1 X5 4, 1 % Y
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X Yoz

1
v= L[ Y 2y s
6111 % ¥ 7
1 X% Y4 Z
1Bl 0o o 1Bl 0 0
o Inl o o 1721 o
1o o 8] 1 0 0 9]
Bil= — Y Bl — - ’
6V ||y |1'31| 0 6V |17, ] |ﬁ2‘ 0
o 191 |7l 0 161 |7,
|51| 0 |/31| |52| 0 |ﬁ2|
Bl 0 o 1Bsl 0 o0
o ¥l o o |74l o
1 0. 1 )
B= | 0 0 103 | Bg-—| 0 0O 18, |
6V |75l |,B3| 0 oVIlrsl 1841 o
0 1651 |ysl 0 19,41 |74l
19;1 o 1Bl 16,1 o B

[B] = augment ([By], [B;], [Bs], [B4])

[B]=
-0.5 0 0 0 0 0.5 0 0 0 0
0(-0.75 0 0 0 0| 025 0 0 0.5 0
0 0(-0.75 0 0 0.5 0 0| 025 0 0
-0.75| =05 0 0 0 0.25 0.5 0 0.5 0 0
0[-0.75|-0.75 0 0.5 0| 025]| 0.25 0 0.5
-0.75 0| —-05 0.5 0 0| 025 0 0.5 0 0 0

11.2(a) Use Equation (11.2.18) and substitute [B] from 11.1 (a) and [D] from Equation (11.1.5)
into Equation (11.2.18)

[k]1= [B]"[D] [B] V

1 2 3 4 5 6 7 8 9 10 11 12
1 0 0 0 0 05 0 05 0 0
2 0 0 05 0 0 0 0 -05 0
[B]= |3 0 0 05 0 0 0 0 0 0 05
4 0 0 0.5 0 0 0 05 0 05 05 0
5 0| 0.5 0 0 0 0.5 0 -05 05
6 05 0 0 0 0 05 05 0 -05
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v=103 E=30x10°

1-v v Y 0 0 0
0 1-v 0 0 0
0 1-v 0 0
1-2v
(D] = E 0o 0 0 0 0
(1+Vv)(1-2v) 2
1-2v
0 0 0
2
1-2v
0 0 0 0 0
2
_ T
[kI=[B]" [D] [B] V
1 2 3 4 5 6 7 8 9 10 11 12
1 3.846 0 0 0 0fo0 0 0 3.846 -3.846 0 -3.846
2 0 3.846 0 0 0fo0 0 0 3.846 0 -3.846 —3.846
3 0 0 13.462 0 0fo0 0 0 0 0 0 13.462
4 0 0 0 3.846 0fo0 0 3.846 0 —-3.846 —3.846 0
5 0 0 5.769 0 13462 | 0 0 0 0 0 13.462 —5.769
klI= 6 0 0 0 0 0]0 0 0 0 0 0 0
7 0 0 5.769 0 5769 | 0 13.462 0 0 13.462 —5.769 —5.769
8 0 0 0 3.846 0] 0 0 3.846 0 -3.846 —3.846 0
9 3.846 3.846 0 0 010 0 0 7.692 -3.846 —-3.846 ~7.692
10 -3.846 0 5769 3846 5769 | 0 13462 -3.846 | -3.846 21.154 9.615 9.615
11 0 3846 5769 -3.846 13462 | 0 0 -3.846 | -3.846 3.846 21.154 9.615
12 3846 -3.846 13.462 0 0fo0 0 0| -7.692 3.846 3.846 21.154
Ib
6 T
x 10 1n.

(b) Evaluate the stiffness matrix for the element shown

1-v v v 0 0 0
0 1-v 0 0
0 1-v 0 0
1-2
(D] F 0 0 o0 Yoo o0
(1+V)(1-2v) 2
1-2
0o 0 0 V'
2
o 0 0 0 1-2v

[k]= [B]" [D] [B] V
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113 (a) {e} =[B] {d}

Ex 000000400 -4 0 0
&y 000040000 0 4 0
€] _10 04000000 0 0 —4
Yy 810 0 0 4 0004 0 —4 -4 0
Yy 040004000 0 —4 -4
Vn 4 00000004 -4 0 —4]
0.005
0.0
0.0
0.001 " 0.003
0.0 0.0
L J 0001 |-00025]| in.
0.005 0.001 | in.
0.0 -0.002
0.0 0.0005.
—0.001
0.0
10.005
{o} = [D] {&}
Gx 07 03 03 0 0 0] 0003 779
Ty 03 07 03 0 0 0 00 8.65
Oz _ 30x10° 03 03 0.7 0 0 0 |]-0.0025[ _|-490 | ,
Ty (1+03)1-2(03) 0 0 0 02 0 0 || 0001 115
Ty, 0 0 0 0 02 0 [[-0002 -23.1
Ty Lo 0o o o o 02l 00005 L 577
(b)

Nodal displacements (in.)
u; = 0.005 vi=0 w=0
u, = 0.001 V=0 wy=0.001
uz = 0.005 ;=0 w=0
us=-0.001 vw=0 w=0.005
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U u, Uy u,
{di} = | v {do} = | v, {ds} = v {daf = v
W W, W, Wy

{d} = StaCk({dl}a {dZ}s {d3}a {d4})
Material properties
E=30x10° v=03

Element strain matrix ([B] from P11.b)

{e} = [B] {d}
0
0
4
. 5x10 m
—3%107 |in.
255107
—2%10 3
Determine constitutive matrix
1-v v 0 0 0
v 1-v 0 0 0
E Y v I-v 0 0 0
D]= —— -
(1+w(1-2v)| 0 0 0 2 0 0
I-2v
0 0 0 0 2 0
1 2v
0 0 0 0 0 2

Determine element stresses
{o} = [D] {¢}

8.654x10°
8.654 % 10°
2.019 10* ,
{o} = o (Psi)
~3.462% 10
2.885% 10*

—2.308x10*

11.4 The strains and stress are constant in the 4-noded tetrahedral element.

115 Use Equation (11.2.10) for the shape functions N; — Nj. Substitute [N]; xi, from
Equation (11.2.9) and {X} from Equation (11.2.20a) into Equation (11.2.19), {fp}12x1 =

xbl Vv Xp
|Iu mN]sz-3 Y, ¢ to showatnodei, { fq b= e Yy
2] 2
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(2)

125 0 10 0
Bi=—1 0 25 =-625 B,=[1 0 25 =
1 0 0 1 0
1 0 0 1 0 0
Bi=—1 25 0 =0, Bi=|1 25 0|=625
1 0 0 1 0 25
125 0 1 10 0
=11 25 25 =-375, p=-[1 0 25=750
1 40 0 1 40 0
1 10 0 1 10 0
p=11 25 0 =0, yva=—{1 25 0| =-375
1 40 0 1 25 25
1 25 25 1 10 0
di=-|l 25 0|=-375,&%=|l 25 0 =0
1 40 0 1 40 0
110 0 110 0
Sy=—|l 25 25 =750, =1 25 25 =-375
1 40 0 125 0
110 0 0 2% 25 0
ov=|1 2 B 0 _1C12hs o 25
1 25 0 25 0 0 0
1 4 0 0
1 25 0
+10-1° |1 0 25 =18750
1 0 0
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(<625 0 0 o0 0 0 0 0 0 625 0 0 |
0 -375 0 0 750 O 0 0 0 0 =375 0
[B] = 1 0 0 =375 0 0 0 0 0 750 0 0 -375
18750| 375 -625 0 750 0 0 O O 0 -375 625 0
0 =375 375 O 0O 750 0 750 O 0 —-375 =375
L—375 0 —-625 0 0 0 750 O 0 375 0 625
(®)
(10,7, 0)
y
(42,0  (12.2.0)
3
(10,2, 5)
X1 =4 X =10 X3=10 X =12
yi=2 Ya=7 y3=2 ya=2
z=0 =0 =5 z=0
1 % Y1 4
v 11 X% Y 3
61 % ¥5 %
1 X Ya Z
X Y, Z 1 » % 1 % 5 1 % ¥
a= % v | Bi=—1 5 B|y=(1% L o=- X Y5
X Vi Z 1 Yo 4 1 % 2% 1 % Y
X Y oz 1 B 2 1 X 3 1% %
=% Yy, | B=1 Y Bl pr=—|1% B|k=|1% %
X Y4 Z 1 Ya Z 1 % Z 1 X Vs
X Y 3z 1 Y 4 1 % 7 1 % %
a= % Y, =1 Y2 Z2fp=|1 % % =—1 X% ¥
X Y4 Z 1 Ya 4. 1 X %4 1 X% Ya
X Y % 1 Y 4 1 % 4 1 % %
a= % YV L=l Y2 L|pu=—|1 % Z|&u=|1 %X ¥
X Yy Z 1 Y5 5. 1 5 3 1 % V¥
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Bio o B 0o o
0o Y1 o0 0 72 0
1o o 9 1o o0 9
Bi]l= — [B] = — [Bs]
: Vi Boo VI v, Boo
0 6 7 0 6 72
.51 0 ﬁl. 52 0 }'32.
[B4]
[B]= ([B1] [B2] [Bs] [Bs])
[(—0.125 0 0 0 0 oo o
0 -0.05 0 0 02 01fl0 o
(8] - 0 0 0050 0o o0 o
-0.05 -0.125 0 02 0 01 0 o0
0 -0.05 —005] 0 0 02/ 0 02
[\ —0.05 0o -0125/A0 o0 0./.02 o0
11.7 (a) {& =[B] {d}
(see [B] from Problem 11.6 above)
0.0
0.0
0.0
£y 0.01 0.00
£y 0.02 0.0006
£ 0.01 0.0
1724 =[B] = .
Yy 0.02 0.000733
Vyz 0.01 0.0004
¥ x 0.005 0.00113 .
0.0
0.01
0.01
Ox [0.7 03 03
Gy 03 0.7 03
o, _ 210x10° (03 03 07
Ty (1+0.3)(1-2(0.3))| 0o 0 0
Ty o 0 o0
T, Lo 0 0
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By 0o o

0 ¥ 0
_1lo o &
V| 7y B 0
0 9 T3

53 0 ﬁ3

fB4 0 0

0 ¥4 0
1lo o %
6V iy, B, 0

0 9 ¥,

.54 0 ﬁ4
030125 0 0 ]
0l o0 -015 0
021 o 0 =015
0 |[-0.15 0.125 0
0l o -015 -0.15
0/—0.15 0  0.125/]
o o ol o
0 0 0 |]0.0006
0 0 01 o0
02 0 0 [|0.00073
0 02 0 ||0.0004
0 0 0.2]l0.00113




7
169.6
_ 172710 \pa
59.2
32.3
91.5
117 (b)
u =20 vi=0 w; =0
U= 0.00001  v,=0.00002 W =0.00001
us=0.00002  v3=0.00001  ws=0.000005
Us=0 V4= 0.00001  w;=0.00001
1-v v 0 0 0
v 1-v 0 0 0
E v v 1-v 0 0 0
[Dl= —=7 5o 1=2v
(1+v)(1-2v) | o 0 0 2 0 0
o 0o o o T o
0 0o o0 o0 o &

0 1 2| 3| 4| s| 6| 7 8 9
0| 125 o of ol of o of of ol 125
1 0| -50 o] of20] o] o o 0 0

B]=| 2 0 o] 50| o] ol of of ol 200 0
3| —s50| 125 0[200] o] o] o] o 0| -150
4 o] 50| 50| of o]200]| o] 200 0 0
5[ 50 o[ -125] o o] of200] o 0 -150

u
Vi
W,
u, Oy
A o,
disp = " 92| _[D] [B] {disp}
U; Txy
V3 Ty,
W3 sz
Uy
Vy
Wy,
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1.963W 103

o
g, 5.236%10°
o, | _ | 1.309%10°
Ty 2.127 x10°
Ty, 654.48

T

2 3.436x10°

11.8
Uu=a +tapXx+azy+tayz
+asxXy+agxz+asyz
+agxX tagy’ +an?
Similar expressions for v and w. Figure P11-8

11.9 Loads must be in the y-z plane (in the plane of the plane elements).
11.10

Using Equation (11.3.3) and Figure 11.5

N = A S)AHT)AT 77)
8

N, = (lfs)(lfgt)(l-i- Z) ’

(Sl == 1’ t1:7 15 21:1)

N, = (-9 ;t)(l ~7) ’

(&=-1,4=-1,Z,=-1)

Ny = (=900 7)

3 ,(53:—1,t3:1,23:—1)

_ (-9d+t)d+ Z)
8

Ny ,(&=-1L,u=1,2Z4=1)

Ns = (1+9s)1 ;t)(l + 7))

7(%:l7t5:715z5:1)

1+ s)(1+H)1-2)
Ng = g

9(56:19t6:_15z6:_1)

N, = (l+s)(l-;t)(1—z’)’(s7:1’t7:1’z,7:_1)
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1+ )1+ )1+ 2)

N =
s 8

,(&:l,tgzl,z'gzl)

11.11 Quadratic hexahedral element (see Figure 11.6)
By Equation (11.3.11)

N = 1+ ss)(1+tt)(1+ Z22)

2 (ss +tt+ 27 -2)

Node 1
S|=71,t1=71,z'1=1

N = (1—s)(1—8t)(1+ Z) Cs_t4z-2)

Node 2
9=-1Lb=-1,Z,=-1

_ (=-9d-pHd- 7)

N —-s—t-7Z-2

> " ( )
Node 3

53:*1,t3:1,2'3:*1

N; = (I—S)(l-;t)(l—z) (-s+t-7Z-2)
Node 4

s1:719t4:15z4:1

N, = (1—s)(1;t)(1+z) Cstt+7-2)
Node 5

55: 1,t5:—1,2'5:1

Ns = (I+9s)(1-t)(1+2) (s—t+7-2)

8
Node 6
S = 15t6:71’ z6:71

N 0 s)(1—8t)(1 - 7)

(s—t—7-2)

Node 7

S = 1,t7:1,2'7:—1

N, = A+ s)(1+t)(1-2)

s+t—-72-2
" ( )
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Node 8

s=1,t3=1,Zg=1

_ (+9+t)1+72)

Ng e (stt+Z-2)
11.13
V4
l_ 17.9 MPa
Outer free face corner node deflections (z-direction)
Pt A=-0.000231 m Pt B=-0.000224 m Pt C=-0.000187 m Pt D=-0.000187 m
pL’ 0.2) (0.06)°
Mechanics of materials, 0= E =-0.000208 m, where | = % =36%x10°m’
9 N
L=05m,P=3600N, E=200x10" —
m
The corner node answers from computer program Algor. Note the classical mechanics of
materials solution gives the maximum deflection for a load applied through the centroid
not offset.
st
§1113 MaximurrnEF'S?inl:ipal
NAm*2)
2.525828e+007
2.18429e+007

1.842752e+007
1.501214e+007
1.1596762+007
8181380
4765999
1350818
-2084763
-5480143

BancenA
)

L

Load Case: 10of 1

i A EAESAR L AAT R A
L 2. GegUdETULT NI £
0.000

Minimum Value: —B.BBSSZede:Eﬂm 74| I 1 1
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Displacement
Z Component
m

4.279207e-007
-2.263954e-005
-4.570699e-005
-6.877445e-005
-9.184191e-005
-0.0001149094
-0.0001379768
-2.0001510443
-0.0001841117
-0.0002071792

A ANAASAAAST
RERE ST

P 11-13

W

Load Case: 10f1

Maximum Value: 4 27921e-007 m
0.000 0.174 m 0.347 0.521

Minimum Value: -0.000230247 |

11.14  (Load replaced with concentrated end load)

P11.14 Sress
von Mises
Niram*2)

117.8129
106.0459
9427891
8251192
70.74493
58.97795
47.21096
3544398
2367699
1191
01430169

Load Case: 10f1

Maximum Value: 117.813 W(omrn”Z)
1000 83.573 mm 127.146 190.718

Minimum Value: 0.143017 Nf(m

P11.14 Displacement
Magnitude
mm

0.4390647
0.3951582
03512518
0.3073453
02634388
02195324
0.1756259
0.1317194
0.08781294

[ 5 "
Load Case: 1of 1 i

Maximum Value: 0.439065 mm 2,
0.000 83573 mm 127 145 100.71&
Minimum Value: 0 mm :
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11.15

Displacement
Magnitude
in.

2.085641e-005
1.877077e-005
1.668513e-005
1.459040e-005
1.261386e-005
1.04282e-005
8.342563e-005
6.256923e-005
4.171282¢-005
2.085641e-005
0

Load Case: 1 of 1

Maximum Value: 2.08564e-005 in Y
Minimum Value: 0 in

Figure 5 Flap valve with maximum displacement of 2.09 x 107 in.

Conclusion and recommendations

The applied pressure of 2.318 psi on the annular region of the flap valve with the clip ears
supported on both sides, resulted in a maximum von Mises stress of 31,001 psi. The safety factor
with the applied pressure is 2.0. It is recommended to use a pressure no greater than 2,318 psi
during the operation of the compressor with this flap valve.

11.16

Nodal Displacement
Y Component
in

0.0.0006723852
4.077638e-005
0.0005908325
0.001222441
0.00185405
0.002485659
10.003117268

S H
Load case: 1 of 1
Maximum value: 0.000672385

Minimum value: 0.005643703

Figure 1 Displacement of our designed s-block

405
© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



Stress
von Mises
Ibf
in”2
43667.67
39302.82

30573.11
26208.25
21843.4

17478.64
B 311369
B 8748 834

‘W 4383.979
L 10.1242

Load case: 1 of 1
Maximum value: 43667.7

Minimum value: 19.1242

Figure 2 von Mises stress on our designed s-block
(Final thickness = 0.25 in.)
11.17

Determine the thickness of the device such that the maximum deflection is 0.1 in.
vertically.

Revised geometry

Figure 1 Inventor Model Dimensions
(Final thickness = 0.75 in.)
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(2) 3000 Ibf
Forces

Fixed Surface |
Constraint

Stress
von Mises
Ibf

in"2
45000
40500
35000
31500
max von Mises 27000
Stress ~ 40ksi

Figure 3 von Mises Stress Distribution (0.75 in. thick)

Hodal Displacement
¥ Component
in

0.04358873
0.03873311
0.03387748
0.02802185

max nodal Y 0.024185823

displacement 0.0183108

~ 044 in 0.01445968
0.009599351
0.004743725
0.00011 10008
000407627

Figure 4 Vertical Displacement Distributions
Maximum displacement = 0.0436 in.
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11.18

Model Variables
Variable Value
Material 1035 quenched & tempered steel
Modulus of Elasticity 200 MPa
Force 150 N
Yield Strength 615 MPa
Maximum von Mises Stress 758 MPa
Maximum Displacement 4.13 mm
Algor Results
P11-18 Stress
von Mises
NAmm*2)
R YR 758.8013
..::;?Ef-,‘:':if_”’;:”’;%f H 652 9956
L e x v . T e e ==
531.384
455.5783
3797725
303.9668
228.161
152 3553
76.5495
07437382
Load Case: 10of 1 e
Maximum Value: 758.801 W(‘l;ng‘fz) e - e o l
Minimumn Value: 0.743738 NAM{T2] e q z
Figure 4 von Mises Stress (MPa)
P11-18 Displacement
Magnitude
mm

Load Case: 10f1

Maximum Value: 4.13201 mm
0.000

I T w
T
:‘:;‘:’#’Ii””’l"’l

4.132008
H 3.718807
33205807

2892406
2479205
2066004

1652803
1.239602
0.8264017
04132008
0

Minimum Value: 0 mm I

21.151 mm 42.302 63453 l
1 I ]

© 2012 Cengage Leaming. All Rights Reserved.

Figure 5 Displacement (mm)
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11.19

Stress
Maximum Principal

Tl 4 i A
I Ly

10079.87
8936.603
7793.34
6650.077
5506.814
4363.551
3220.289
2077.028
933.7626
-209.5003
-1352.763

p
Load Case: 10of 1 F
o

Maximum YValue: 10079.9 Ihffslai“n?)

z

0.420 in 18.840 28.260
Minimum Value: -1352.76 Il:lf.-‘(irll"z I I | 1

Maximum principal stress is 10080 psi.

11.20
von Mises Stress

Stress
von Mises
N/(mm*2)

218.7735

196.9065

175.0396

153.1726

131.3057

109.4387

87.57179

65.70485

43.8379

21.97096

0.1040107

? 0.000 198.050 mm 397916 690974
Load Case: 1 of 1 = = e ot

Maximum Value: 218.773 N/(mm”2)
Minimum Value: 0.104011 N/(mm*"2)

The yield strength of AISI 4130 is approximately 360.69 MPa (from eFunda).

N
mm?’

218.8 MPa. This is over 100 MPa below the yield strength, so this will not fail due to
static loading.

Converting the maximum von Mises stress of 218.8 into MPa gives approximately
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11.21

Stress
von Mises
1bf/(in”2)
5250937
i 4725.847

14200.756
3675.666
3150.575
2625485
2100.395
1575304
11050214

525.1235
0.03305248

Load Case: 1 of 1
Maximum Value: 5250.94 1bf/(in”2)

Figure1l von Mises Stress of part.

With yield strength of 6,000 psi and a max von Mises stress of 5250 psi, it is getting
close to failing due to the total weight of the entire car placed on one wheel. Under

normal operation conditions the actual weight placed on a front wheel is less than one
quarter of the entire car weight.

11.22

With 6,282 elements Algor calculates higher stresses. Figure 7 shows the von Mises
stress for analysis with 6282 elements.

Stress
von Mises
Ibf/(in2)
245318
2208592
19640.04
Wt 17194.16
14748 28
123024
;- 9856.52
- 7410.639
- 1964.758
b 2518.878
72.99691

Figure 7

The yield strength of the material is 53,700 psi and the maximum von Mises stress is
24,530 psi so the hitch has a factor of safety of 2.18 when analyzed with 6282 elements.
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11.23
Solution: C bracket

b
Maximum von Mises stress = 1681.273 —
in.

Stress
von Mises
1bf/(in2)

1681273
1513536
1345799
1178061
1010324
8425865
6748491
S07.1117
3393743
1716369
3899544
Load Case: 1 of 1
Maximum Value: 1681.27 Ibf/(in"2)
Minimum Value: 3.89954 Ibf/(in"2) X
0.000 2170 in 4352 0.528
[ = e |
Figure 2 von Mises Stress
Maximum deflection = 0.0041 in.
Displacement
Magnitude
in.
0004114153
W 0003702738
0003291322
0.002879907
0.002468492
0002057076
0.001645661
0001234246
0.0008228306
0.0004114153
‘:I;
[Ty
1|H‘"Hffn‘
I'n““ 1
lnﬁ%’i{!ina
T
b Y
X
0.000 2198 in 4390 0.604
Load Case: 1 of | P e e e o e i ]

Maximum Value: 0.00411415 in
Minimum Value: 0 in

Figure 3 Maximum Deflection

11.24

The von Mises plot of the loader under loading is shown below in Figure 2. Iam looking
for the load that caused the loader to break. For this to happen, there is no factor of

safety, However, based on the von Mises plot, you can see that much of the loader has a
near infinite safety factor.
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Stress
von Mises
Ibf/(in*2)
44251.27
39926.22
35401.17
30976.12
26551.06
22126.01
17700.96
13275.91
8850.854
4425.802
0.7494307

Load Case: 1 of 1
Maximum Value: 44.251.27 N/(mny*2)
Maximum Value: 0.749431 N/(mm”2)

00

Figure 2 von Mises Plot

I found that a load of 2200 pounds applied on three sides of the right lower arm (left in
the above figure) in a counter clockwise direction caused the loader to fail. This loader
put the loader under 44251 psi, which is just over the yield strength. It appears it failed
roughly six to eight inches above the end of the arm. This is very near where the loader
broke this spring.

11.25

Stress
von Mises
N/(mm”2)
g 534.3161
480.8845
427.4529
374.0213
320.5897
267.1581
213.7265
160.2949
106.8633
5343174
0.0001408189

Load Case: 1 of 1

Maximum Value: 534.3161 N/(mm"2)
Maximum Value: 0.000140819 N/(mm”2)

0.000 41.165 mm 92311 128400

Figure 3 von Mises plot due to 250 Ib rider (maximum stress is 534.3 MPa)

11.26
The load of 185 psi placed on the top of the piston head with the wrist-pin hole fixed on
the top side to represent resistance on the piston head by the connecting rod. This is
ample constraint because in a real internal combustion engine, the pistons are not frozen,
but allowed to travel up and down with minimal friction resistance.
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Stress
von Mises
1bf/(in"2)
5976.335
5389.776
4803.217
4216.658
3630.099
3043.54
2456.982
1870.423
1283.864
697.3051
110.7463

The maximum von Mises stress of 5976 psi is less than the yield strength of the material
(0y= 44,200 psi)

11.27

P11-27
Stress

von Mises
(mm2)

186.187
167.2878
146.9886
130.3833
111.7901
93.18087
7459183
559924
37.38317
18.7933%4
0.1347098

0.000 41.435 mm 92,869 124.304 X

(Largest von Mises stress is 186 psi) located inside surface of hole.
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Chapter 12

Solve these problems using the plate element from a computer program.
12.1 A square steel plate of dimensions 20 in. by 20 in. with thickness of 0.1 is clamped all

around. The plate is subjected to a uniformly distributed loading of 1 Tg’; Using a2 by 2

mesh and then a 4 by 4 mesh, determine the maximum deflection and maximum stress in
the plate. Compare the finite element solution to the classical one in [1].

AISI 4130 Steel

Displacement
Z Component

in

P12-1 g 1
4% 4 Mesh m——ﬁ H -0.006738158
v 3 ] \ "~

5.01357632
-0.02036447
002715263
-0.03394079
-0.04072895
- -0.0475171
L A=l || -0.05430526
-0.06109342
-0.06788158

1<
[
(A
e

“
14
&
o

NEE FivEm

Load Case: 1o0f1

Maximum Value: 0 in

0.000 20804 in 41,787 62681
Minimum Value: -0.0678816 in | 1 I ]

Stress
Tensor ¥-X
Ibt/(in"2)

8009 857
H 6407 886

AP P
T

3203 943
1601.971
4.547474e-013
-1601.971
-3203.943

| -4805.914

[ ool

P12-1 44 Mesh

3

Maximum Value: 8008.86 IWS!&?)

Load Case: 10f1 - .‘:’
X

Minimum Value: -8009.86 Ibmlr:“a I 1 1
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Plate bending
20" x 20" x 0.1" 4130 steel plate

Clamped all the way around with a 1 psi load.

Mesh size Minimum stress Maximum stress Maximum deflection
2%x2 3440.01 psi 3573.76 psi 0.0785 in.
4 x4 668.06 psi 7046.06 psi 0.06788 in.

Analytical solution: (A.C. ugural, plates and shells McGraw Hill)

4 : 17\ 4
Whax = P?a (0.00126) = Apsh) @07)" (0.00126) = 0.07339 in.

2.7470x10°
where
3 (§ 3 6
__Et : _(30x10 )(;).1) _0.03x10 22.747”03.1_13
12(1-v%) 12(1-3% 0.91)12 in.
6M .. (00513 p,a’)

Omac = — 57 = 2

t t

= 12312 psi

12.2 An L-shaped plate with thickness 0.1 in. is made of ASTM A-36 steel. Determine the
deflection under the load and the maximum principal stress and its location using the
plate element. Then model the plate as a grid with two beam elements with each beam
having the stiffness of each L-portion of the plate and compare your answer.

Figure P12-2

& A 8 pEE

o"o'
44
2
&
!

"
0.0

D
)

X
&

L)
$

%
&

A
e
!

’:
)
)

%
":’:‘0
%

S0

’0:0:0’0'0’
0

&

&)

&
:o

&
X

g
’Q
¢

4
(O
4
4

&
0
&
&
X
"

40
(X
%

&
5%

%)

()
‘b

O
O

4
BN
&)
2
&
A

Figure 1: Plate Bending Mesh with Boundary Conditions and Nodal Force
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Stiess
taximum Principal
1biA(in"2)

e 26536 67
- 23883

2122033

- 18575 .67

- 15022

- 1326833

- 10614 67

7961

- 5307.333

2663 667

-5.220505e-011

0.000 13.727  in 27.455 41.182
[ - [ I |
L fies I |

Figure 2: Plate Bending Maximum Principal stresses (psi)

Nodal Displacement
Z Component
n
001407301
-0.09605174
-0.2061765
-0.3163013
-0.426426
-0.5365508
-0.8486755
-0.7568003
-0.866025
-0.9770408
-1.087175

Load Case: 1 of 1 Z

Mandmu Vﬂ% 0. U1q91§9m in 38.205 §4.308

| | B |
Minimum Varurt 1 rlﬂ71‘d TR | |

Figure3 Nodal Z Displacement (in.)

12.3 A square simply supported 20 in. by 20 in. steel plate with thickness 0.15 in. has a round
hole of 4 in. diameter drilled through its center. The plate is uniformly loaded with a

load of 2 £ Determine the maximum principal stress in the plate.
m.

Figure P12-3
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Displacement
X Component
in

0.155109
0.1395981
0.1240872
G.1065763
0.09306541
0.07755451
0.06204381

0.04653271
00310218
0.0155108

Load Case: 10f1
__

Maximum Value: 0.155109 in z'l\ 7
0.000 0831 in 19.063 20904
1 I ]

Minimum Value: 0 in I I I | X

Stress
van Mises
Ibt(in*2)

17512.02
1577065
14029.28

Ay A
1£00 .31

1054653
8805.162
7063.791
5322.418
3581.048
1839.676
98.30477

P 12-3

Load Case: 1of 1

Maximum Value: 17512 IDﬂ(In‘;ZJn
0 0733 in 19.480 20.100
T ]

Minimurn Value: 98.3048 Ibt/(in2T I 1 i X

From the Algor analysis, the maximum principal stress was determined to be 10152.22 psi.

The precision of the von Mises stress was very close to 0.1, therefore, the results were
deemed feasible.

Stress (psi) Displacement (in.)
von Mises | Maximum X Y Z Magnitude
Principal
Maximum 9041.787 10152.22 —0.0468 0 0 -0.0468
Value

12.4 A C-channel section structural steel beam of 2 in. wide flanges, 3 in. depth and thickness
of both flanges and web of 0.25 in. is loaded as shown with 100 Ib acting in the y
direction on the free end. Determine the free end deflection and angle of twist. Now
move the load in the z direction until the rotation (angle of twist) becomes zero. This
distance is called the shear center (the location where the force can be placed so that the
cross section will bend but not twist).
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100 Ib

=
sz\}/ \<> ¥

Figure P124

Stress
Maximum Principal

1bf

in"2
60.74385
54.6708
48.59776
42.52471
36.45167
30.37863
24.30558
18.23254
12.1595
0.086451

L 0.013407334

100 1b load 10" below channel
Minimal twist

Nodal Displacement
Magnitude
in
0.003076392
0.002768753
0.002451114
0.002153475
0.001845835
0.001538196
0.001230557
0.0009229177
0.0006152785
0.0003076392

0

100 1b load
One end fixed

Need to apply load at shear center. See Table 5-1, Chapter 5, (P-263).

12.5 For the simply supported structural steel W 14 x 61 wide flange beam shown, compare the
plate element model results with the classical beam bending results for deflection and
bending stress. The beam is subjected to a central vertical load of 22 kip. The cross-sectional
area is 17.9 in.z, depth is 13.89 in., flange width is 9.995 in., flange thickness of 0.645 in.,
web thickness of 0.375 in., and moment of inertia about the strong axis of 640 in.!

22 kip

Figure P12-5

418

© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



PL (22 K)(2407)?
48El  48.29 x 10°ksi x 640 in.*

=—-034in.

‘Classical” Beam method matches finite element plate model Nodal Displacement
Y Component
in
0

—0.03413793
—0.06827586
-0.1024138
—0.1365517
-0.1706897
-0.2048276
—0.2389655
-0.2731034
-0.3072414
—0.3413793  largest disp.

\

‘Classical’ Beam method

Beading Stress About Local 3 Axis

bt
in"2
M, = 120¥ 11k= 1320 kip-in.
14505.40 largest bending stress
(13.89¢) ~13054.94
- Mc_ (13200 5 116044

| 640 in# -10153.85
-8703.206
= —1432ksi —7262.747
—5802.198
Finite element model gives _4351.648
s = 14.5 ksi —-2901.009
—1450.549

\ —3537979¢-012

12.6 For the structural steel plate structure shown, determine the maximum principal stress
and its location. If the stresses are unacceptably high, recommend any design changes.
The initial thickness of each plate is 0.25 in. The left and right edges are simply

supported. The load is a uniformly applied pressure of 10 T;llbz_ over the top plate.

Figure: P12-6
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Stress
von Mises
Ibf
in"2
56547.62
50963.76
45379.9
39796.04
3421218
2862832
23044 46
17460.6
11876.74
6292.881
709.0211

This problem was a plate element analysis problem with plates that I assumed were
made from ASTM A-36 steel. We were asked to determine the maximum principal stress
and its location for the structure. We were asked to start with a plate thickness of 0.25 in.,
and if the stresses were found to be unacceptably high, we were to recommend design
changes. A comparison of the results for a range of thickness is as follows.

b
Maximum von Mises Stress [ — J

n™
0.25 in. thick plate 56,547.62
0.375 in. thick plate 25,194.28
0.50 in. thick plate 14,205.43

ASTM A-36 steel has the following strength properties.

e S=581080 ksi

s §,=36ksi minimum
Therefore, the stress levels in the structure would lead to failure with the 0.25 in. thick
plate using the MDET (maximum distortional energy theory). The 0.375 in. thick plate
could be used allowing a factor of safety equal to 1.43 using the MDET. This is a small
safety factor, and I would recommend using the 0.50 in. thick plate to construct the
structure, which allows a more comfortable safety factor of 2.53 using the MDET.

12.7 Design a steel box structure 4 ft wide by 8 ft long made of plates to be used to protect
construction workers while working in a trench. That is, determine a recommended
thickness of each plate. The depth of the structure must be 8 ft. Assume the loading is
from a side load acting along the long sides due to a wet soil (density of 62.4 %) and

varies linearly with the depth. The allowable deflection of the plate type structure is 1 in.
and the allowable stress is 20 ksi.

Figure P12-7
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Solution method

I first attempted to solve the problem by examining the long side and short side of the box individually,
rather than as a welded assembly. It was felt that once believable results were obtained from modeling
each side as an individual plate, the model could be expanded to include the entire box.

However, Algor appears to have a glitch so that its ‘surface hydrostatic pressure’ feature does not work.
Therefore, | was unable to easily apply a linearly varying pressure along the surface of a plate.

To get around this problem, I tried to break the side plate of the box into 4 vertically stacked
sections (different Algor parts) and then applying a different pressure to the surface of each
section so that it approximated the linear pressure distribution of the soil. However, Algor failed to
recognize the applied surface pressure on 3 of the 4 sections. So this model was deficient also.

To solve the problem, I was forced to apply loads directly to the nodes. To facilitate the selection
of the nodes and to make the nodal forces regular and repeatable, the plate was manually meshed
into a convenient rectangular pattern. Four different nodal loads were used to approximate the
linear pressure distribution.

Results

For the short side of the box (48" wide x 96" deep), it was found that a 38— thick plate was as thin as

could be used and still meet the given design criteria. Using simply supported boundary conditions, the
maximum von Mises stress was 19.9 ksi and the maximum deflection was 0.76". The maximum stress
was located at the bottom corners, which is typically an area of high stress for rectangular plates.

These results were than compared to equations found in Roark’s ‘Formulas for Stress and Strain’.
From Roark, the maximum stress was 18.2 ksi and the maximum deflection was 0.68 in.

The same analysis was performed for the long side of the box (96" square). It was found that a
0.75" plate was right at the margins of acceptability for deflection. The Algor and hand
calculations for both sides of the box are summarized below.

Algor model Hand Calc.
von Mises (ksi) | Deflection (in.) von Mises (ksi) Deflection (m)
Long side of box 14.5 1.06 11.36 0.93
(3" thk x 96" sq)
Short side of box 19.9 0.76 18.18 0.68
(% " thk x 48" x 96" dp)

Comments

For both sides, the Algor model predicted higher stress and higher deflection than the hand
calculations. I suspect the difference in results can be attributed to two sources. One, the stepwise
variation of pressure that I was forced to use in the Algor model to approximate the hydrostatic
pressure. The other is due to the coarseness of the mass.

Nodal loads to approximate hyprostatic pressure variation as function of depth
0o = Yy a= Maximum pressure

2
=624 l—b 8 ft lf,‘t
f®3 12in.

= 3.467 psi soil pressure at 8" depth
Assume linear pressure profile

x= depth

X
ax)= qo—0o —
a
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= q(1-2)
a

For Step 1

q(x= a):q0%23.04psi
For Step 2
3 5
X= = a)==- 0,=2.17 psi
a( 3 ) 8% p
For Step 3
a)=

qx= 0o = 1.30 psi

oo |
oo | L

For Step 4
7 1
X= — a)=— Qo= 0.43 psi
al( 3 ) 8Q0 p

Forag" x g" mesh, the area supported by a interior node is, A, = ¢

2
For ag" x g" mesh, the area supported by a perimeter node is Ap = 97

. 48.641b
Let g =4"" = nodal force for step 1 interior node = (3.04) (4)’ = —d
ode
" : 4? Ib
Let g=4"" = nodal force for step 1 perimeter node = (3.04) — =24.32
2 node
etc. ...
0 psi
I
a
} Step4 %a
3
]
Step 3 Sa
a=96¢ j 8
i a X
Y 2
Step 2 % a
_j i a
— ] 4
Step 1 La
/ ) “
—a—]
do (psi) 0

Manual mesh

Stepwise approximation of soil pressure
Simple support boundary conditions
Short side

L

7
48" wide x 96" Deep x ) thick

4" square mesh
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Stress

von Mises
Ibf
592 # NODE INTFRNAL in"2
.47% MODE PRRIVIFTTR 10022.08
17937 6
15853.13
13088 67
e 118842
@000.738
8015273
Neczl orce 6030809
~70.3 # NTTRTOR 40498 344
104 £/NODE P=RIMETER 2061 879
!y 774148
]
w Il 34.72¢ NODRINERIOR
g 11.36/NODF PERIMETER
b
-
T
L

£8.644/NODFE INTERIOR
21.22/NODE PERIM=ZTER

Y

Manual mesh

Stepwise approximation of soil pressure
Simple support boundary conditions
Short side of box

-

48" wide x 96" deep * % thick

4" square mesh

Displacement
Magnitude
in

0.7630835
08887571
0.6104508
05341444
0.4578381
0.3815317
03052254
0278810
0.1526127
0.07630635
o

Manual 4" square mesh
Stepwise approximation of soil pressure
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Simple boundary conditions
Long side (96" square)
0.75" thick

Stress von Mises
Ibf
_qsil!‘"‘-"ﬂ i in"2
3 14408 .60
13062 04
& 11625.30
" 10188.74
* : 8752005
: 7315948
5878 708
- 4442 45

3005.501

by 1568 853
Lole 132 2047

Manual 4" square mesh

Stepwise approximation of soil pressure
Simple boundary conditions

Long side (96" square)

0.75" thick

Displacement

Magnitude
mn
1.08228

09560341
0.8408081
0.7435821
0.6373561
053113
0.424004
0.3186878
0.212452
0.106226
]
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12.8 Determine the maximum deflection and maximum principal stress of the circular plate
shown in Figure P12-8. The plate is subjected to a uniform pressure p = 700 kPa and
fixed along its outer edge. Let E= 200 GPa, v = 0.3, radius r = 500 mm, and thickness
t=12 mm.

Analytical solution

Prf _ (700,000) (0.5)"
64D 64(2.013®10°%)

Whax =

=0.0217 m

D =0.091 Et’
=0.091 (200 x 10°) (0.012)

=2.013 x 106 Ib -in.

———%—» X

Figure P12-8

P12-8 Stress
von Mises

N/(m2)
5.020272e+007
46766954007
4,337118e+007
3.995542¢+007
3.653965e-+007
3.3123688e+007
2.970812e+007
262923564007
2.287658-+007
1.946081¢+007
1,604505e+007

O

-

Load Case: 10f1

Maximum Value: 5.02027e+007 Nf(m*2)
0.000

IR AN

Minimum Value: 1.6045e+007 P-ECE'A I 1 |

Algor
W, = —0.001096 m
=-1.096x 10> m

Compares closely to analytical solution
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P12-8 Displacement
Z Component
m

0
-0.0001096394
-0.0002192788
-0.0003289182
-0.0004385576
-0.000548197
-0.0006578364
-0.0007674758
-0.0008771152
-0.0009867546
-0.001096394

Load Case: 10f1

Maximum Value: 0 m
0.000 0473 m 0.848 1419

Minimum Value: -0.00109639

I
I

12.9 Determine the maximum deflection and maximum stress for the plate shown. The plate
is fixed along three sides. A uniform pressure of 70 kPa is applied to the surface. The
plate is made of steel with E = 200 GPa, v= 0.3, and t = 12 mm and sides equal to

a=075mandb=1m.
|——a—>‘
E | —
2

B

!
I

Figure P12-9

P12-9 Displacement
Pressure = 70 kPa Z Component
Thickness = 12 mm m

0.0002146529
00001931876
00001717223
0000150257
00001287918
00001073265
8586117e-005
6.439588e-005
4.293059e-005
2.146529e-005
0

T IWONESS
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P12-9 Stress
Pressure = 70 kPa von Mises
Thickness = 12 mm NAmM™2)

: : 3614831e+007
3 3.253783e+007
F5 2.892736e+007
- 2531688e+007

B A 2.170641e+007
- 1.809593e+007
1.448546e+007

TRILIE)

MBI
BB

P e O r 1.087498e+007
AP 7264507
- 3654032
43557.13

0.000 0503 m 1.005 1.508

[ 1 I ]
L I 1 J

C
IS Sl

12.11 A square steel plate 2 m by 2 m and 10 mm thick at the bottom of a tank must support salt
water at a height of 3 m, as shown in Figure P12-11. Assume the plate to be built in
(fixed all around). The plate allowable stress is 100 MPa. Let E= 200 GPa, v=0.3 for the

steel properties. The weight density of salt water is 10.054 <X . Determine the maximum
m

principal stress in the plate and compare to the yield strength.

v

3m

e 2m

2m

Figure P12-11
Stress Maximum
Principal
N
m2

3.474342e+008
3.126008e+008
2.770474e+008
2.43209e+008

2.084605e+008
1.737171e+008
1.380737e+008
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Fui= (V) (0) = (3nf)(2M)(2m)(10-054E3%) = 120,648 N

P I068N 0 N

p

T A Cm)2m)

Find
Maximum principal stress = ? 347.43 %

Safe or not safe = ?

Since stress allowable = 100 MPa < actual stress 347.43 MPa
Tank plate is not safe.

12.12 A stockroom floor carries a uniform load of p = 80 ﬁ% over half the floor as shown in
Figure P12-12. The floor has opposite edges clamped and remaining edges and mid-
span simply supported. The dimensions are 40 ft by 20 ft. The floor thickness is 6 in.
The floor is made of reinforced concrete with E = 3 x 10° psi and v = 0.25. Determine
the maximum deflection and maximum principal stress in the floor.

r

PS = A
t— 10 ft —=f=——10 fi—=|

Figure P12-12

Hodal Displacement
Z Component
mn

- 0.008019932

% 0.0057013

0 002062860

0 0001340360

-0.002604595

{0.005523227

0008351850

001118049

- .0.01900912

- .0.01883775
e W TR AT -0 01966630

Maximum Value: 0.00861993 in i B R =t

Load Case: 1 of 1 0000 25 3
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Stress
Maximum Puncipal
IL4(InA2)

128968
1160712
1031744
90.277614
w4 77.3808
- 64,484
1 515872
336004
- 257936
- 128088
3517187013

N

v

Load Case: 1 of 1 0.000 X

53.000
Maximum Value: 128.968 Ibf/(in"2) E IV — R

Stress
wor blizes

Precision

- 004302111
T D043z
L 0 o3satese
L+ 003381478
#i 002881280
- 002401055
0.01920844
0.01340633
- 0009604222
- 0.0042021 11
-0

Load Case: 1 of 1
Maximum Value: 0.0480211

12.13
Material used: AISI4130 Steel
Uniform load of 0.1 psi applied to top surface.

Stress

von Mises
Ibf/(in”2)
975.8996
878.3097

* 780.7197

| 6831297
| [ 585.5398
487.9498
390.3598
292.7699
195.1799
97.58996

0

Load Case: 1 of 1
Maximum Value: 975.9 1bf/(in"2)
Minimum Value: 0 bf/(in"2)
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Displacement
Y Component
in

0.0002762575
0.001956032
= 0.004188322

0.006420612

= —0.008652902
0.01088519
101311748
0.01534977
—0.01758206
—0.01981435
—0.02204664

Y
Load Case: 1 of 1
Maximum Value: 0.0002762575
Minimum Value: —0.0220466 in
00 =les AT
12.15
Model variables
Variable Value
Material 1010 cold rolled
.. 6 .
Modulus of Elasticity 29 x 107 psi
Maximum von Mises Stress 1351 psi
Maximum Displacement 0.00565 in.
Algor results
Stress
von Mises
Ibf/(in"2)
1351.535
o 1218.592
1085.649
952.7062
819.7632
686.8202
553.8772
420.9342
287.9912
155.0482
22.1052

Load Case: 1 of 1
Maximum Value: 1351.54 Ibf/(in"2)
Minimum Value: 22.1052 1bf/(in"2)
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Displacement
Magnitude
in

= 0.0056514256
R 0.005086284

0.001695428
0.001130285
i 0.0005651426
0

Load Case: 1 of |

Maximum Value: 0.00565143 in
Minimum Value: 0 in

Figure 6 Displacement (mm)
12.16

* fully constrain 3 split surfaces

Figure 2 The Boundary Conditions on the bucket.

The results of the analysis are shown below in Figure 3.

von Mises (psi)

2.500e+004
- 2.292e+004
4 2.083e+004
- 1.875¢+004
- 1.667e+004
- 1.458e+004
1.250e+004
- 1.042e+004
- 8.33¢+003

& 6.250e+003
- 4.167¢+003
- 2.083e+003
0.000e+000
— Yield strength: 5.099¢+004

Figure 3 The von Mises stress in psi for the bucket plate analysis.
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Chapter 13

13.1
IS SIS S s 300°C
| @ |4
Ll hdh il il
] 2m i I I OSm—‘
Element [K]’s
2 w
2m -1 1 —-10 10 ] °C
2
gy OAmDA0RE) 1) 10 —1o
Im -1 1 -10 10
2 W
K] 0.1m")(5055) _[1 ~1]_[10 -10
0.5m -1 1 -10 10
=0 Q=0
=2 =1t =0
Assemble equations
10 -10 0 0 [t F
-10 20 -10 O ||t,] ]O
0 =10 20 -10|t 0
0 0 -10 10 fIt, F,
Boundary conditions t; = 100°C, ty=300°C
1 0 0 O](t 100
0 20 —10 O||t,| _ |1000
0 -10 20 0|t 3000
L0 0 0 1]t 300
Solving
t, = 166.7°C
t;=233.3°C
13.2
2
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#\2 Btu
[%1)]: [k(Z)] _ E(Z ) 3 h-in.-°F 1 -1 _ 12.57 —-12.57| Btu
3in. -1 1 -12.57 1257 |h-°F

Now there is convection through right end
12.57 -12.57 ' 00
K] = H1—BY oy
—12.57 12.57 kip-in.?-°F 01

12.57 —12.57
[K¥1=
—12.57 25.13

Nowg¥=0, Q=0 .. {f(l)}:{f(z)}zo

el )
(FOn hTmA(l 1) OF) 72° || of

Assemble equations and boundary condition t; =200°F

1257 -1257 0 0 7(t,=200F] (F,
2513 -1257 0 t, - {0

2513 —12.57 t, 1 0

Symmetry 2513 ] 4 0

Solve Equations (2-4) of above

2513 -1257 0 !tz 2513
2513 —1257|3p =1 0
Symmetry 25.13 l_t4 0

t, = 150°F, t; = 100°F, t4 = 50°F

13.3
q*(x) =0.1x
T(0)=50F | RO . ©) 3

— 30in. —f— 30in. —

AK, _ Qin )G 1 Bu

L 30 in. 5 h-°F

% ~0. hA=0, hT.PL=0

=y
Il
(]

1 -1
K= %[_1 1}—[%”]

L L=30 1-X
{f0y = [Ja* [N]" dx= [ (O.lx){ L} dx

X
. L
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Then

45

45 45

@

(O _ {15+45} B {60}
d 30+45 75

Solve {F} = [K] {t}
Heat flow
J'15+ F l 1 -1 0 'tl =50°F

30+ 60 -1 1+1 -1 t,
l 75 j o -1 1]l t

1
3 (A)

Solve the 2" and 3™ equations

(1)

90 + 10 = 2t -1t)

+75= % (7t2 +t3) (2)

Adding (1) and (2)

2 1
175==t,— -t
50 5"

175= -1

to= 875°F

Back-substitution into (1) yields
t3=1750- 500
t3 = 1250 °F

Solve for Fy using Equation (A) above

(t —t)

| —

15+F1:

Fi= 715+§ (50 - 875)

=-180 Bu = heat flow out left end.
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13.4

Btu
= 10000 —
Q h-ft?
AK, | 1 -1
KD = K@y = 80xx
V)= )= =2

n(ﬁ)glz[l —1} {1 —1} Btu
= —=2—— =1
ow[J]-1 1 -1 1] h-°F

K¥1= k(”]+hA[O ﬂ

- ”{_11 _11:| +100 n%ﬂ [g ﬂ

b [1 —1]
] "[—1 1.694

m, _ QAL[1] _ 10000yz{5}* 5 1]

o 2 1f 2 lJ
_ {28941
2.894]

() =0

{W%—ﬁ“wwm}—f””hmnAﬁ}

w1’ = 7 2,894
- {2'894} +(100) (100) n&ﬂj}
GOy = 7 28941 [ 0]

2804] " " 169.4f
Assemble global equations
1 -1 0 0 _rl' 2.894 1
2 -1 0 ||t 2.894+2.894

2 -1 |4 ]2.894+2.894
1.694 |[t, 2.894 + 69.4

Solving simultaneously
t;= 151°F, t,=148°F, t;=140°F, ty4=125°F,

13.5
A=0.1m

T = 100°C A A T A A A S S S B A Y S A S 2 B

w
— — g = 1000+~

L=04m
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ARy _ OID65%)  w

L 0.1m °C
AK |1 -1 I -1 W
KDT= K@ = KO = xx|: }_6{ }_
[][][]L—ll 1 1|7
[KP1= [K"] also
() = {(f2) = {9} =0asQ=0,0*=0
0] W I
£ =gA :[1000—] 0.1m?
o
= 100{ }W
Assemble global equations
[6 =6 0 0 07[t=100°C Ry
2 -6 0 0 t, 0
2 -6 0| =40 (1)
12 -6 t, 0
| Symmetry 6 ts 100

Now t; = 100°C into Equation (1)

(1 0 0 0 O07[t 100
0 12 =6 0 0]t 600
0 6 12 =6 0 it;r =1 0 )
0 0 —6 12 -6 '[4‘

0 0 0 -6 6]lt 1

Solving Equations (2-5) of Equation (2)
to=116.7°C, t = 133.3°C
ty= 150°C, ts = 166.7°C

13.6

500°C -100°C

10 cm—s|=6 cms|{= 8 cm

Area= A (Can use unit A)

= A {1 —1}_[50 —50} W
°C

©.1m)|-1 1] |=50 50
K@= _A08) [1 —1}_{13.3 —13.3}
(71= ©0.06m)l-1 1] [-133 133
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K= A0S [1 —1}_[187.5 —187.5}

(0.08m)[—1 1 -187.5 187.5
{f1’s=0
Assemble global equations with t; = 500°C and t4 = 100°C
0 50  -50 0 0 t,=500°C
of 50+13.3  —133 0 t,
10 133+187.5 —187.5| |t
0 Symmetry 187.5 | [t,=100°C

Solving the 2™ and 3™ equations above
t = 420.5°C, 3 =121.2°C

@ (100—-121.2)°C
= Ky =
g *0.08m

13.7

T = 2000C FEIIIZ rrrrrrrITIrIrITIITIITY o A=0.1 m?

AKS _ (0.1m*)s _s
L 0.1m

k(l)_AKg()[l —1}_ [1 —1}
T -1 1

1 -1 1 -1
27— 3=
K?1= 10 [_1 1}, K =15 [_1 1}

Assemble global equations

5 -5 0 0 |t Fix
15 =10 0 (| _ 0]_ 0

25 -15] |t 0

Symmetry 15 |ty F4XJ

Boundary conditions
t; = 200°C, t, = 600°C
Equation (1) becomes

1 0 0 O} 200

0 15 -10 0 tj__ 5(200)1. @)
25 0|t 15(600)

Symmetry 1 I4J 600 [

Solving the 2" and 3™ of Equations (2)
tr=418.2°C, t3=527.3°C
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13.8 A composite wall is shown below. For element 1, let Ky = for element 2 let

r\c,

K= 10 V=, for element 3 let Ky =

applied to it. The right end is held at 10°C. Determine the left end temperature and the
interface temperatures and the heat flux through element 3.

source of 600 W

600 W—e T=10°C A=0.1m?
[k(l)] (0 1)(5) -1 _ 53
-1 1 -5 5
K?] = 0.Hd0) -1_| 10 -10
01 -1 1 -10 10
k(3)] (0 1)(1 5) -1 _ 15 -15
-1 1 -15 15
1
{f(Z)}_{f(3)}_0 {f(l)}-600{0}'
600 5 5 0 0]t
0 B -5 15 -10 0t
0 || 0 -10 25 -15]||t
Fiy 0 0 -15 I5]]t,
400 = 5t; - 5t, t, =230°C
0:*5t1+15t2*10t3 t2:110°C
0 =-10t; + 25t; — 15 (10) t; =50°C
Fyx=15(50) + 15 (10) =—- 600 W
1 1[50 W
qxf—15 |:—m m:hl()} GOOOE
13.9
- ——
w
h=10 ——=
I m2°C | Glass Air Glass
T.=20°C
] T Outside T, =0°C
T
Inside [©) @ __\3 o m2.°C
S — T, ®
Ko Ky w_ Ky =080 —
a=0025 —=| |~ e
Assume A, = Im? = A
4mm  0mm | dmm
0.004 m 0.01 m 0.004 m
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Find Ty T, T3, T4, Q (heat transfer through the double pane) (use A=1 sz)

AK T1 -1 1 0] Im’[080[f1 —1 10
KM= 9 +hA =—@ m K 10— _ (1Im?)
L |[-1 1 00 0.004m |[-1 1 m2-°C 00

B [ 210 —ZOO}W

—200 200 |K

[ 2.5 —2.5] W

L 0.01m 11 25 25|k

- Al 1) Bl
1 1

AK . [1 -1 0 0] Im’[0.802[f1 -1 00
K= —2 +hA _ Im (08055 +30—Y_(1m?)
L |-1 1 0 1 0.004m |-1 1 m?-°C 0 1

200 -200
~200 230

1 1 1
{f“)}—hiTwA{ | =10 ‘ZN (293 K)(lmz)J‘ | —2930W{ |
of  Tmrk of of
o)
f@y = 17
T o)
0 0 0
(O = honAJ } =30 —— (273K) (Im’) fol =8190WJ |
1 m>-K {1 (1]
{F} = [K][T]
F =2930W 210 —200 6 0 (T,
F,=0 ~|-200 200+25 @ -25 0 ||T,
F=0 0 —25  2.5+200 —200] | T,
F,=8190 W 0 0 -200 230 | [T,
T, =289.3 K=16.3°C
T,=289.1K=16.1°C
T,=2794 K=1.4C
T,=2742K=12°C
13.10
Temperature
deg C
18 00813
18.07191
1323500
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Heat Flow Rate
M5

0.1010000
002087011

13.11
Unit definition
Given in problem statement (Mathcad used to solve this one)
Liota = 20 cm

w
K= 15
“ m-°C
hi = 50 —~
hy = 80 —
m-°C
Tlcft end= 100°C
Tinf: ZOOC
dia= 0.5cm
radius = %
P= rdia A= 17 radius’
L: Ltolal
4
P=0.016 m
A= 0.00002 m’
radius= 0.0025 m
M= 150 3l
m”-°C

Y1(X): M X+ h1

0.05m X 0.05m X X
PQ Y1(X)[1__Lﬁdx P@ M(X)[I—?)dx

0.05m

' 2 2
S ERL R (512

Develop stiffness matricies for each element

X = Ltotal
4
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k] = 0.0136  0.007 } W
n 0.007 0.0146/°C

AK 1 -1
= A LT )

(0.0195 0.00IIJ w

[ki]= —
0.0011 0.0205,°C

Y2(X)= M X+ yi(X)

Znl y2<x)——fﬁdx P yz(X)(f—%)dx
[k, ] = ) -

2
P |j05 Y, (x)(% - %] dx P @0'05 yz(x)[%.) dx

k] - (0.0141 0.()075JW
2 0.0075 0.016 /°C
AK (1 -1
(ko] = T“[_l 1} + [k, ]
002 0.0016\W
[ka] = -
0.0016 0.0219/°C

Ya(X) = M X+ ys(X)

e oo l1- X[l PQ‘)'“mmx){—f—i—i]dx
[kh3]: 0.05m X X2 005m v
S e R A
[kh}]—( 0.015 ) 8.018'10‘3'}'3&
: 8.018x 10 0.018 C

AK 1 -1
[ks] = T“[_l 1]+[kh3]

0.02 2.127x1073 Y w
[ks]= ( ]

2.127x%10 3 0.023 }°C
Ya(X)= MXx+y3(X)

0.05m X 0.05m x X
P@ Y4(X)_I__de PQ y4(x)(I_FJdX

[kh4] = 5 2
P 0.05m X) E_X_]dx P 0.05m (X)[X—}dx
@ Y, ( L2 Q Ya 2
0.0151 0.0085% W
L [ JO_
0.0085 0.019 ;°C

COAK (1 -1 0 0
[ke]= T[—l 1)+[kh4]+h2A(‘1 0]

0.0209 0.0026] W

0.0026 0.0264)°C

[k4]=( C
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100 klo1 0 0 0
klO 0 kl] 1 200 kz()] 0 0
[K] = O I(21,0 I(21 1 + k30 0 I(30.1 O
O 0 k31,0 I(31.,1 + k400 401
0 0 0 k4l , 4
Global [K]
0.0195 0.0011 0 0 0
0.0011 0.0404 0.0016 0 0
[K]= 0 0.0016 0.0424 0.0021 0 %
0 0 0.0021 0.0443 0.0026
0 0 0 0.0026 0.0264
Element force matricies for each element
W h+y(X \
X)= 57.5 e = ———— Niave =53.75
yl( ) m2_ o I 2 1 mZ‘cC
_ N+ y:(x) _ W
yZ(X) - 65 °C h2ave - f hZave =61.25 m2'°C
y3(X) =725 w h3ave = w h3ave =68.75 ;V
m = 2 m ‘OC
_ Y (X)+ Y (X) w
V0= 80— = P hiae=7625
T .PL{1 6.188
{fl} ave inf ( — ( ] W
1 6.188

PL{1 7.051
f ave m’r f — W
th} = (1] ? [7.051)
r13,ae P (1] (7914}
f v = W
thy = 17.914
PL

1
f — h43ve inf 1 T . A 0 f— 8.778 W
e [ 2 [J}{hz " [IH 4_[9.238)

F1: f
F= f

loo
Lo + f20,0
F3: f21,0 + f300

F,= f31¥0 + f

40,0

F5 = f41’0

= 6.188 W, F,=13.239 W, F;=14.966 W, F;, = 16.692 W, F5s =9.238 W
Set up equations to solve for temperature

kll,l + I(20,0 k20,1 0 0
[K ] _ I(21.0 k21,1 * k30,0 k30,1 0
mod | —
0 k31.0 k31‘| + k40,0 k40,1
0 0 k41.0 k41,1
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Guess

t, = 75°C
t3 = 60°C
ty= 50°C
ts = 25°C
Given
F+ (= Kl,o Tieh end )] b
F t
Fi = Kinod ti
Fs | ts.
b
51~ Find (t, t3, 1y, ts)
t
s
4 (30.717
| [51.077],
t | |69.113
t;) 142348

.
Fi= (Ko, 0 Ko, 1)[ 'e‘t*e“d]
2

Fi=7.614W

200W
m-°C

with base diameter of 1 cm and tip diameter of 0.5 cm. The base is maintained at 200°C

13.12 A tapered aluminum fin (k= ) shown in Figure P13-12, has a circular cross-section

and looses heat by convection to the surrounding at T.. = 10°C, h = 150—%— . The tip of

m?eC
the fin is insulated. Assume one-dimensional heat flow and determine the temperatures
at the quarter points along the fin. What is the rate of heat loss in Watts through each
element? Use four elements with an average cross-sectional area for each element.

(Algor results)

Temperature
°C

199.9998
198.5246
197.0403
195.5741
194.009

192.6238
191.1487
180.6735
188.1084
186.7232
185.248
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Heat Flow Rate
J

S

438.817
351.0536
263.2902
176.5268
87.76341
3.814697 e-008
-87.7634
—175.5268
—263.2902
-351.0538
—438.817

Heat Flux Magnitude
J
(m”2 s)

72679.05

72679.05

13.13
1 -l 10
[k(l)]Zﬁ + hA Use unit area, A= 1 ft*
L |-1 1 00
tu
(lﬁ)[omhft °F) 1 -1 Bu.lft’[1 0
+15———
0.50 in. -1 1 h-f2-°F|0 0
T2 (A
12 in
k]= 39 24
24 24
[k@)]__(lﬂ?)«yoz) 1 —1] [ 0.048 —0.048
5 in. -1 1] [-0.048 0.048
12 in. (1 ft)
2 1 -1 00
W“H=Uﬂ)@8) _, B
05in. |-1 1 h-ft2.°F| 0 1
12 in. (1 ft)
192 -19.2
k(3) —
1= 92 232

el

h-ft*
(o omon{i}-1,

et

ﬁw}—hTA{
f

9 =hT.A

{f (2)} - [0}

lo

J
0]
I

1

{F} = [K] it}
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[97.5' 39 24 0 0 j'tl'

0] |24 2448 -0.048 0f|t,
o]~ 0 —0.048 19248 -192||t,
0 0 0 -192 232]|t,

Solving for t’s
t; =63.05°F, t,=61.83°F, t;=0.884°F, t;=0.731°F

13.15 Base plate of an iron is 0.6 cm thick. The plate is subjected to 600 W of power over a
base surface area of 250 cm? resulting in a uniform flux generated on the inside surface.

w
m°C
temperature of plate is 20°C at steady state. Assume 1-D heat transfer through the plate
thickness. Using 3 elements, model the plate to determine the temperatures at the inner

The thermal conductivity of the metal base plate is k = 20 The outside ambient

surface and interior % points.

| 0.6 cm _>|
0.006 cm
100 W — K=20-W_
e m-°C
- 80°C
:&:4oooﬂ = /
0.025 m? = =20°C=T,
—1 2 3 4
~ o @ 0
4/\_/_\/—/“/\
From Mathcad solution
A=0.025 Kxx = 20 h=20 L =20
1
:% q=4x10 Tint =20 gA=100
1 -1 00 25 25 0 0
=] 100 o = Ak ] = 25 25 0 0
! 00 0 ! L ! 0 00 0
00 0 0 000
0 0 00 0 0 0 0
[k]_AKXX 0 1 -1 0 o — ke ] = 0 25 25 0
°e Lo -1 10 ? 70 25 25 0
0 0 00 0 0 0 0
00 0 0 000 0
Ik _AKXXOO 0 0 Ik _hAoooo HAZ0S
el Lloo 1 -1 il 000 0 :
00 -1 1 0 00 1
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0 0 0 0
00 0 0
k3] = [ksc] + [k k3] =
[ks] = [kse] + [kan] KI=10 0 25 35
0 0 25 255
1 100 0 0
fq} = 0 A fo} = 0 fa} = hT.e A fn} =
{fa} = Oq {fo} = 0 {fn} = W Tie 0 {fn} =
0 0 1 10

100
0
{f} =} + {f} {f} = (K] = [ki] + [ko] + [ks]

K] =
[k] 0 -25 50 -25
0 0 -25 255
232
228
temps = 1 solve (k, f) temps = 994 temps; =228
220

P KXXBLJ %H[tempslj

temps,
Remember to use the left bracket key to get the subscript temps 1 and temps 2.
q=4x10
13.16 A hot surface of a plate is cooled by attaching fins (called pin fins) to it. The surface of

the plate (left end of the fin) is at 90°C. The typical fin is 6 cm (0.06 m) long and has a
cross-sectional area of 5 x 10° m? with a perimeter of 0.006 m. The fin is made of

copper with k=400 mlc The temperature of the surrounding air is T. = 20°C with

heat transfer coefficient on the surface (including the right end) estimated to be 10 y_{c

Use three elements in your model to estimate the temperature distribution along the fin

length.
—
t @ t @ 3 @ ty
0.02 m 0.02 m 0.02 m
1 -1 21 6. 1 -1
[K(l)] _ AKXX i hPL _ 5%10 400
L [-1 1 6 |1 2 0.02 -1 1
1_0'0.006'0.02 2 1
6 1 2
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K] = [ 0.1004 —0.0998} W ey

200998  0.1004 |°C

0 0] [ 0.1004 —0.0998 0 0
(K] = KO +hA[ }[ } +10.5 %107 { }
0 1] [-00998 0.1004 0 1

K9] _[ 0.1004 —0.0998}(W]
—0.0998 0.10045]\.°C

_Jo.012]

(= - {0.012[

hT. &{’Q_gzo“c- 0.006m"0.02m {1}
2 1 2 1

() = ()

{f (3)} = {f (1)} +h TwA {(1)} = {f(l)} +1020°C -5 % 104, m2 {(1)},

oy = [0012]

l0.012,
0.1004 —0.0998 0 0 1,=90°C
2(0.1004) —0.0998 0 t,
2(0.1004) —0.0998 1 t, J
Symmetry 0.10045 t,
0.012+h
2(0.012)
2(0.012)
0.013
Solving Equations (2-4),
t, =87.95°C, t3=86.72°C, t4=286.24°C
13.17
I 2
tl’Flgh@ @—th — X
L 22
F§in. Btu’s, tg in °F
Fourier’s law
dT Btu
=-Kx— (— 1
q XX dX ft2 ) ( )
Want to link thermal inputs F; and F, to nodal temperatures t; and t,
X Xt
= [N] {t :[1 -— —} 2
[T1= [N] {t} LL{tz} 2)
d[T] [ 1 1Ht11
—_— == = - =[B] {t 3
X | (B] {t} 3)
Total heat input at node 1 is
Fi=qA “)
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and at node 2

F, = — gA (negative sign accounts for the positive direction of F, being an
output at node 2) 5)
Using Equations (1) and (3) in (4) and (5), we have
Fi=-Ku«[Bl {t§ A F=Ky[B] {t} A (©)
or
F 1 —1ft
= e ™
N
[K]= K%A[ b= } element conductivity matrix

13.18

=
_'
8
il
ANNNNNNN

See Equation (13.4.28)
Now convection from left end

1 0
K = hA
=]l

_ (1
{fp) =hTA Lof
13.19

=11

A% = Btu
=104

J o,

e S )

[kKI= [BI"[D][B]tA+ [hIN]" [N] ds

a = X Ym—XmY; = (10) (6)—(8) (1) =52
aj = XmYi —Xi Ym= (8) (2) - (6) (6) =—20
am= X Yj=X ¥i=(6) (1) - (10) (2) = 14
A=Y~ Ym=1-6=-5
B=Ym—Yi=6-2=4
Bm=Yyi-y=2-1=1

Vi= Xm—X%=8—-10=-2

Vi= Xi—Xn=6-8=-2
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= X-X%=10-6=4
L x y| 16 2
2A=11 % y|=1 10 1|=181"
I Xn Yml 11 8 6
Conduction part of [K] = [k¢]

g7
I : Kxx 0 ﬁi ﬁ ﬁm
= —| B ;q[ K}—l{ ’ }tA
W

2A 0 2ALYi Y Tm
B ¥m
17 s o71-s 4 1 ,
S — (1) (9 1)
s (o sfisl2 2 4

12.08 —6.67 —5.42
[kel = 833 —1.67
Symmetry 7.08

Convection part of [K] = [kn]
Lij=4.123 ft
210
[kn] = bty 5 o 2 0
"6 6
0 00 0 00

2
_ Q0)E123)(D)]

(2749 13.74 0
= 27.49
| Symmetry 0
Total [K] = [ke] + [kn]

[39.57 7.08 —5.42
(k1= 35.82 —1.67
| Symmetry 7.08

(=)

Btu
h-°F

Force matrix

1= Q[N]TQdV+ @[N]qus+ Q[N]Thnds

g=0
For point source Q* = Q
N; 1
{fQ} = (jt Nj :
N, J[x—8
y 3

1
N = ﬁ(ai + Bix+v, ij

N= (525 (5) (8)+(-2) (3) = 0333
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N= (204 (@) (8) + (-2) (3) = 0333

Ny = %(7 14+ (1) (8)+(4) (3)) = 0.333

J0333 B
{fo} =150 (1) 10.333¢ = 50 T
10333
() = .JtJlﬂ (20)(70)(4. 123)1{1
0 0
2886 50+28861 J29361
{f,} = 12886, .. {f} =150+2886;=12936
l 0 50+0] l ]

13.20

2 0
h
[k]= tA[B]' [D] [B] 16_”“ 00
10 2
1 -2 -2
20=11 4 0| =44
1 0 6
Lim= 8.246 m

,&:_6”6:8,,&11:_2
yi:745 yj:725 Vm:6

N = — [24+ (= 6) (0) + 0] = 0.545
24
1
Nj= - [12+8(0)+0]=0.278
i 44[ 0)+0]

1
Nim= 7 [8+(2)(0)+ 0] =0.181
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By ()

| {15 0}[—6 8 —2]
[K]= ——| 8 -2
422) 0 15]-4 -2 6

-2 6

. 20(86246)

—_ O N

0 1
0 0
0 2
639 -6.82 2545

W
[k]= 1.6 —4.77|—
Symmetry  61.82

{f} = |;|_]N]T|(o,o) Q*adv+ QhT'[N]LO“gS‘dS

]

seru R
Nm (0,0) 1
[ ' 20)(15)8.246) |
=100 5 0.273 +M 0
0.183, 1
1291
{f} =273} W
1254
13.21
Temperature
deg F
100
97.77778
95.55558
93.33333
91.11111
88.88889
84.44445
82.22223
77.77779

100 °F 77.78 °F

Load Case: 1 of 1

Maximum Value: 100 deg F
Minimum Value: 77.7778 deg
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13.22 For the square plate in figure P13-22, determine the temperature distribution. Let Ky =
Ky = 10—%z, and h =20 mZW_cC . The temperature along the left side is maintained at

100 °C and that along the top side is maintained at 200 °C.

Temperature
deg C

200°C 200
186.9014
173.9027
160.7041
147.6054
134.5068
121.4082
108.3095
95.2109
82.11226
69.01362

100°C T. =50°C

Load Case: 1 of 1

Maximum Value: 200 deg C
Minimum Value: 69.0136 deg C

The maximum temperature is along the top edge of the plate and is 200 °C. The smallest
temperature is at the lower right edge of the plate and is 69.01 °C.

13.23
HEAT—Problem 13-23
KXX=1.0 KYY=1.0
CONVECTION COEFF =0.0
FLUID TEMPERATURE = 0.0
SEMI-BANDWIDTH =4

NEL  NODE NUMBER X(1) Y(1)
1 1 2 3 0.0000 2.0000
2 2 5 3 0.0000 0.0000
3 3 5 4 0.7500 1.0000
4 1 3 4 0.0000 2.0000
5 4 5 6 1.5000 2.0000
6 5 e 6 1.5000 0.0000
7 6 8 7 2.2500 1.0000
8 4 6 7 1.5000 2.0000
X(2) Y(2) X(3) Y(3)
0.0000 0.0000 0.7500 1.0000
1.5000 0.0000 0.7500 1.0000
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1.5000 0.0000 1.5000 2.0000
0.7500 1.0000 1.5000 2.0000
1.5000 0.0000 2.2500 1.0000
3.0000 0.0000 2.2500 1.0000
3.0000 0.0000 3.0000 2.0000
2.2500 1.0000 3.0000 2.0000
*PRESCRIBED NODAL TEMPERATURE VALUES*
1 0.10000E+03
2 0.10000E+03
7 0.00000E+00
8 0.00000E+00
RESULTING NODAL TEMPERATURE VALUES
1 0.10000E+03 2 0.10000E+03
3 0.75000E+02 4 0.50000E+02
5 0.50000E+02
6 0.25000E+02 7 0.00000E+00
8 0.00000E+00
ELEMENT RESULTANTS
ELEMENT  GRAD (X)  GRAD (Y) AVE TEMP
1 —0.3333E+02 0.0000E+00 0.9167E+02
2 —0.3333E+02 0.0000E+00 0.7500E+02
3 -0.3333E+02 -0.1907E-05 0.5833E+02
4 —0.3333E+02 -0.1907E-05 0.7500E+02
5 —0.3333E+02 —0.1907E-05 0.4167E+02
6 —0.3333E+02 0.0000E+00 0.2500E+02
7 —0.3333E+02 0.0000E+00 0.8333E+01
8 —0.3333E+02 —0.1907E+05 0.2500E+02
y
5 0.20000E + 03
10 0.10647E + 03
15 0.15418E + 03
20 0.85000E + 02
25 0.13588E + 03
30 0.16754E + 03
> X 35 0.13246E + 03
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13.24

D 500°F
21 22 23 24 25

16 17 18 19 20

A C
100°F |11 12 13 14 15 100°F

B, 100°F

*PRESCRIBED NODAL VALUES*

1 0.10000E+03 15 0.10000E+03
2 0.10000E+03 16 0.10000E+03
3 0.10000E+03 20 0.10000E+03
4 0.10000E+03 21 0.50000E+03
5 0.10000E+03 22 0.50000E+03
6 0.10000E+03 23 0.50000E+03
10 0.10000E+03 24 0.50000E+03
11 0.10000E+03 25 0.50000E+03

NODAL VALUES, LOADING CASE 1

1 0.10000E+03 2 0.10000E+03
3 0.10000E+03 4 0.10000E+03
5 0.10000E+03
6 0.10000E+03 7 0.12857E+03
8 0.13929E+03 9 0.12857E+03
10 0.10000E+03
11 0.10000E+03 12 0.17500E+03
13 0.20000E+03 14 0.17500E+03
15 0.10000E+03
16 0.10000E+03 17 0.27143E+03
18 0.31071E+03 19 0.27143E+03
20 0.10000E+03
21 0.50000E+03 22 0.50000E+03
23 0.50000E+03 24 0.50000E+03
25 0.50000E+03
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"""" WoE
T
IOQ“F 200°F 10(0:“F
SesoE
Temperature Distribution
B 100°F
13.25 Same model as in Problem 13.24
Now convection from right side and bottom.
Convection from side 1 of element 1
Convection from side 1 of element 2
Convection from side 1 of element 3
Convection from side 1 of element 4
Convection from side 2 of element 4
Convection from side 2 of element 12
Convection from side 2 of element 20
Convection from side 2 of element 28
ELEMENT RESULTANTS
ELEMENT GRAD(X) GRAD(Y) AVE TEMP
1 0.1618E+03 0.6971E+02 0.1328E+03
2 0.9794E+02 0.1099E+03 0.1659E+03
3 —0.1227E+00 0.1318E+03 0.1759E+03
4 0.4868E+02 —0.5679E+02 0.1473E+03
5 0.2315E+03 0.0000E+00 0.1193E+03
6 0.1381E+03 0.6971E+02 0.1636E+03
7 0.2178E+02 0.1099E+03 0.1851E+03
8 —0.6407E+02 0.1318E+03 0.1815E+03
9 0.2315E+03 0.1631E+03 0.1522E+03
10 0.1381E+03 0.2262E+03 0.1997E+03
11 0.2178E+02 0.2176E+03 0.2142E+03
12 —0.6407E+02 —0.5051E+02 0.1830E+03
13 0.3946E+03 0.0000E+00 0.1329E+03
14 0.2012E+03 0.1631E+03 0.2018E+03
15 0.1319E+02 0.2262E+03 0.2312E+03
16 —0.3322E+03 0.2176E+03 0.2064E+03
17 0.3946E+03 0.3565E+03 0.1955E+03
18 0.2012E+03 0.4142E+03 0.2667E+03
19 0.1319E+02 0.4841E+03 0.2915E+03
20 —0.3322E+03 0.1633E+03 0.3072E+03
21 0.7512E+03 0.0000E+00 0.1626E+03
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22
23
24
25
26
27
28
29
30
31
32

0.2589E+03
0.8312E+02
0.6042E+02
0.7512E+03
0.2539E+03
0.8312E+02
0.6042E+02
0.0000E+00
0.0000E+00
0.0000E+00
0.0000E+00

0.3565E+03
0.4142E+03
0.4841E+03
0.3488E+03
0.5900E+03
0.5068E+03
0.4464E+03
0.1600E+04
0.8488E+03
0.5900E+03
0.5068E+03

D 500°F

100°F | %

e— T =100°F

PRESCRIBED NODAL TEMPERATURE VALUES

1
3
5
6
9
12
13
20
26
33
34
37
39

40
4

0.85000E+02
0.20000E+03
0.20000E+03
0.85000E+02
0.20000E+03
0.20000E+03
0.85000E+02
0.85000E+02
0.85000E+02
0.20000E+03
0.85000E+02
0.20000E+03
0.20000E+03
0.85000E+02
0.20000E+03
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0.2797E+03
0.3249E+03
0.3380E+03
0.2959E+03
0.3801E+03
0.4086E+03
0.4206E+03
0.3667E+03
0.4293E+03
0.4508E+03
0.4579E+03



RESULTING NODAL TEMPERATURE VALUES

1 0.85000E+02 2 0.13937E+03 3 0.20000E+03 4 0.13737E+03
6 0.85000E+02 7 0.13246E+03 & 0.18216E+03 9 0.20000E+03
11 0.14805E+03 12 0.20000E+03 13 0.85000E+02 14 0.12341E+03
16. 0.16387E+03 17 0.16754E+03 18 0.10324E+03 19 0.13588E+03
21 0.11956E+03 22 0.14636E+03 23 0.15741E+03 24 0.10324E+03
26 0.85000E+02 27 0.12341E+03 28 0.15418E+03 29 0.16387E+03
31 0.10647E+03 32 0.14805E+03 33 0.20000E+03 34 0.85000E+02
36 0.18216E+03 37 0.20000E+03 38 0.13737E+03 39 0.20000E+03
41 0.13937E+03 42 0.20000E+03
Temperature contours
180 —200°F 140 — 160°F 160 — 180°F
o | /
D VAN u
200°F @ \<00F
3_/>@y A@ )
— AW,
2 41
@ <—120° - 140°F
1 4 @ @ 40
85"—/120°F 85/"[1-‘
Finite element model
(62 elements, 42 nodes)
(Element resutlants are given below)
ELEMENT RESULTANTS
ELEMENT GRAD(X) GRAD(Y)  AVE TEMP
1 —0.1194E+02 0.1631E+03 0.1206E+03
2 —0.1194E+02 0.2079E+03 0.1589E+03
3 —0.4697E+02 0.1879E+03 0.1791E+03
4 —0.1071E+03 0.1071E+03 0.1941E+03
5 —0.1071E+03 0.1491E+03 0.1715E+03
6 —0.2951E+02 0.1879E+03 0.1566E+03
7 0.2787E-05 0.1571E+03 0.1025E+03
8 —0.2951E+02 0.1424E+03 0.1183E+03
9 —0.1357E+02 0.1424E+03 0.1080E+03
10 —0.2092E-04 0.1288E+03 0.9216E+02
11 —0.1357E+02 0.1152E+03 0.1050E+03
12 —0.2714E+02 0.1288E+03 0.1208E+03
13 —0.5554E+02 0.1491E+03 0.1542E+03
14 —0.2714E+02 0.1207E+03 0.1346E+03
15 —0.5554E+02 0.9231E+02 0.1419E+03
16 —0.8394E+02 0.1207E+03 0.1615E+03
17 —0.8394E+02 0.1071E+03 0.1788E+03
18 —0.1084E+03 0.5818E+02 0.1727E+03
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19
20
21
2
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
4
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
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—0.1084E+03
—0.1113E+03
—0.5775E+01
0.2190E-04
—0.5775E+01
—0.1155E+02
—0.1751E+02
—0.1155E+02
—0.1751E+02
—0.2347E+02
—0.2347E+02
—0.3597E+02
—0.3037E+02
0.5775E+01
0.6646E-05
0.5775E+01
0.1155E+02
0.1751E+02
0.1155E+02
0.1751E+02
0.2347E+02
0.2347E+02
0.3597E+02
0.3037E+02
0.1357E+02
0.3809E-05
0.1357E+02
0.2715E+02
0.5554E+02
0.2715E+02
0.5554E+02
0.8394E+02
0.8394E+02
0.1084E+03
0.1084E+03
0.1113E+03
0.2951E+02
0.9467E-06
0.1194E+02
0.1194E+02
0.4697E+02
0.2951E+02
0.1071E+03
0.1071E+03

0.2197E+02
0.2783E+02
0.1152E+03
0.1095E+03
0.1037E+03
0.1095E+03
0.9231E+02
0.8635E+02
0.8039E+02
0.8635E+02
0.5818E+02
0.3317E+02
0.2197E+02
0.1037E+03
0.1095E+03
0.1152E+03
0.1095E+03
0.8039E+02
0.8635E+02
0.9231E+02
0.8635E+02
0.5818E+02
0.3317E+02
0.2197E+02
0.1152E+03
0.1288E+03
0.1424E+03
0.1288E+03
0.9231E+02
0.1207E+03
0.1491E+03
0.1207E+03
0.1071E+03
0.5818E+02
0.2197E+02
0.2783E+02
0.1424E+03
0.1571E+03
0.1631E+03
0.2079E+03
0.1879E+03
0.1879E+03
0.1491E+03
0.1071E+03
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0.1771E+03
0.1892E+03
0.1039E+03
0.9108E+02
0.1026E+03
0.1154E+03
0.1378E+03
0.1263E+03
0.1339E+03
0.1455E+03
0.1548E+03
0.1559E+03
0.1629E+03
0.1026E+03
0.9108E+02
0.1039E+03
0.1154E+03
0.1339E+03
0.1263E+03
0.1378E+03
0.1455E+03
0.1548E+03
0.1559E+03
0.1629E+03
0.1050E+03
0.9216E+02
0.1080E+03
0.1208E+03
0.1419E+03
0.1346E+03
0.1542E+03
0.1615E+03
0.1788E+03
0.1727E+03
0.1771E+03
0.1892E+03
0.1183E+03
0.1025E+03
0.1206E+03
0.1589E+03
0.1791E+03
0.1566E+03
0.1715E+03
0.1941E+03



13.27

TEMPERATURE DISTRIBUTION IN CHIMNEY CROSS SECTION

— 170 DEG. F
g0 210 DEG. F
: 270 DEG. F
----- 330 DEG. F - (INSIDE SUFACE TEMPERATURE)
0| —— 13ODEG.F- (OUTSIDE SURFACE TEMPERATURE)
wn
m 404 o ___ -
5 i .
z | |
£209 :
¢ I |
E | |
_ I |
0 130°F
20
—40
[ [ [ [ [ [ [
0 20 40 60 80 100 120
WIDTH - INCHES DBD
13.28
Temperature
deg.F
570
524.1503
4782003
4324509
3965012
340.754
294.917
24.042
2022023
1572526
1115029

110°F

Load Case 1 of 1
Maximum Value: 570 deg F
Minimum Value: 111.503 deg F
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Heat flux
Magnitude
filbf
ft%-s

4.373848
4.108001
3.842154
3.475306
3310451
3.044515
2.778758
2512922
2247075
1.961226
1.715382

Load Case 1 of 1

Maximum Value: 4.37385 fLibf

ft2s

L ft-lbf
Minimum Value: 1.71538 s

13.29 The temperature distribution of the earth is shown below with a 60 °F oil pipe 15 ft
under the earth’s surface at 50 °F.

Temperature
deg F
59.99998
58.99999
57.99999
56.99999
55.99999

50°F >

Load Case: 1 of 1

Maximum Value: 60 deg F
Minimum Value: 50 deg F Y

13.30

Bt
100 hin.
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t=35F

10 in. 4

0 = 129.66 ——

t=1in
O
t=0°F
f—— e—
K = 0.50 Btu 778 1b'ft 1h — 0108056 in.-1b

h-ft-°F 1Btu 3600s s*in.-°F

g = 50 Bﬁ[ L }[1%}{7781&}(}[12111

Ibf - in.
| 60min |l 60s 1Bt

=129.66
l,f{} s

Heat source

Ibf-in.
o* = 129.66 oL

. Temperature
P 13-30 degF

156878
1411002
1255024
10089148
941.208
78430
827512
470,034
313.768
156,878
Q 36766136011

Load Case: 10of1 | v
Maximum Value: 1568.78 deagm

14.113
Minimum Value: 3.67661e-011 (I

P 13-30 z :::::l::nl
Nt I £)

Load Case: 10f 1 | s | <
Maximurn Value: 40.0444 imgfn&m s)

4704 in 9.400 14.113
Minimum Value: -35 855 it 2R

461
© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part




13.31

Temperature
deg F

149.9999
137.9999

30.00009

Load Case: 10of 1

Maximum Value: 150 deg C
Minimum Value: 30.0001 deg C

13.32

©
©
S
®

2 22
Q)
0°c ® | @ @ | @9 T. =0°C
3 A 5@ 23
® )
4 24

® ® | @

10 15 20 25
T. =0°C

KXX =100 KYY=10.0
CONVECTION COEFF = 10.0
FLUID TEMPERATURE = 0.0
SEMI-BANDWIDTH = 7
NEL NODE NUMBER X(1) Y(I) X2 Y2 X3 Y03

1 1 2 7 0.0000 1.0000  0.0000  0.8000 0.2000 0.8000
2 2 3 8 0.0000  0.8000  0.0000  0.5000 0.2000 0.5000
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3 3 4 8 0.0000  0.5000  0.0000  0.2000 0.2000 0.5000

4 4 5 9 0.0000  0.2000  0.0000  0.0000 0.2000 0.2000

5 1 7 6 0.0000 1.0000  0.2000  0.8000 0.2000 1.0000

6 2 8 7 0.0000  0.8000  0.2000  0.5000 0.2000 0.8000

7 4 9 8 0.0000  0.2000  0.2000  0.2000 0.2000 0.5000

8 5 10 9 0.0000  0.0000  0.2000  0.0000 0.2000 0.2000

9 6 7 12 0.2000 1.0000  0.2000  0.8000 0.5000 0.8000

10 7 8 13 0.2000  0.8000  0.2000  0.5000 0.5000 0.5000

11 8 13 0.2000  0.5000  0.2000  0.2000 0.5000 0.5000

12 9 10 14 0.2000  0.2000  0.2000  0.0000 0.5000 0.2000

13 6 12 11 0.2000 1.0000  0.5000  0.8000 0.5000 1.0000

14 7 13 12 0.2000  0.8000  0.5000 0.5000 0.5000 0.8000

15 9 14 13 0.2000  0.2000  0.5000 02000 0.5000 0.5000

16 10 15 14 0.2000  0.0000  0.5000  0.0000 0.5000 0.2000

17 11 12 16 0.5000 1.0000  0.5000  0.8000 0.8000 1.0000

18 12 13 17 0.5000  0.8000  0.5000 0.5000 0.8000 0.8000

19 13 14 19 0.5000  0.5000 0.5000 02000 0.8000 0.2000

20 14 15 20 0.5000  0.2000  0.5000  0.0000 0.8000 0.0000

21 12 17 16 0.5000  0.8000  0.8000 0.8000 0.8000 1.0000

22 13 18 17 0.5000  0.5000  0.8000 0.5000 0.8000 0.8000

23 13 19 18 0.5000  0.5000  0.8000  0.2000 0.8000 0.5000

24 14 20 19 0.5000  0.2000  0.8000  0.0000 0.8000 0.2000

25 16 17 21 0.8000 1.0000  0.8000  0.8000 1.0000 1.0000

26 17 18 22 0.8000  0.8000  0.8000  0.5000 1.0000 0.8000

27 18 19 24 0.8000  0.5000  0.8000  0.2000 1.0000 0.2000

28 19 20 25 0.8000  0.2000  0.8000  0.0000 1.0000 0.0000

29 17 22 21 0.8000  0.8000  1.0000 0.8000 1.0000 1.0000

30 18 23 22 0.8000  0.5000  1.0000  0.5000 1.0000 0.8000

31 18 24 23 0.8000  0.5000  1.0000 0.2000 1.0000 0.5000

32 19 25 24 0.8000  0.2000  1.0000 0.0000 1.0000 0.2000

CONVECTION FROM SIDE 1 OF ELEMENT 8 *PRESCRIBED NODAL TEMPERATURE VALUES*

CONVECTION FROM SIDE 1 OF ELEMENT 16 2 0.00000E+00
CONVECTION FROM SIDE 2 OF ELEMENT 20 3 0.00000E+00
CONVECTION FROM SIDE 2 OF ELEMENT 28 4 0.00000E+00
CONVECTION FROM SIDE 3 OF ELEMENT 29 5 0.00000E+00
CONVECTION FROM SIDE 3 OF ELEMENT 30 6 0.10000E+03
CONVECTION FROM SIDE 2 OF ELEMENT 31 11 0.10000E+03
CONVECTION FROM SIDE 2 OF ELEMENT 32 16 0.10000E+03
21 0.10000E+03

RESULTING NODAL TEMPERATURE VALUES
1 0.50000E+02 2 0.00000E+00 3 0.00000E+00 4 0.00000E-+00
6 0.10000E+03 7 047910E+02 8 0.21010E+02 9  0.11377E+02
11 0.10000E+03 12 0.68538E+02 13  0.38137E+02 14 0.22992E+02
16 0.10000E+03 17 0.69017E+02 18 0.40007E+02 19  0.25421E+02
21 0.10000E+03 22 0.66669E+02 23  0.39117E+02 24 0.22699E+02
10 0.85870E+01 15 0.18000E+02 20 0.20040E+02 25 0.17598E+02
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ELEMENT RESULTANTS

ELEMENTS GRAD(X) GRAD(Y) AVE TEMP
1 0.2395E+03 0.2500E+03 0.3264E+02
2 0.1051E+03 0.0000E+00 0.7003E+01
3 0.1051E+03 0.0000E+00 0.7003E+01
4 0.5688E+02 0.0000E+00 0.3792E+01
5 0.2500E+03 0.2605E+03 0.6597E+02
6 0.2395E+03 0.8967E+02 0.2297E+02
7 0.5688E+02 0.3211E+02 0.1080E+02
8 0.4293E+02 0.1395E+02 0.6655E+01
9 0.6876E+02 0.2605E+03 0.7215E+02

10 0.5709E+02 0.8967E+02 0.3569E+02
11 0.5709E+02 0.3211E+02 0.2351E+02
12 0.3872E+02 0.1395E+02 0.1432E+02
13 0.2862E-04 0.1573E+03 0.8951E+02
14 0.6876E+02 0.1013E+03 0.5153E+02
15 0.3872E+02 0.5048E+02 0.2417E+02
16 0.3138E+02 0.2496E+02 0.1653E+02
17 0.3336E-04 0.1573E+03 0.8951E+02
18 0.1595E+01 0.1013E+03 0.5856E+02
19 0.8097E+01 0.5048E+02 0.2885E+02
20 0.6800E+01 0.2496E+02 0.2034E+02
21 0.1595E+01 0.1549E+03 0.7918E+02
22 0.6234E+01 0.9670E+02 0.4905E+02
23 0.6234E+01 0.4862E+02 0.3452E+02
24 0.8097E+01 0.2691E+02 0.2282E+02
25 —0.3310E-04 0.1549E+03 0.8967E+02
26 —0.1174E+02 0.9670E+02 0.5856E+02
27 —0.1361E+02 0.4862E+02 0.2938E+02
28 —0.1221E+02 0.2691E+02 0.2102E+02
29 —0.1174E+02 0.1667E+03 0.7856E+02
30 —0.4451E+01 0.9184E+02 0.4860E+02
31 —0.4451E+01 0.5473E+02 0.3394E+02
32 —0.1361E+02 0.2550E+02 0.2191E+02
100 100 100 100

50

o

70 °C

60-70°C

30-40°C 40-50°C
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13.34

Temperature
deg C

140
200°C

g 110

100°C

1335

b lige
T

10T e Lo

¥

im t
PTTF R PR IR PP R AR PRI RITd

100°C

5
©) @
D 33X @ 6
© ©

KXX =100 KYY=10.0

CONVECTION COEFF = 20.0

FLUID TEMPERATURE = 20.0

SEMI-BANDWIDTH = 4

NEL NODE NUMBER  X(I) Y(I) XQ2) Y2 X3) Y
0.0000  0.0000  0.5000 0.5000 0.0000  1.0000
0.0000  0.0000  1.0000 0.0000 0.5000  0.5000
0.0000  1.0000  0.5000 0.5000 1.0000  1.0000
0.5000  0.5000  1.0000 0.0000 1.0000  1.0000
1.0000  0.0000  1.5000 0.5000 1.0000  1.0000
1.0000  0.0000  2.0000 0.0000 15000  0.5000
1.0000  1.0000 1.5000 0.5000 2.0000  1.0000
15000  0.5000  2.0000 0.0000 2.0000  1.0000

0 N N L AW N
AN W R R W =
~N N 9 AW s W
0 0 N WL L v W
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ELEMENT RESULTANTS

ELEMENT GRAD(X) GRAD(Y) AVE TEMP
1 0.1000E+03 0.2000E+03 0.2167E+03
2 0.0000E+00 0.3000E+03 0.1500E+03
3 0.2000E+03 0.3000E+03 0.3500E+03
4 0.1000E+03 0.4000E+03 0.2833E+03
5 —0.1867E+03 0.4000E+03 0.2689E+03
6 0.1333E+02 0.2000E+03 0.1400E+03
7 —0.3867E+03 0.2000E+03 0.2733E+03
8 —0.1867E+03 0.7629E-05 0.1444E+03

13.36
\ N
3 R
~ )
3 . R T. =40°C
“\\ i I“"\“I O4m . W
Q T "\x h=50 o
by s
b - » .
ﬁ - 0.2m b K= 50 W
R L l _M0°C R m-e
|-‘—l'| im —+[I I m-srs— 0 I m —--
T. =40°
h=350
35 36 37 38 39
125° 129° 138° 148°
147° 155° 168° 177°
1\135" 193° 0210° 236° 5
205° 218° 249° 269°
236° 246° 275° 300°C
252° 264° 272°
1O t 72 300°C
276° 287° 292°
289° 292° 300°
1 4
300°C

Results showing one-half of model

13.37 Determine the temperature distribution and rate of heat flow through the plain carbon
steel ingot shown in Figure P13-36. Let k= 60% for the steel. The top surface is held

at 40C, while the underside surface is held at 0C. Assume that no heat is lost from the

sides.
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40°C deg C

39.99892
35.99903
3199914
2799926
23.99937
19.99948
159996
11.99971
7.009823
3.999936
4999936
4.946426¢-005

0°C 0°C
Heat Flux
Magnitude
J
m2.s
1405.068
1268.787
1132.605
996.2236
850.9421
723.6606
587.3792
451.0077
314.8162
178.5347
42.26327
Temperature
deg C
180
164
148
132
116
100
84
68
52
36
20
20°C
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Heat Flow Rate
J

B
1.393895
1.088119
0.7823529
0.4765867
0.1708205
-0.1349457
-0.4407119
-0.7464781
-1.052244
-1.95801
-1.663777

13.39

Temperature

500 °F deg F
460
420
380
340
300
260
220
180
140
100

Heat Flux
Magnitude in*

_in.-Ibf
in?-s
83.92365
75.66031
67.39897
59.13364
50.8703
42.60696
34.34363
26.08029
17.81696
9.553619
1.290282

13.40 For the basement wall, determine the temperature distribution and the heat transfer
through the wall and soil.
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Temperature
deg F
70
63.11379
56.22759
49.34138
42.45518
35.56897
28.68277
21.79656
14.91036
8.024155
1.13795

Load Case: 1 of 1

Maximum Value: 70 deg F
Minimum Value: 1.13795 deg F

Heat Flux

Magnitude
in.- Ibf
in?-s
0.0002127572
0.000191485
0.0001702129
0.0001489407
0.0001276686
0.0001063965
8.512431¢-005
6.385217 e-005
4.258003 ¢-005
2.130788 ¢-005
3.573557 e-008

Load Case: 1 of 1
Maximum Value: 0.0002127572 ‘:]—lbsf

Minimum Value: 3573557 A%-10f
mn.--s

1341

Temperature
deg F

69.90369
64.05057
58.19748
52.34434
46.40123
40.63612
34.785

28.93189
23.07877
17.22566
11.37254

11.37°F

Load Case: 1 of 1

Maximum Value: 69.90369 deg F
Minimum Value: 11.37254 deg F
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13.42 Aluminum fins (k= 170 %) with triangular profiles shown in Figure P13.41 are used to

remove heat from a surface with temperature of 160°C. The temperature of the

surrounding air is 25°C. The natural convection coefficient is h= 25 Determine the

m?- K’

temperature distribution throughout and the heat loss from a typical fin.

P 13-a2 Ta‘m:we
160
159173
1584347
157 642
156 8653

15T

T ¥ EIE. IO e e

Er 200 - G024 uiq
Marsenum Ve 192,173 deg Gl I o ———d.

13.44 The Allen Wrench, shown in Figure 1, is exposed at one end to at temperature of 300 K,

while the other end has a heat flux of 10 m"Z2 . Determine the temperature distribution

throughout the wrench. It has a thermal conductivity of 43.6 mJ% and a specific heat

capacity of 0.000486 g%K.

Part dimensions

Figure 2: Dimension
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Boundary condition

T b
¥

I
E I 08
UL
318 084
| 3 RE0T2
L 311508
002040
306 S0 MG
W04 B0
R
o=

Figure 3: Temperature Distribution (K)
13.45 Temperature distribution

Temperature

20°C deg C

50°C
Load Case: 1 of 1
Maximum Value: 50 deg C
Minimum Value: 20 deg C

st

13.46 The thermal aspect of this component is that the base has an applied temperature of 100 °F.
This is theoretically due to the warmed aluminum plate being heated by the electric
motor. The lower surface of the lower finger has an applied surface temperature of 50 °F.

Temperature

50 °F

Load Case: 1 of 1
Maximum Value: 100 deg F
Minimum Value: 50 deg F

Z
100 °F x

Temperature distribution
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13.48

K A (0.017)ZLE

4% 144 Btu
- =0.001 —— Small so neglect
L Tapva h-°F &
. Btu
mc = 10(0.24)=24 oF
hPL 7y A
- = é (E(112f )J 1;_} =0.04096 B_tcu
6 6 = X .

10
hPLT. = (3) ) [i) (200°F) = 49,087 S
2 (12 h

Koy= 22 [_1 1} +0.04096 [2 1}
2 [-11 12

KV] = —1.118 1.24091
—1.159 1.2818

K= k¥ = [k¥7= k"] also

1.2818—1.118 1.2409 0 0
Ko -1.159 1.2818—1.118 1.2409 0
(k1= 0 -1.159 12818 -1.118 1.2409
0 0 -1.159 1.2818
0.164  1.241 0 0
Ko —-1.159 0.164 1241 0
K] 0 -1.159 0.164 1241
0 0 -1.159 1282
49.087+ 1.159(50)
. 49.087
i 49.087
24.5435
64.719y [t,
o 77715 ||t
(K] {F} = =
89.747 | |t
100.296,) |ts
5
4
3
2
1 t,=50°F
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Chapter 14

14.1
K=am Ko=4D Ka=65
pr=10m4¢1 .@ lz @ «{3 @ 'fiPd. 0 m
1 m I m 1l m
Global [K]
1 -1 0 0
21-1 3 =2 0
[K]= 4™
s | 02 5 -3
0 0 -3 3
10
P-4
3
0
Accounting for the boundary conditions
p1 =10, ps=0, we get
[ 12 —8}[!021 _ [40]
-8 20/lpJ o]
Solving
P2= 4.545 m, p3=1818m
v — kD [_llH pl}
x *LLullp,
- 2 11] 40 } 1091 =
14.545 s
v = —4[-4545+1.818]=10.91 o
S
V& = _6(-1.818)=10.91 ?
m3
Q" = AV =21.82 -
11‘13
QY =21.82 —
S
m3
QY =21.82 —
S
14.2
Ky =1 %
py=10m _qq'nﬁ%
im -
1 -1
[K(l)] _ [k(Z)] _ [k(3)] = ﬁ
1 |-1 1
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[f9]=g* A Jl(iJ1 =-25 - (2m) {?Jl ) {— 20}

Global equations
2 -2 0 o][m=10

-2 4 -2 o] P | |oO
0 -2 4 -2{| p, |
0 0 -2 2| p, -50
Rewriting
4 -2 0 P, '20’1
-2 4 -2(=4psr =90
0 -2 2 p, —SOJ
Solving

p2=-15m, p3=—40m, ps=-65m

o _ pl} __[__ILH 10} -
Vi Km[B]{pz T 1s L=1

s M
S

~15
v = _1[_1 l} | _,om
1 1J1-40f s

— 40
W = _1[_1 l} | _,om
1 1]]-65J s

Volumetric flow rates

Q=Q=Q:= V) A=vP A=V A

3
- 25@2)=50 L
S

14.3

By 101 1

by _ 1 -1

K] 0.6__1 |
C

2 _

K] 0.4__1 1|

o[ 1 1]

K] 0.2__1 /|

06 -06 0 0 101n. 0

0.6 1.0 -04 0 P, ] _} ‘
0 -04 06 -02[] p J - 10{
0 0 -02 02 |lp,=0
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Using the 2" and 3™ equations above

LR

- 04 () lof
p=8.182in.,, p;=5455in.

V(I)Z*Kxx[BJ’ 17 [ }{ 10.}
X 1010 8.182

VO = 0.182 =
S

e [_L 1“8.182}
X
10 10J ]5.455

Vo = 0273 =

S
o ,[_i i} {5.4551
X
10 10/ o |
= 0.545 =
S

QM = AV = (6in?) (0.182 )
S
- 1.091 2
.3
QP =1.091 2

in.
QY = 1.091 —

S
14.4
pr—
1} A =Sem® 20 Ay=3an’ 3f—el =2

g 228 1) [ -
K= =5 [—1 2
2x3[ 1 -1 & _¢

e 213
5 5

3
F;=-2%x3=-6 o , Negative, as water flows out of right edge
s
Assemble global equations
2 -2 0 J
-2 32 -12|9p¢
0 -12 12 l p3J

Now assume p; = 0
SR
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Solving for p; and ps3

p=-3 p=-8

wee 1 ()

lp.
T2 [_é ﬂ {—03}

v =12 % — (to right)

o=

v =2 % — (to right)

Velocities

Flow rates

QY = v A= [1.22] (5 cm?)
. S
3
Q) =6
S
Qf = v A= (2] 3 e
S
3
ng) =6 cm
S

14.5

(k1= [BI" [D][B]dV

For 1-D formulation

(8] [—{—i] [D]= [Kn]

—_
=
=
|
ol e

1 1
[Ked [_I ﬂ v

For element with constant cross sectional area A

1 1
L
K=, Kxx|: " LZ}Adx
LZ

-

14.6
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L in

K =
10 s
K= 2 [ 1 _1} [k@)]—ﬂ[ 1 _IJ
0 -1 1) 0 1-1 1

‘Force’ at node 1

. .3
Fix= (—2 m‘) 2in?)=4 ——
S S

Assume p;s=10

Assemble equations
0.2 -0.2 Pl (4
—-02 02+0.1] [p, 0

P = 60 in., P2 = 40 in.

el

Solving

Velocities

v = L[_l l} 60} _,,in
1oL 1 1] 40f s
VO = L[_l l} {40.1. _40 I
ol 1 1)]0] s

Volumetric flow rates

QM = v AV = [2 3) Qin}) =4 1=
.S S

QP = v A®= (42] (in?y=4 =
.S S

14.7
(2)

Dy _
k"] n

Hh_ 1
KV 3
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3 4
1 1 -1
Koy = L
[ 50-1 1
Assemble [K]'s
1 2 3
1+% _% 0 P ]1=Q1l
4 deded i ey o
o it el o) -l |
m’ N o
N-s m? S
Solve in Mathcad for py, ps, P3
P =087 P = 0691 py=0.515 =
o AP _RTR g0, o= AP _R=P 4103, o = PR 059
R R, R
—_ _ 3
G = 2B _ 0044, g =20 _ o103 (all gsin =)
R, s
d: + g4 =0.103 (check equals g,)
0:+Q9s =1 (checkequals Q= 1)
(b)
& Ry
Rs
Q<] B o — o|P
' ds
R T & -~ o P
Q= 10001—5‘1;‘—»’: . :I% Rs
R
&
R =10 Esf
mn.
R, =20
R3:30
Ry =40
R5:50
1 4 1 2

|)=_11‘1 z)zil—l}
(") 10[—1 J’ (7] 20[—1 1
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—_— = N
|

—_— =

| I

30|-1 1} 40
3 4
1[ 1 —1]
K= L
<1 50-1 1
Assemble
1 2 3
0+ 20 % 0 [pll J10001
I Ly 141 L
T2 t30tTw T3 W [Py 0 ¢
o bt Aedlle) o)
in’ b ﬁ
Ib-s in.? s
Solve for p;, P,, ps using Mathcad as
p: =8971 psi, p, = 6912 psi, ps = 5147 psi,
g= 100507 g= BB s q= PSR s
R )
_ _ in3
Q= P-R 44, s = R=0 _ 0 (all gsin )
R, R s

0; + g = 103 (check equals ¢p)

g1 + gs = 1000 (check equals Q)
14.8

(All units in meters)

(2, 1) %0
e —— — . r
for N; 1
fQS = Q*t NJ
_me NmJ §_§
Ni = L (ai+ Bix+yiy)
i oA i i Yiy

ai= X Ym—YjXm=61
Qi = YjXm—Xiym=—12
An=X Y —YiX=-7

B=Yi=Ym==6 ¥i=Xn-X=-7
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B=Ym—Yi=6 Yi=Xi—Xn=0

Bn=Yi-%=0 fm=Xx-X%=7

23
Nilx=4 = =5 (61*6(4) 7(2))—
y=2
12
Ny = —( 12+6(4))——2
y=2
1 7
Nplooy = — (-7+7Q) = —
m ;:ﬁ 5 ( 2) 22
N Izsl [54.761 X
{fQ}—[loom—] (—mJ 124 =42857h -
s | Lo ] ] ] [ s
7] l16.67
14.9
¥
=5
(23)
m (Al units in ipches)
(21) A1
‘wlil
t
(o 9t
i} 3 lOJ
f 1
[1] 5x2><1” ] in’
b= 10t = —_
2 S
lr) W)
14.10
F /!J//z/{/___ -~
p=10m 2m
o i -

g' =14 = 10

}_‘__ Im—e
From Equations (14.3.16)

25 0 0 0 —-25
25 0 0 -25

[K]= 25 0 —-25|x10°
25 -25
Symmetry 100
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0
25 3
F= {250 x10° &
s
0
0
Boundary conditions p; =ps =10 m
25 0 =-25| [p 25 ]
25 =250 ¢pyp =425
Symmetry 100] | ps ]_500,[
Solving

P2=12m, p3=12m, ps=11m
14.11

(33 nodes, 56 elements)
FLUIDS PROBLEM 14-11

BOUNDARY VALUES
NODAL FORCES
LOADING CASE 1
0 0.00000E+00
LOADING CASE 2
1 0.50000E+04
*PRESCRIBED NODAL VALUES*
26 0.50000E+03
27 0.50000E+03
28 0.50000E+03
29 0.50000E+03
30 0.50000E+03
31 0.50000E+03
32 0.50000E+03
33 0.50000E+03

FLUIDS PROBLEM 14-11

NODAL VALUES, LOADING CASE 1

1 — 0.46404E+03 2 0.37597E+02
5 0.14359E+07 6 —0.26094E+03
9 0.45441E+02 10 0.25835E+03
13 0.25077E+03 14 —0.57844E+02
17 0.26088E+03 18 0.39845E+03
3 —0.17302E+02 4 —0.16157E+03
7 — 0.75913E+02 8 0.13183E+03
11 0.23328E+03 12 0.19417E+03
15 0.16262E+03 16 0.23693E+03
19 0.38851E+03 20 0.37488E+03
21 0.38550E+03 22 0.28400E+03
25 0.39925E+03 26 0.50000E+03
29 0.50000E+03 30 0.50000E+03
33 0.50000E+03

23 0.35570E+03 24 0.38834E+03
27 0.50000E+03 28 0.50000E+03
31 0.50000E+03 32 0.50000E+03
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FLUIDS PROBLEM 14-11

NODAL VALUES, LOADING CASE 2

1 — 0.49446E+03 2 0.23005E+02
5 0.14476E+07 6 —0.28970E+03
9 0.30588E+02 10 0.25067E+03
13 0.23855E+03 14 —0.84934E+02
17 0.25296E+03 18 0.39522E+03
21 0.38006E+03 22 0.27361E+03
25 0.39590E+03 26 0.50000E+03
29 0.50000E+03 30 0.50000E+03
33 0.50000E+03

3 —0.33072E+02 4 —0.18077E+03
7 — 0.96780E+02 8 —0.34748E+01
11 0.22496E+03 12 0.18421E+03
15 0.14912E+03 16 0.22760E+03
19 0.38500E+03 20 0.37068E+03
23 0.34982E+03 24 0.38433E+03
27 0.50000E+03 28 0.50000E+03
31 0.50000E+03 32 0.50000E+03

FLUIDS PROBLEM 14-11

ELEMENT VELOCITY COMPONENTS

ELEMENT VEL(X) VEL(Y)
1 — 0.20066E+05 — 0.52061E+04
2 — 0.13173E+05 —0.12099E+05
3 0.81240E+04 —0.12099E+05
4 0.81240E+04 — 0.12094E+05
5 0.81240E+04 0.13833E+05
6 0.28676E+04 0.19089E+05
7 — 0.97320E+04 0.19089E+05
8 — 0.20066E+05 0.87555E+04
9 — 0.88300E+04 0.41014E+04
10 — 0.88300E+04 — 0.29504E+04
11 — 0.12222E+05 — 0.19572E+04
12 — 0.49369E+04 — 0.92425E+04
13 —0.14055E+05 — 0.14229E+05
14 0.7498 3E+04 — 0.14229E+05
15 0.81240E+04 — 0.12092E+05
16 0.81240E+04 — 0.12097E+05
17 0.81240E+04 —0.12099E+05
18 0.81240E+04 0.96035E+04
19 0.21425E+04 0.11355E+05
20 0.24686E+04 0.11029E+05
21 —0.13329E+04 0.89500E+04
22 —0.43866E+04 0.89500E+04
23 —0.48610E+04 0.73297E+04
24 —0.85681E+04 0.36225E+04
25 —0.56043E+04 0.23942E+04
26 —0.56043E+04 — 0.21350E+04
27 —0.67102E+04 — 0.20719E+04
28 —0.27549E+04 - 0.60273E+04
29 —0.41023E+04 — 0.72286E+04
30 0.31961E+04 — 0.72286E+04
31 0.33656E+04 — 0.42572E+04
32 0.40359E+04 — 0.35868E+04
33 0.13674E+05 — 0.14397E+05
34 0.13674E+05 0.70190E+04
35 0.33137E+04 0.76100E+04
36 0.27655E+04 0.81583E+04
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37 0.40783E+03 0.60563E+04

38 — 0.27156E+04 0.60563E+04
39 - 0.27727E+04 0.50557E+04
40 —0.55241E+04 0.23043E+04
41 — 0.40618E+04 0.16983E+04
42 —0.40618E+04 — 0.16833E+04
43 —0.45923E+04 —0.17156E+04
44 — 0.18482E+04 — 0.44597E+04
45 —0.23311E+04 — 0.50048E+04
46 0.20741E+04 — 0.50048E+04
47 0.20397E+04 — 0.44382E+04
48 0.4579 8E+04 — 0.18980E+04
49 0.86399E+04 — 0.54948E+04
50 0.86399E+04 0.35806E+04
51 0.48159E+04 0.33480E+04
52 0.23920E+04 0.57719E+04
53 0.12355E+04 0.44664E+04
54 —0.18510E+04 0.44664E+04
55 —0.18156E+04 0.38847E+04
56 —0.40301E+04 0.16702E+04
RESULTANT NODAL VALUES
—0.49446E+03
0.23005E+02

—0.33072E+02
—0.18077E+03
0.14476E+07
—0.28970E+03
—0.96780E+02
—0.34748E+01
0.3058 8E+02
0.25067E+03
0.22496E+03
0.18421E+03
0.23855E+03
0.84934E+02
0.14912E+03
0.2276 0E+03
0.25296E+03
0.39522E+03
0.38500E+03
0.37068E+03
0.38006E+03
0.27361E+03
0.34982E+03
0.38433E+03
0.39590E+03
0.50000E+03
0.50000E+03
0.50000E+03
0.50000E+03
0.50000E+03
0.50000E+03
0.50000E+03

L L L W NN N NN NN NN — = = = = = = = = =
DO — O OP TAARNNDENND — O O ANNDE PP = 00T N AL —

0.00000E+00
14.12
BOUNDARY VALUES
NODAL FORCES
LOADING CASE 1
0 0.00000E+00
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*PRESCRIBED NODAL VALUES*
0.60000E+01
0.60000E+01
0.60000E+01
0.30000E+01
0.30000E+01
0.30000E+01

00~ O\ W N —

NODAL VALUES, LOADING CASE 1

1 0.60000E+01 2 0.60000E+01
5 0.45000E+01 6 0.30000E+01
3 0.60000E+01 4 0.45000E+01
7 0.30000E+01 8 0.30000E+01
14.13 Use i of the whole system due to symmetry

(25 nodes, 32 elements)

NODAL FORCES

LOADING CASE 1
0 0.00000E+00

LOADING CASE 2
25 0.12500E+03 (pumping rate)

*PRESCRIBED NODAL VALUES*
1 0.10000E+03
6 0.10000E+03
11 0.10000E+03
16 0.10000E+03
21 0.10000E+03

FLUID PROBLEM 14-12

NODAL VALUES, LOADING CASE 1
1 0.10000E+03 2 0.10000E+03
5 0.10000E+03 6 0.10000E+03
9 0.10000E+03 10 0.10000E+03
13 0.10000E+03 14 0.10000E+03
17 0.10000E+03 18 0.10000E+03
21 0.10000E+03 22 0.10000E+03
25 0.10000E+03
3 0.10000E+03 4 0.10000E+03
7 0.10000E+03 8 0.10000E+03
11 0.10000E+03 12 0.10000E+03
15 0.10000E+03 16 0.10000E+03
19 0.10000E+03 20 0.10000E+03
23 0.10000E+03 24 0.10000E+03

NODAL VALUES, LOADING CASE 2
1 0.10000E+03 2 0.10062E+03
5 0.10202E+03 6 0.10000E+03
9 0.10177E+03 10 0.10209E+03
13 0.10125E+03 14 0.10185E+03
17 0.10063E+03 18 0.10128E+03
21 0.10000E+03 22 0.10063E+03
25 0.10363E+03
3 0.10121E+03 4 0.10174E+03
7 0.10062E+03 8 0.10122E+03
11 0.10000E+03 12 0.10062E+03
15 0.10231E+03 16 0.10000E+03
19 0.10198E+03 20 0.10277E+03
23 0.10129E+03 24 0.10207E+03
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RESULTANT NODAL VALUES

0.10000E+03
0.10062E+03
0.10121E+03
0.10174E+03
0.10202E+03
0.10000E+03
0.10062E+03
0.10122E+03
0.10177E+03
0.10209E+03
0.10000E+03
0.10062E+03
0.10125E+03
0.10185E+03
0.10231E+03
0.10000E+03
0.10063E+03
0.10128E+03
0.10198E+03
0.10277E+03
0.10000E+03
0.10063E+03
0.10129E+03
0.10207E+03
0.00000E+00

PO RO RO MO MO RO e e e e
GRUON,ESOCX AR Do — o ©X®ITIDN R W —

ELEMENT VELOCITY COMPONENTS

ELEMENT VEL (X) VEL (Y)
1 0.12207E-03 0.57220E-05
2 0.79155E-04 0.21935E-04
3 0.26226E-04 0.47684E-05
4 0.17643E-04 0.41962E-04
5 0.11921E-03 0.00000E+00
6 0.92506E—04 0.57220E-05
7 0.12875E-04 0.21935E-04
8 0.33379E-04 0.47684E-05
9 0.12207E-03 0.57220E-05
10 0.94414E-04 —0.19073E-05
11 0.14305E-04 0.47684E-05
12 0.32902E-04 0.24796E—04
13 0.11921E-03 0.00000E-+00
14 0.92506E-04 0.57220E-05
15 0.12875E-04 —0.19073E-05
16 0.45300E-04 0.47684E-05
17 0.12207E-03 0.57220E-05
18 0.94414E-04 0.28610E—04
19 0.14305E-04 0.35286E—04
20 0.48161E-04 0.95367E-06
21 0.11921E-03 0.00000E+00
22 0.10443E-03 0.57220E-05
23 0.95367E-05 0.28610E-04
24 0.30041E-04 0.35266E-04
25 0.12207E-03 0.57220E-05
26 0.10967E-03 ~0.56267E-04
27 0.17643E-04 —0.19073E-04
28 0.36240E-04 0.95367E-06
29 0.11921E-03 0.00000E+00
30 0.80585E-04 0.57220E-05
31 0.28133E-04 —0.56267E-04
32 0.45300E-04 —0.19073E-04
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14.17

2|ov
I
@égow Qlj %mw
@

A AVAVAY D
5W
B%l—/mﬂw,—c
5V
S =%
[,

10V
|1 0 I1 |2
0 —80 [ 5 -5
K= . K]
—80 80 -5 5
I 0 I, 0
40 —40 10 —10
[K¥1= . K9 =
—40 40 -10  10]
I2 |3 |2 0
10 —10 [ 10 —10]
K] = . K91=
—-10 10 -10 10
5, 0 5 0
5 -5 5 -5
K= , K®7 =
L -5 5 [k -5 5
I I, I3
80+ 5+ 40 -5 0 |’|1
-5 5410+10+10  —10 ),
0 -10 10+5+5 l|3
125 -5 0 {Il 20
-5 35 —10| {1,F =4 5
L0 =10 20 l|3 -10
lao=l—1,
lec=h-13
Using Mathcad
125 -5 0 20
KI=]-5 35 -10 V=1 5
0 10 20 -10
486

© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



0.161

AMPS = 1solve (K, V) AMPS = | 0.027
—0.487
IAD :AMPSO—AMPSI IAD:0]34
IBC = AMPS] - AMP82 IBC =0.513
14.18
60w (@)
AVAVAY
(s
®
@SW 20W
A A —E AN
| Iy
lové ) )
®
! I
| |
12V 5V
Resistor element stiffness matrices.
I, 0 s
1 -1 1 -1
K" = 10 K] =5
=10 | L K=
L 1 5 0
1 -1 1 -1
K91= 20 k¥ =60
€¥1=20] | K1=60
Assemble equations
I I I3
[10+5 0 -5 jll —-12
0 20 =20 il =9 -6
L =5 =20 5+20+60 l_l3 0
[15 0 -5 I —121
0 20 =20 l,p =46
-5 -20 85 1y OJ
Solve in Mathcad
IAB:|17I3
IBC:|2_|3
15 0 -5 -12
[Ki]=1]0 20 -20 Vil =|-6
-5 -20 85 0
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-0.853

AMPS; = Isolve (Ky, V) AMPS, =|-0.458
—0.158
I,5,= AMPS, — AMPS_ I, =—0.695
IBCl = Al\/IPSl1 7AMPS]2 IBC] = - 03
14.19
D C
R, =301W R, =392 W
Vs=9V — Cll <|2
A B
I 2 I 0
301 —-301 392 -392
K" = , K] =
-301 301 -392 392

I l,
301 —301 W {9}
-301  301+392] |1, o

And upon solving in Mathcad

lao= li—12 if<0.015amp Ry acceptable
lgc= I, if<0.015 amp R, acceptable
301 -301 9
(k] = [Vl =
—301 3014392 0
I iteration
0.053
AMPS = Isolve (K, V) AMPS =
0.023
Iap = AMPS) — AMPS; Lw =0.03
Igc = AMPS; Igc = 0.023

Note: amps through diodes must be < 0.015 AMPS, so try larger resistors. Try changing
301 to 392 as well.

o] = 392 -392

21302 734
AMPS; = lsolve (ky, V) AMPS (0'046
27 one 27 10.023

No good. Try larger ohm resistor (Try 523 ohms)

523 523
[ks] =
—523 1046
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0.034
AMPS3 = Isolve (ks, V) AMPS; = 0.017

Iyp, = AMPS; — AMPS; Iyp, =0.03>0.015 .. no good
Try 549 ohms for both resistors.

] = 549 -549
—549 1098
AMPS, = 1solve (K4, V) AMPS 0.033
= 1solve (K4, =
! *lo.ote
Final iteration
Try 715 for R; and 806 for R,
k] = S 715 -715
Y lo1521 1521
Lsolve (k 0.024
AMPS5 = ,V AMPSs =
s = Isolve (ls, ) >~ Lo.or
Ly, = AMPS; — AMPS,  1,, =0.013
Igc, = AMPS; Igc, =0.011 This works. Now amps < 0.015 amps
Let R =715 Q, R, =806 Q
14.20
R, =383 W
Vs=12V—r
I I, I, 0
221 —-221 383 —383
K" = . K?1 =
-221 221 —383 383
221 -221 (12
—221 221+383 I, 0
lap= -1 if<0.015 amp Ry acceptable
If1, <0.015 amp Ry acceptable
lep= |
ICD: |2
Try 2000 Q for R
1270 Q for R,
Then |1 = 0.015amp, I, = 0.00945 amp
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[hou] = 221 =221 oo} = 12
221 2214383 o
AMPS Isolve (kyg, Va0) AMPS 0.086
= 1solve (Ko, =
2 ve T Hao %1 0.031
Must increase ohms size so amps < 0.015. Try previous final R’s of 715 and 806 ohms.

0.032
AMPS, = = Isolve (ks, Va) AMPS, =

0.015

Still amps too large in diodes under Rl (Try 20000 ohm for R1 and 1270 ohms for R2)

koof = 12000  —2000
12000 3270
0.015
AMPSZOf = Isolve (kuof, V20) AMPSZOf = 9.449 x 10°3
Let R =2000 Q, R,=1270 Q
14.22
Vollage

n;."

m

m

T

&0

= an

a g 3

, 3

: 1 1. 550009

1R BT
131267

BE 3 a4
¥ B1E2
Haeala

21165

AT VAIUE 279 542 vim
2]

Minimum Value: 211656 vim |
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14.23

Etecarical Field
vam
v |
IEEL ]
203
LI ERE]

g

13165 57
10541 64
T T3
E79G TE3
XE0052

e T
SaSire

Walage
v

il

|
|

Miprmum Value. 240
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Chapter 15

151
§ l; T=50F E=30¥%10"psi
g S : I3 a-7%106/F A-4in?
' 120 in. |
1 2 2 3
(- AE[ T 1 o - AE[ T~
[]60—11’ []60—11
—EaTA —EaTA
{f(n}:J l (F @y = |
| EoTA EaTA/
{F} = [K] {d} becomes
—EmTA el 1 0]fu=o
0 = % -1 2 13U,
 EWTA 0 -1 1]l
Solving
w=aTlL
= (7% 10®) (50°F) (60 in.)
= 0.021 in.
us;=2aTL=0.042 in.
Reactions and actual nodal forces
{F} = [K] {d} - {Fo}
Fy 1 -1 0 0 —EaTA
AE
Fob=1-1 2 =1||=[eaTL}i=-{ o
Fa 0 -1 1 12aTL 1EaTA
Fix ol
I:2x -=40
5] o)
== 2 o
4in?
15.2
- W
3: N T=-20°C,a=12¥109°C
Iy U . : B 3 E-210GPa,A=1¥ 102m?
:\\ I=3m Q L=3m
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|- ErxTAl

== | EoTA)

Global equations

1 -1 OJul=0 —EMTA

AE
| 2 ! lu2 =1 0
0 -1 1]lu=0] |E=TA
Solving
25 auy=o
u=0

Forces in elements
] [0] [~EaTA] | EWTA
{f 2(;)} B 'loj'_{ ExTA]  |-EoTA
EaTA= (210 GPa) (12 x 10°/°C) (- 20°C) x (1 x 10> m?)
= — 504 kN
o fD=-504 kN, f) =504 kN

FBD element 1

504 kN 504 kN

4 kN
d!= 50—22 = 50,400 KPa
1910 2m
= 50.4 MPa
Similarly
0” = 50.4 MPa

Fix= — 504 kN, F3x =504 kN

‘ff/ >

I=50F  4-=7¥106°F, E=30 ¥106psi
A=2in2, f,=EaTA

15.3

(3 =[T1" )
(1] _ [-21000]
2] 1 21000
(Fy=1[T1" {7
493
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f] T0707 —0.707 0 0 [f, =-21,000

iyl _ 0707 0707 0 0 0
fix 0 0  0.707 —0.707 21,000
fiy 0 0  0.707 0.707 0

fix=-14,8501b, f;,=-14,8501b

fix= 14,850 b, f3=-14,8501b
Boundary conditions

UhL=V,=W=V=U=V,=0

Fy =—14,850
[Fix , }—sooooo [1.354 0.354}{%}

[Ry= 14,850 0.354 1.354]v,
Solving
—u;=Vv;=-0.01753 in.

By Equation (14.1.57)

u
= EplLc s cglil_
L u,
v,
1 0.01753
30 x10° -
o= X. [0-10 1] 0.01753
120 in. 0
0
" = 4350 psi (T)
"
- Eic s ¢ gl¥l_gar
L Uy
'y

30%10°

120:2

0.01753

~0.01753

[~ 0.707 —0.707 0.707 0.707] ‘ 0 ]
0

=-10500

¢ = - 6150 psi (C)
0 = 4350 psi (T)
154

=30°F

0 ¥ 10° psi
¥ 109°F

[
N9 W

iy _ [ fix ]. _ {—E-TA} _ {—12600}
% | EMTA 12600 b

494

© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



(1 =1[T1" {f}

| 5
£ 7 = 0 01§ =-12600
O R
:J o o0 1 P :§x=22600
2y «/5 2y:

o o P 1

fie= — 6300 Ib

fiy= — 10912 Ib

fa = 6300 Ib

foy= 10912 b

Boundary conditions
bL=V,=WBL=V;=U;=V=0
Global equations

(Fu=-6300 ]  2in® 30x10° F 0 }[ull

|Ry,=—10912] 120in, 0 1+35|lv]
6300 = 216,506 uy up =—0.0291 in.
10912 = 1,149,519 v Vi =—0.0095 in.

U
d" = % C -S C S]le1 - —EaT

u,
A2
-0.0291
_30m10°[ 1 —/3 1 /3]/-0.0095
o |y g 2 2] o
- |
0
~30x10°x7 x107° x 30°F
dY = (216506) (0.0228) — 6300
= — 1370 psi (C)
'—0.0291']
30%10° -0.0095
d = 0-101] 0
120 0 ‘
0
d” = 2375 psi (T)
-0.0291
g 30x10°T1 V3 1 +/3]-0.0095)
2 2 22

2(120)
V3

o]

0”) = - 1370 psi (C)
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155

E=210GPa
a=12¥10¢°C
@ © Im TO=20°C

| A=2¥102m?
L=1m

AE[ 1 -1 AE[ 1 -1
k"= W[—l J’ [k(Z)]_WL J

Global equations

1 -1 0 01]fo [—EaTA+F1X
AE|-L IH3tg =3 3 |uy| EMTA
Llo -1 1 olflo ] Fix

0 _% 0 l3 0. F4x
Solving equation (2) above

AE(5

—[—J u = EaTA

L3

_3aTL _ 3(12 % 107%)(20°)(1m)
5 5

U= 1.44x10*m

Uz

Global nodal forces

Fi 1 -1 0 0] O | [-E«TA
Fay 2x107% 210%x10° |-1 12 -1 -1 1,44;4104‘ E-TA]
Fo | Im 0o -+ 1 o0 0 J'_ 0 J
Fax 0 _% 0 ‘; ] 0 0

EaTA= (210 x 10°) (12 x 10°%) (20°) (2 x 107?)
= 1,008,000 N = 1,008 kN
Fix= — 604.8 + 1,008 = 403.2 kN
Fax= 1,008 — 1,008 =0
Fy= —2,016 kN
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Fax= — 2,016 kN

FBD
2016 kN 2016 kN
L 1 '
‘4032kN
o= [C'] {d} —-EaT
u =0
E V=0
=—[-C -S C § . —EaT
L u,=1.44x10
v, =0
E

=T (144 10" —EaT

30.2 - 50.4
o= -202 MPa (C)

—9
&Z)ZM[—I 0 1 0] -0
0
——1008><105l2

m

0” =-10.08 MPa(C) = J”

15.6

E=70GPa a=23¥10°%/C
A=4¥102m2 T@ =-20C

1 3 _1 _A3
4 4 4 4
[k(l)]: AE % _% _%
3.46m 1 B
4 4
Symmetry 3
4
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0O 0 0 O

(o= AE[O 10 -l

3m|0 0 0 O

0 -1 0

1 _fi 1 A3
4 4 4
[k(3)]: i % % _731
3.46m 1 _A
Symmetry4 é:

Boundary conditions
WL=Va=WB=Vz=UW=Wu=0

Thermal forces

f? = —EaTA, f4? =EaTA
Convert to global forces using

=174

fl(XZ)] 0 -1 0 O—-ExTA 0
91 -1 0 0 o0 01_ EWTA
f3<xz>‘ 0 0 0 -1| EmTA 0
£@ 0o 0 -1 0 0 —EaTA
3y

£} = EaTA= (70 x 10°) (23 x 10°) (- 20°C) x (4 x 10 m?)
= 1288 kN
fy) =— 1288 kN

Assemble equations {F} =[K] {d} — {Fo}

AE[05 0 J[w] [0
346/ 0 2.65]|v, 1288

Solving
u=20

v = 1288(3.46) Cex10%m
265 4%1072 70%10°

Element forces

{t7 = [k {d"} = {F53=[KT[T]* {d} — {f{)}

"
]  AE[ 1 -1][C S 0 o0
i 346l-1 1Jlo 0 C s

Vi

]
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u==0
AE[ C s -C —S} v =6x10"*
3.46] -

C -s C sllu=0
v, =0
_4x10? 70x10° [ Lxexi07
3.46 |-3Ex6x107
20 -2 : 2 Y420 kN
™
—420]
Stresses ) ©)
o=[CT{d —-EaT or "= fax 1
A 420 kN
Element 1
o= _42(12 =-10.5MPa (C)
4%10
Element 2
{ulzo
6 _ —4
o J0X10° gy =610
3.0m 1 0 {
_ 0 _

—70 x 10° 23 x 10°°) (- 20°C)
— 14000 + 32200

18200 kPa

0% = 18.2 MPa (T)

0= d"=-10.5 MPa (C)

15.7

£=210GPa
A=3¥102m?
«=12¥10°6°C

®|im 1 =30°C

—6

kN 1 _
EaTA= (210><106—J><12>< x30°C x (3 x 109

2 a

m
=227 %10’ kN
0 00 0
[km]:ﬁ 0 10 -1
LIo 00 o
0 -1 0 1
o _ — EWTA|
0 EaTA|
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10 -10

G- AE[ 0 0 00
L{-1 0 10
00 00

0

7(2 0
fo? _Jlo}

Transform initial forces to global forces

o
ix 0 -1 0 0](-EoTA 0
1 {-1 0 o off o | | emTA
70 0 0 0 -1[| EWTA 0
£O 0 0 -1 0 0 —EaTA
2y .

Assemble global equations

3%10 2m® 210x10° 4% {1 O:HUI} [ 0 }

Im 0 1lv] [-227x10®
where W=WV=W=W =0
Solving
u=0 v,=-3.6%x10"m
Stresses
0
Lo 1o
o= E[—c -s C s} O ggr
L 0
0
210%107°
- % (3.6 % 10% m)—210 x 10°x 12 x 10 x 30
m
d"=0
9
X
SO 210x10 ©-0=0
Im

For statically determinate structure thermal stresses are zero.

15.8

6
[KD]= (2) 32;10 [_1 —1} K]
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1 2
KP1= 215x10° [ 1 -1
60 -1 1
Global equations
6[ 2.5 —2.5}{% =O'} _[le—15600>< 2—12000}

ey
25 25 [ 15600% 2+12000

A
where

f= _EaTA=-30x10°x6.5x10° x40 x 2
= 15600 Ib

{f(l)} _ {—15600-} ) {f(3)}

15600
f@=15%x10°%x10%x10°x40x2
= — 12000 1b

O [=12000]
| 12000
Solving Equation (1) above
u, = 0.01728 in.
Stresses

o= LEL gar
L A

30 % 10°

(0.01728)—30 x 10° (6.5 x 10°°) 40

= 8640 — 7800
Oy = 840 psi (T)
Oy = % W - EaT

_15%10°

(0.01728)— 15 x 10° (10 x 10™°) x 40

= 4320—- 6000 =— 1680 psi

15.9 A uniform temperature increase of 10°C in each element yields zero stress for this
special symmetric arrangement of the truss elements. See the table and figure 1 below
showing the stresses from Algor to be zero in each element of the truss.

Note that if the truss is not symmetric as shown in figure 2 and then is uniformly heated,
the middle element has a stress of —3.46 MPa in it, while the top element has a stress of
2.83 MPain it.

**%k% 3_D truss elements
Number of elements = 3
Number of materials = 1

**** Nodal stresses for 3-D truss elements

501
© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



El. # LC ND Stress
1 1 1 —1.118E-08
1 1 J 1.118E-08
2 1 I —1.118E-08
2 1 J 1.118E-08
3 1 I —1.118E-08
3 1 J 1.118E-08

—1.341E-11
1.341E-11
—1.341E-11
1.341E-11
—1.341E-11
1.341E-11

When we uniformly heat the truss the stresses go to zero for this symmetric structure.

Axial
N/(m"2)

1.117587¢-008

1.117587¢-008

Figure 1
When we uniformly heat the truss the stresses are not zero for this unsymmetric statically
indeterminate structure.

Axial Stress
N/(m"2)

2826838
2197875
1568911
939947.9
310984.5
—317978.9
—946942.3
—1575906
2204849
—2833832
—3462786

Figure 2

15.10 Bodies that are statically indeterminate will have stress due to uniform temperature
change. (see figure 2 in solution to P 15.9) except in special symmetry cases (see figure
1 and table of results in P15.9). Also see, for instance, example 15.1, figure 15-5 and P
153,P 15.4and P 15.6.

15.11

g

T=50F
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1 -1
[kl = AE“[ }[km]—AEA‘L J

é|: Ei+EBya —Bi— :|Ju1 } { — By TA- EAl“AlTA]
LI-Eq—Ea EitEs luz (Ey vty + Byt ) TA ]

Boundary conditions u; = 0

% (Eq+Ea) U= (Eq+ a4 +Ex aa) TA
Uy = (Bt + Eqoa)TL
&t + EA]
30x10°%6.5%107°+10x10° x13x107° TL
(30+10)x10°

U, =

U= 8.125x 10 °TL

= (8.125 x 10°%) (50°F) L
U, = 406.25 x 10°° L
ow= [C'] {d} - o

) 0
0
=5(—1 01 0)- ot -EgayT
L 1406.25-10 L
0

=30 % 10°x 40625 x 10° - 30 x 10° x 6.5 x 10°° x 50
= 12187.5-9750

0y = 2437.5 psi (T)

On = 10x10°%x40625%x10°-10 x 10°x 13 x 10° x 50

= 4062.5- 6500
Ox1 = — 24375 psi (C)
Ost= — Oa1

15.12 To close gap of 0.005 in.
Ogap = Qor AT + 0y AT Ly,
AT= —6gap
abr Lbr + O:m Lm

0.005 in.
11.3%107° x1in.+14.5%x107° x1.5in.

AT = 151.3°F to close gap
5br = Qi AT Lbr

close

=11.3%x10°x% 151.3° x | in.
= 0.0017097 in.

= amAT Lm

M close

503
© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



145 x10°x 151.3 x 15 in.
0.0032908 in.

(a)

Ebr QApr TAbr E TAh
br Abr T -

! 1¢ 2 1.5g¢ 3
T=100°F

— AbrEbr 1 _1:| _ A\nEm|: 1 _1:|
[kbr] L |:_1 1 > [km] -1 1

br m
AorEbr AorEox 0
Lor Lor [ul = 0
~ AwEr AprEix + AnBn ~ AuEn Ju
Lo Lor [ Ln l 2
0 = AvEn Ay (LU =0
LlTl Lﬂ]

J. le - Ebrabr T'Abr
- Emam TAn + Ebrabr TAJr
| e

e |
(M+ﬁ] Us = — Ep G TAn+ Epr @ TAy
Lbr Lm .

U = — B TAn + Bor TAy
: Ay B

h =

[ —45%10° x14.5%10 ®x 0.15in.” +15%10° X 11.3x10 ° X 0.1in.? 100
0.10%15x10° | 0.15%4.5x% 10°
1" 15"

Uy=3.673%10*in. —

Opr = Ebr U - Eray,T
Lbr

Ebr _EmamTAn + EbrabrTAar
L, Ay | AE, ~Borau T

Lor L

_ 15x10° [ -45x10° X145X10° X0.15in +15X10° X 113x107° X0.lin” | |

17 010x15%10° | 015%4.5%10°
1 + 15

~15%x10°x11.3 x10° x 100

—9.7875+16.95
=15x10° —6] 100 — 16950
(1.5+0.45}%10
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_ 107.4375X100 16950

1.95

_ 1074375 oo
195

= 5509.6 — 16950
Op = — 11440 psi (C)

For= (— 11440 psi) (0.1 in?)=— 1144 Ib
On=[C']{d} - 0On

3.673x107in.= u,

O=v
:5[—1 0 1 0] 2 —EnamT
Lm 0=U3
0=v
6
— X
= % (-3.673 x 10 % in.) — 4.5 x 10°x 14.5 x 10°% x 100°F
D 1n.
= -1100 - 6525

Om=— 7625 psi (C)

Check equations
Fin= OmAn=(—7625) (0.15 in.”)
Fn=-11441b

Same as Fp= — 1144 Ib. So equations check satisfied.

R_ = Fy = 11441b F F
L T, DRLESIN e F,=11441b =Ry

br

. Reactions R_and Ry, equal but opposite in direction.

15.13
\%
t=1in.
T=50F
m@, 1) a=12.5¥10%
E=10¥109
V=03
i (0,0) i @,0)
B
¥i
. «EtT | B
=
20=V) |7
Bm
Fm
B=Yi—Y¥m=0-1=-1 H=Xm—X=2-4=-2
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ﬁ:ym—inI—O:I J=Xi—Xn=0-2=-2

Brn=Yi-y=0-0=0 Jn=X-X%=4-0=4
-1
-2
f 12.5%10 ¢ 10x10° (1)(50) | 1
th 2(1-0.3) -2
0
L 4
—4464
-8929
(fr) = 4404 |
U 1-8929
0
17857
15.14
Y E=70 GPa, v=0.3
3 (500.250) T=30°C, a=23x10%°C t=5mm
Bi=-250 mm, B=250mm, B=0
=0, pp=-500 mm, p;5=>500 mm
1 2
(500.0) ~0.25m
0
. 23x107% 70x10° {0.005m)30°C | 0.25m
T 2(1-0.3) —0.50m
0
- 0.50m
-1
0
1
{fr} = 43125 SN
0
2
15.15
y L(04)
T'=100'F
2 =70%106°F

.
[ SR

& 0

B=Yi—Ym=0-4=-4, K=Xn=%=0-6=-6
B=Ym—Yi=4-0=4, =%-Xm=0-0=0

506
© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



Bn=Yi~¥=0-0=0, Hn=X-%=6-0=6

—4
-6
7.0%107¢ 30x10° (1}{100°F) | 4
= 21— 03) 1o
0
6
—60,000
-90,000
| 60,000
B 0
0
90,000 1b
15.16
y
E=210 GPa
m (0, 04)m v=0.25
a=12¥10°/°C
t=0.0lm
T=-20C
i i X
(0.4,0)m
5
¥i
= CELT B
2(1=V) | ¥;
ﬁm
Ym
B=-04m y=-04m
G=04m ¥=0
Bn= Yin=0.4m
—0.4
~0.4
128107% 210M10° (0.01)(—20°C}| 04
= 2(1-025) 0
0
0.4
134.4
134.4
-134.4
{fr} = kN
0
0
—134.4
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15.17

[
3
4 %
3 : 5 R 'I||
¥ © DN T
3 3
I:S @ ::' l x
™ 40 m — -1-
Thermal force matrix
Element 1
i=1,j=2,m=5
B=Yi-Yym=0-10=-10, p=Xm—X%=20-40=-20
B=Ym=¥i=10-0=10,  K=X—Xn=0-20=-20
Bn=Yi-y=0-0=0, Yin= X — X =40 —0=40
-10
-20
(1) 12.5%107° 10x10° (D(50) | 10
T 2(1-0.3) -20
0
40
—44643
89286
44643
Fy —
T3 = go0s6
0
178572
Element 2
i=2,j=3,m=5
B =20-10=10, yi=20-40=-20
B=10-0=10, ¥ =40 -20=20
Bn=10-20=-20, Yn=40—-40=0
10 44643
-20 -89286
10 44643
{91 = 44643 .= :
20 89286
-20 — 89286
0 0
Element 3
i=3,j=4,m=5
Bi=20-10=10 $i=20-0=20
B=10-20=-10 =40 -20=20
Bn=20-20=0 Yin=0—40 =— 40
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10 44643
20 89286
-10 —44643
(13} = 44643 =
20 89286
0 0
—40|  [-178572
Element 4
i=4,j=1,m=5
B=0-10=-10 $=20-0=20
B=10-20=-10 ¥=0-20=-20
Bn=20-0=20 Yn=0-0=0
-10 44643
20 89286
-10 —44643
(1Y) = 44643 = L
20 -89286
20 89286
0 0
{Fo} = [K] {d}
By direct superposition, we have
-89,286 32 01 02 0 0 =01 =02 =3 =2]
-178,572 6 -02 26 0 0 02 -26 -2 -6
89,286 3 -2 =01 02 0 0 -3 2
-178,572 6 -02 =26 0 0 2 -6
89,286 |  10®™10° 3 2 01 02 -3 -2
178,572 4.16 6 -02 26 -2 -6
-89,286 3 2 -3 2
178,572 6 2 -6
0 12 0
0 L Symmetry 24 |
u =
v, =0
e
Us
Vs
Solving
6
0= 102107 15 o =0
4.16
| T
0= 10710 24 Vg = V=0
4.16
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Stresses
{oy = {o} - {or}
{o} = [D][B] {d} =0as {d} =0
{o} = —{or} =-[D] {e&7}

Element 1
£ 1 v 0 "O:T
{oy = - v I 0 [T
1-V2 o ‘ 0
00 LYl
a, o1t 03 0 6.25-10_41
Jt=———03 1 0 |{625m107*
1-0.3
7, 0 0 035 0
J—8929]
= 3-8929; psi
l o)

Since [D] and {&7} are same for all elements, all element stresses are equal.
15.18

A

i

®

5

@ @
®

¥ G

T SRS e
bi PRPPPPRPPRRPTR: L

Im

Based on use of symmetry
Us= Vs=0 (Also see solution to Problem 15.17)
{o} = {o.} —{or} =[D] [B] {d} - [D] {&7}
{0} = —[D] {7}

All stresses in elements are equal

J 1 025 0 [12x10‘6(—20)l

- X
- 210 102 025 1 0 [|{12®107°(=20)¢
1025 |10 . l
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axl J 67.2
Oy = 167.2; MPa
Txyj ] 0
15.19
Forbarwith a= a, [1+%)

T = constant

By Equation (15.1.18)
.
{fr} = A . [B] [D] et dx

L,A E, Tconstanter=aT

. -
_ AEaOTj‘}“?—[[OI'
L 2L
| xex1
_ _E-o_ - L+%.
L L+%
3 AE TJ—ll
fri = o)L
i} > L1
15.20
t t
X
bar
T:t1+t2X

By Equation (15.1.18)

ity = A [BI" [D] {er} dx

X X
T=ti+tx [N]=|1-= —}
1+ b [][ T T

|-

{fr}=A

S

-{_ } Ea[N] {t} dx

1
L
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1
-1 t
= AE a QLJ il[ _X l(}{ll dx
l_ LJ L L .tzj
gyl 2,
L @l l_f lL<]..t2_J
_ AEx L{}Hfﬂt,—{tz]_
L o] 1-2Tt+21, |
2 2 |b
_ AE« —XF50 0 4 2|_t2|0
L 2 L 2 L
l X—9L |0 t1+;|_t2|0 J
L _L
fry = £ [~Lrs b5t
L | L-% t+it, ]
For t; = t, =T (constant temperature over element)
o [-TL) [~ AE™T)
{fr} = : =
L | ) | AEeT|
Equation (15.1.18)
15.21
{fry = _[BI' [D] {er} ds (1
1 £
e=aTi} =% @)
{er} 11 150
0- .}’TZ
Using centroidal approximation
{fr} = [J[BI" [D] {er} d's
— 1
=27 AaTBBd [D] 4 ¢ (3)
i

where for axisymmetric case

E v 1-v v 0
D= ——— 4
[B] (1+v)1-2v)| Vv v 1-v 0 @)
1-2v
0 0 0 ==

substituting (4) into (3) and multiplying

1

2 TAE™T [Bd 1l
(= T—— 228
1-2v 1}

0
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15.22 Using modified CSFEP to account for thermal stress due to element temperature change.
INPUT TABLE 1.. BASIC PARAMETERS

NUMBER OF NODAL POINTS. . ........... 4
NUMBER OF ELEMENTS. .. .............. 2
NUMBER OF DIFFERENT MATEIRALS. . ... 1
NUMBER OF SURFACE LOAD CARDS . .. .. 0
1 =PLANE STRAIN, 2 =PLANE STRESS. ... 2
BODY FORCES (1 =IN -Y DIREC.,0 =NONE) 0

INPUT TABLE 2.. MATERIAL PROPERTIES
MATERIAL MODULUS OF  POISSON’S MATERIAL MATERIAL

NUMBER ELASTICITY RATIO DENSITY  THICKNESS
1 0.3000E+00  0.3333E+00 0.7800E-01 0.1000E+00
ALPHA
0.1000E-04
INPUT TABLE 3.. NODAL POINT DATA
NODAL X-DISP. Y-DISP.
POINT TYPE X Y OR LOAD OR LOAD
1 3 0.0000E+00 0.0000E+00  0.0000E+00 0.0000E+00
2 2 0.1000E+01 0.0000E+00  0.0000E+00 0.0000E+00
3 0  0.0000E+00 0.1000E+01  0.0000E+00 0.0000E+00
4 0 0.1000E+01 0.1000E+01  0.0000E+00 0.0000E+00

INPUT TABLE 4.. ELEMENT DATA
GLOBAL INDICES OF ELEMENT NODES

ELEMENT 1 2 3 4 MATERIAL TEMP.
1 1 2 3 3 1 0.800E+02
2 2 4 3 3 1 0.800E+02

OUTPUT TABLE 1.. NODAL DISPLACEMENTS

NODE U =X-DISP. V =Y-DISP.
1 0.00000000E+00 0.00000000E+00
2 0.80000000E-03 0.00000000E+00
3 0.14551920E-10 0.80000000E—-03
4 0.80000000E-03 0.80000000E-03

TABLE 2.. STRESSES AT ELEMENT CENTROIDS

ELEMENT X Y SIGMA(X)  SIGMA(Y)  TAU(X,Y)
1 0.33 033 0.0000E+00  0.0000E+00  1.6371E-04

2 067 067 6.5484E-04  19645E-03  6.5484E-04
SIGMA(1)  SIGMA(2) ANGLE

1.6371E-04 -1.6371E-04  0.0000E+00
2.2358E-03  3.8359E-04 6.7500E+01
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15.23

Data File 0
Verification.5
3 4 4,2,2,0,2,0
@ 1,1
0.30E+8,0.33333, 0.,0.1, 1.E-5
1in .15E+8, 0.25, 0., 0.1, 5.E-5
@ 1,3,0.,0.,0.0.
2,2,1.,0,0., 0.
1 2 3,0,0,1.,0,0.
Lin 4,0,1,1,0.,0.
1,1,2.3,3. 1 80
2,2,4,3,3,2.50.

s &5 Ty I,

Run using CSFEP modified for temperature changes in elements

verification.5

0 INPUT TABLE 1.. BASIC PARAMETERS
NUMBER OF NODALPOINTS. . ...........
NUMBER OF ELEMENTS. . ...............
NUMBER OF DIFFERENT MATERIALS.. ...
NUMBER OF SURFACE LOAD CARDS. . ...
1 =PLANE STRAIN, 2 =PLANE STRESS. . ..
BODY FORCE (1 =IN -Y DIREC., 0 = NONE)

0 INPUT TABLE 2.. MATERIAL PROPERTIES
MATERIAL MODULUS OF POISSON’S MATERIAL MATERIAL ALPHA
NUMBER ELASTICITY RATIO DENSITY THICKNESS

S N O NN A

1 0.3000E+08 0.3333E+00 0.0000E+00 0.1000E+00 0.1000E-04
2 0.1500E+08 0.2500E+00 0.0000E+00 0.1000E+00 0.5000E-04
INPUT TABLE 3.. NODAL POINT DATA

NODAL X-DISP. Y-DISP.
POINT TYPE X Y ORLOAD OR LOAD
1 3 0.0000E+00  0.0000E+00 0.0000E+00  0.0000E+00
2 2 0.1000E+01 0.0000E+00 0.0000E+00  0.0000E+00
3 0 0.0000E+00  0.1000E+01 0.0000E+00  0.0000E+00
4 0 0.1000E+01 0.1000E+01 0.0000E+00  0.0000E+00

0 INPUT TABLE 4.. ELEMENT DATA
GLOBAL INDICES OR ELEMENT NODES

ELEMENT 1 2 3 4 MATERIAL TEMP
1 1 2 3 3 1 0.800E+02
2 2 4 3 3 2 0.500E+02

0 OUTPUT TABLE 1.. NODAL DISPLACEMENTS

NODE U =X-DISP. V =Y-DISP.
1 0.00000000E+00 0.00000000E+00
2 0.98888970E-03 0.00000000E+00
3 —0.75555370E-03 0.98888970E-03
4 0.13194460E-02 0.20750000E-02
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10UTPUT TABLE 2..

STRESSES AT ELEMENT CENTROIDS

ELEMENT X Y SIGMA(X) SIGMA(Y) TAU(X, Y)
1 0.33 0.33 8.5000E+03 8.5000E+03 —8.5000E+03
2 0.67 0.67 —8.5000E+03 —8.5000E+03 8.5000E+03
SIGMA(1) SIGMA(2) ANGLE
1.7000E+04 -3.9063E-03 0.0000E+00
-1.9531E-03 —1.7000E+04 4.5000E+01
15.24 Solve Problem 15.3 using the Algor Program.
Displacements/Rotations (degrees) of nodes
NODE X- Y- Z- X- Y- Z-
number translation  translation translation rotation rotation rotation
1 -1.7397E-02 —1.7397E-02 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00
2 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00
3 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00
4 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00
**%* Nodal stresses for 3-D truss elements
El # LC ND Stress Force
1 1 1 —4.349E+03  —8.698E+03
1 1 J 4.349E+03 8.698E+03
2 1 1 —4.349E+03  —8.698E+03
2 1 J 4.349E+03 8.698E+03
1 1 6.151E+03 1.230E+04
1 J -6.151E+03  —1.230E+04
Nodal Displacement
Magnitude
in.
0.02460303
002214273
001968242
001722212
001476182
0.01230152
0.009841212
n 0.007380909
0.004920606
0002460303
0
Load Case: 1 of1 [£—
Maximum Value: 0.024603 in.
Minimum Value: 0 in.
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Axial Stress
Ibf
n"2

4349.242

3299.242
2249242
1199.242
1492422
9007578
-1950.758
-3000.758
-4060.758
@ 1 -5100.758
@ -6150.758

Load Case: 1of1 Y

Maximum Value: 4349.24 lrlllifz

Minimum Value: —6150.76 lrl‘lifz

15.25 For the plane truss shown in Figure P15-6, bar element 2 is subjected to a uniform
temperature drop of T = 20°C. Let E = 70 GPa, A = 4 x 10"~4m"2, and alpha =

m
23x10° - . Determine the stresses in each bar and the displacement of node 1.

Axial Stress
N/(m"2)

1.619432¢+007
1.63244e+007
1.245457e+007
9584896
6714823
3844949
975076.2
1894797

©) @) -4764670
7634544
—1.050442¢+007

©)
Load Case: 1 of 1
X

Maximum Value: 1.819432e+007 N/(mm”2)
Minimum Value: —1.050442¢+007N/(mm"2)
0.000 1.058 in 2116 3.173
— —

B 0 =

Figure 1 Axial Stress

As shown in Figure 1, the stress in bar 1 and 3 is 10.5 MPa (C) and the stress in bar 2 is
18.2 MPa (T).
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Displacement
Y Component
m

0.0006002436
0.0005402192
0.0004801949
0.0004201705
0.0003601461
0.0003001218
0.0002400974
0.0001800731
0.0001200487
0.002436¢005
0

Load Case: 1 of 1

Maximum Value: 0.000600244 m X

Minimum Value: 0 m

0.000 1.058 m 2.116 3.173
— I — —

Figure 2 Displacement in Y Direction

Figure 2 shows the Y displacement at node 1 is 0.0006 m in the positive Y direction.
There is no displacement at node 1 in the X direction.

15.27

Latabor by O lagan SHhans
won kises
MYrmm®2)

325 @058

296 941

2639763

230115
1980468
165,082
1321173

9915254

BE.18TH

33 32305

0 58301

InSide Surfrace of oI |5 Sudjected 1o _JH-g
Increase in temperature
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Chapter 16

16.1
X! . t
% L L -|
12 2 3
AL [2 1 AL [2 1
[mi")= £ [ } ()= £2= [ }
6 2 6 L1 2
LR
[M]:'OT 1 4 1
01 2
16.2
I e - . *4

(a) Lumped mass matrix

2 2 3
()} [m(Z)]:PAL [1 0}
1 2 Lo 1
4
!
1

0

0|p,AL

ol 2

1

pPAL

1 @, _ PAL
}, [m™] 5

2

]

i

1

(m®] = PAL |1
2 Lo

3

(m®y= AL [1
2 Lo
1 00
M]= 020
0 0 2
000

(b) Consistent mass matrix

[m"] = PAL [2
6 L1

[m®] = pAL [2
6 L1

2

[M]= PAL |1
6 10

LO

S = B =
_— N = O
[N e =]
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16.3

|
K= == [1 2 -1
[]L
0 -1 1
MERK
[M]—p6 1 41
01 2

([K] = «J [M]) {X} = 0 with X; = 0
oI A W |
Li-1 1] 6 |1 2J/lx 0f
Let W= A

divide by pAL and let = —

pL’
I
u -z -0
“1 1] 6l1 2

—3A gl

Loy
Ho5 o RS

20 e Ay e
[2.:1 31J(/f 3) =) =0

2 [TV |
B =l ) S A |
'J H 9 'uz 3 36
2L R0
I // v
or F- ,u/IJr—p2 0
6°u+\/6°u -4 % u?
Aip=
2
_ 8571ux7273 it

2
A=0.649y A,=7922p

1
w = A7 =0806x
= A7 =28154¢
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16.4 (a) Two equal length elements

2 3 b
|

L=30a | L=30a |

From Problem 16.3 results
w = 0.8067 w,=2.81547

6 6
X
- E 30¥10° oo 10

P2 (0.00073)(30)? 2

w = 0.806 4/45.66M10° = 5446 x 10° rad
S

w = 2.815+/45.66x10° =19.02 x 10° rad
S

(b) 3 equal length elements

1%] 2e 3e $a
|

206 | 208 | 208 |
| | |
1 -1 0 o
-1 2 -1 o|AE
[K]= —
o -1 2 —-1|L
0o o —1 1
2100
ALI'T 4 10
[M]:p_
6 [0 1 4 1
00 1
Now xi=0 (K-« [M]) {X}=0
2 =1 9 4 10
T2 —1—(02% 14 1] =0
o -1 1 0 1 2
2 =1 ¢o| .[4 10
or al-1 2—1—%141:0
0o -1 1 01 2
w-3i —u=t g
—u-% 2u-24 -p-4 =0
0 ot S
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-3 4
(or-2)n-4) o]

8 A?
= 4= l+ L LI PR e
(’u MP 34 Hop 12]

3

—
N
s
=
|
w o
a3

(#—ijzo,m:w
. 3
or
11 1342
g -

= pA+ =0
377 36

132u+ \/(132,11]2 — 4(13) 3641
23 2(13)

Ay=9873 4, A;=02805

6
p= £ o 3000y g kg8

o> (0.00073)(20"¥
wi = JA = /02805 =5368 x 10° %

d
wy= B = 17556 x 10° =
S

— Jos73u =31.85 x 10° 4
S

16.5

009 0.5 L3

to= 0 do =dogot =0

dodotdot = %(50— 0) =25 s%
d,=0-0+ @ x25=001125 ft
t,=0.03s
di= % £(0.03)* (50) + (2 x 2 - 0.03% x 2000) 0 — 2 x 0.01125}

= 0.01125 ft
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d,= % {(0.03)* (66.67) + (2 x 2—0.03% x 2000 x 0.01125}
dr= 0.04238 ft

1
i gotaot = 2 {66.67 — 2000 % 0.01 125}

ft
d2dotd0t =22.09 ™
S

0042380 ft

digt= ———.— =071 —

2(0.03) s
t,=0.06 s

d; = % {(0.03)* (83.33) + (2 X 2— (0.03)* x 2000) x (0.04238) —2 x 0.01125}
d; = 0.07287 ft

1
d2dotdot = 5 {83.33 - 2000 % 0.04238}

ft
d2dotd0t =-0.715 >
S
0.07287-0.01125 ft
agot = =1.03 —
2(0.03) s
t3=0.09 s

dy= % {0.03% x 100 + (2 x 2 —0.03% X 2000) x (0.07287) — 2 x 0.04238}
ds= 0.08278 ft

3 dotdot = % (100 —-2000 % 0.07287)

ft
d3dotdot =-22.87 >
S
o = 0.08278 — 0.04238 _ 0.67 E
2(0.03) s
t4=10.12s

ds = % {(0.03)*75 + (2 x 2 —0.03* x2000) (0.08278) —2 x 0.07287}
ds=0.05194 ft

1
adotdot = 3 (75—2000 x 0.08278)

ft
Qadotdor = — 45.28 —
s
Qager = 0.05194 — 0.07287 — 035 E
2(0.03) s
ts=0.15s

ds= % {(0.03)% 50 + (2 x 2 — 0.03% x2000) (0.5194) — 2 x 0.08278}

de= —3.146 x 107 ft
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s gordor = % {50 — 2000 (0.05194)}

ft
deotdot =-26.94 )

s

3
- X -
s = 3.146 <10 0.08278 _ ].43£t
2{0.03}) S
Summary
t,s F(t) 1b di, ft ft ft
didoldot ) didot -
S
0 50 0 25 0
0.03 66.67 0.01125 22.09 0.71
0.06 83.33 0.04238 -0.715 1.03
0.09 100 0.07287 -22.87 0.67
0.12 75 0.08278 —45.28 —0.35
0.15 50 0.05194 —26.94 -1.43
(b) By Newmark’s method
1 1
= —,y=— M=2slugs
B V3 g

F= 5—0'[+50 K'=2000 Ib
0.09 ft

F(0.03) = 555.6 (0.03) + 50 = 66.67 Ib

p M 1
Fi—l =Fi +W|:di +At didot +(E—ﬁ]f_\t2 didotdot:|

, 2 S )
F' = 66.67+ ———|0+(0.03){0)+ ———) 0.03)° d
. ; [0_03)2[ 00301+ -] 003 ch
md = M Fo Kty = 207200 55 1
S
2 11
F/ = 66.67+ —\2[(———](0.03)2 (25)}
Lo.03y [\2 6
= 166.67 Ib
F/ 166.
di= L = ﬂ
K K
and
, 1
K = K+ —2 M
B(AY)
= 2000 + ;2 (2)=15333
1(0.03)
dy = 0887 _ 61087
15333
O dotdot = ;2 |:d1 —do— L\t(dOdot)_(‘M)z [_1 _ﬁj dOdotdotil
B (At) 2
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1

(o

ft
digotaot = 22.47 >

S

dldot: d0d0t+ At [(1 - V) dOdotdot +r dldot]

[0.01087 —0-0-{0.03) (% - é) 25}

_ _1 1
= 0+(0.03) [[1 2] 25+ 5 (22.47)}

ft
digoe= 0.71205 —
S

Table below summarizes the results using Newmark’s method

Time  Displacement Velocity Acceleration Force Force prime
0 0 0 25 50
0.03 0.01087 0.711957 22.46377 66.66667 166.6667
0.06 0.039319 1.084121 2.347196 83.33333 602.8986
0.09 0.069606 0.825234 —-19.6063 100 1067.297
0.12 0.081832 —0.13384 —-44.3317 75 1254.753
0.15 0.059363 —1.31425 -34.3627 50 910.2281
0.18 0.011632 —-1.62917 13.3684 50 178.3512

16.6
Fir b I

N

1}
TRATTIT

(a) Using central difference
do=0, dogor=0
At=0.02s
Step 1 t=0.02s Fi=161b

[M]= m=2 slugs, [M']=

0 | =

[K]= k= 1200 L
ft

1 ft
dodotdot = 5 [20 - 1200 (0)] =10 -
S

2

{da} = 0-(0.02) (0) + 0'(;2 (10) = 0.002 ft

{di} = % [(0.02)% (20) + {2(2) + (0.02)? (1200)} (0)— 2 (0.002)]

= 0.002 ft
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{dh} = % [0.02% (16) + {2(2) — 0.02* (1200)} (0.002) — 2(0)]
= 0.00672 ft

i dotdot = % (16 — 1200 (0.002)) =6.8 %
s

U = 2007220 _ 5 It
2(0.02) s
Step 2 t=10.04s F,=121b

d; = % [0.02 (12) + {2(2) — 0.02%(1200)} (0.00672) -2 (0.002)°]

d;=0.01223 ft
1 ft
o gotdot = 5 (121200 (0.00672)) = 1.968 —
S
oot = w =0.2558 f
2{0.02} s
Step 3 t=0.06s F;=81b
ds= % [0.02% (8) +3.52 (0.01223) — 2 (0.00672)]
= 0.0164 ft
1 ft
3 dotdot = 5 (8 —1200(0.01223)) =—3.338 —
s
0164 - 0. 2
ogy = 20164000672 _ ), 1t
2(0.02} s
Step 4 t=0.08s Fs=41b
ds = % [0.02% (4) +3.52 (0.0164) — 2 (0.01223)
= 0.01743 ft
1 ft
Jsdotdot = 5 (4 —1200 (0.01640)) = - 7.84 —
s
.01743 - 0.0122
1ot = 001743 0,0 3 =0.13 ft
2(0.02} s
Step 5 t=0.10s Fs=0
1
ds = 3 [0.022(0) +3.52(0.01743) -2 (0.01640)]

0.01428 ft
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dsdotaot = % (0~ 1200 (0.01743)) = — 10.46

2
s
degy = 0.01428 - 0.01640 0053 ft
2(0.02) ]
Summary
t,s d, ft ft ft
ddotu - ddotdoty )
N S
0 0 0 10
0.02  0.002 0.168 6.8
0.04  0.00672 | 0.2558 1.968
0.06  0.01223 | 0.242 -3.338
0.08  0.01640 | 0.130 -7.89
0.10  0.01743 | —0.053 —-10.46
(b) Newmark’s time integration method (Mathcad solution)
L2
Fo= 201b K:1200E M = 2 slug MZZES— At=0.02s
ft ft
1 1
Assume = g y= 5 for linear acceleration within each time step
Attimet= 0

d0=0ft d0d01=0ﬁ
S

Accelerationatt= 0
F,—Kd ft
dodotdot = —>—2 dodotdot = 10 -
M s

Displacement at t = 0.02

1 Ib
Kprime = K + =M Kprime = 2.6 X 10° —
B(At) in.
4
FlngO Fi=16Db
M

Fiprime = F1 +

B(at) [d" (A1) dogey +G— ﬁ) (A1)’ dOdmdm}

Fiprime = 56 Ib
F .
dy = —pime di =1.795 x 10~ ft
prime

Acceleration at t = 0.02

1 il
1 dotdot = —ﬁ (A1)’ [d1 —dy —(At)dyy, — (A1) (5 - ﬁ] d()dotdot:|
1o = 6.923 -
s

Velocity at t = 0.02
ft

digot = dogot + (At) [(1 -y odotdot + 14 dldotdot] digot =0.169 ;

Displacement at t= 0.04 F= g Fo F,=121b
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~ M \ 1 )
F2primef Fay+ m[dl + (AU dldot + (E - ﬂ) (‘—'\t) dl dotdotjl

F2prime = 195 07 lb

F, .
d,= KZP—‘“ d, = 6.252 x 107 ft

prime

Acceleration at t= 0.04

1 1
D dotdot = }3 (At)z [dz - d] - (ﬁt) d]dm - (At)z (E - ﬁJ dldotdot:|
hgotdor = 2.249 %
S

Velocity at t=0.04

Gadot = didgot + (AY [(1 = P) Didotdor T ¥ Dadotcot]

dya = 0.0261

S
Displacement att = 0.06
F3 = % FO F3 =8 1b

M 1 42
Fiprime= F3+ ———| d, + (At} dy, +| =— B8 | (A1) d 00}
i Fs Mt)z[z (80t +{ 1 ) 407
Fiprime =361.136 Ib
=
dy= 2 gy =0.012 ft
K

Acclertaion att= 0.06

prime

1 : 1 '
D3 dotdot = —ﬁ (At)z l:d3 -d, - (m}dzdm - (At)z (E_ JBJ d2dotdot:|
ft
Chdotdot=— 2.945 )
S

Velocity at t= 0.06
G340t = 2ot + (A [(1 = V) Dhgotdot + ¥ Fzdotdot]

ft
tsdot = 0.254 —
s
Displacement at t= 0.08
1
Fs= g Fo Fs=41b

M 1 ' 2
Faprime = Fa + ———| d; + {At}d +[—— ];\t d }
4p 4 ﬁ(i\.t]z[ 3 ( ) 3dot 2 B ( ) 3dotdot

F4prime =491.851b

E .
dy= —2M g, =0.016 ft

Kprimc

Acceleration at t= 0.08
1 (1 |
d4dotdot = m l:d4 - d3 - (L\t}dmot - (Atf [5 - ﬁ) d}dotdot:|
Qigotor =~ 7459 =
S
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Velocity at t=0.08

ft
Qagor = 3ot + (A [(1 = ) Dgotdot T ¥ Aadotdod] dygor = 0.15 —

s
Displacement at t=0.10

0

_ M ) 1 ' .2
FSpn'me =Fs + m[% + {ﬂt) d4dot + (E - ﬁ] (M) d4dotdot]

Fsprime = 533.071 Ib

F. rime
ds= 22 go=0.017 ft
K. .
prime
Accelerationatt= 0.10
1 il
deodo = —l:d -d _(At)d o _(At) (__ﬁjd of o:|
tdot ﬁ(i\.t)z 5 4 4dot b 4dotdot
deotdot =—-10.251 EZ
S
Velocity att=0.10
ft
Asdor = dador T (A1) [(1 — P dydotdot T ¥ sdotdot] dsgot =—0.027 N
(¢) Wilson’s method
2
Fo=201b K:1200% M=2sig M=2225 Ar=0.02s
Assume o=1
Attime t=0

d=0f  dhgo=01
S

Accelerationat t=0
F,-Kd ft
dodotdot = W dodotdot = 10 7z
Displacement at t =0.02

Kiprime = K + 0 K prime = 2.6 X 10° o

(O Aty in.
4
Fi- ~ R Fi=161
5
Fipime = F1 + 5 [6.do+ 6O (At) dogor + 2 (© A dogordod]
(© At)
Fiprine = 56 Ib
Flpﬁme -3
d=— d; =1.795 x 107 ft
Kprime

Acceleration at t= 0.02
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ft

oot — 2 ogotdot didotdor = 6.923 —
s

6 6
Qigotaot = ——— (01 —dp) - ——=
M 52 ()2 Y
Velocity at t = 0.02

3
A = —— (0 — o) — 2 chr —
1dot G}[At)(l ) —2 oot

O (At ft
[2 ) Godotdot ~ Tidot =0.169 N

Displacement at t = 0.04

FlngO F2:]21b

3
Foprime = F2 + W [6d;+ 6O (AL) d ot +2 (© A’ digordor]

Foprime = 195.077 1b

(=
d, = KZ"& d, = 6252 %107 ft

prime

Acceleration at t= 0.04

6 ft
dagotdot = W (dy—dp) - m igor — 2 Aigordor ~ Dadotdor = 2.249 7z
Velocity at t =0.04
0 At ft
it =—— (th—d)) -2 digot — —— d1dotdo Ohgor = 0.261 —
dot (—){\At)(z 1) 1dot 5 Gidotga dot S
Displacement att = 0.06
2
F3 = — FO F3 =8 lb
5
M 2
Fiprime = F3+ ———— [6 th + 6 O (At) o + 2 (O At)” Grgoraor]
6° (At)
Fiprime = 361.136 Ib
=
dy= —pime dy =0.012 ft
Kprime
Acceleration at t= 0.06
6 6 ft
d3dotdot = W( 3 —dy) - m thaot =2 Dagoror A3dotdot :*2-945?
Velocity att =0.06
3 B At ft
gt = —— (b —dy) — 2 thaot — —— Ghaotdot  D3dot = 0.254 —
3 dot (:)At(3 h) — 2 Gt 5 Cododor Cadar S

Displacement at t =0.08

1
F4:g|:o Fs=41b

[6 ds + 6 O (A) Gyt + 2 (O ALY sgoraor]

Faprime = Fa +
w ' (@A)
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Faprime = 491.865 Ib
F

dy= —20MC g, = 0.016 ft
Kprime
Acceleration at t= 0.08
adordor = —— (A — ) — —— dygey—2 d
4dotdot @2 [At)z 4 3 o ! At] 3dot 3 dotdot
ft

Qidotdor = — 7.459 —
s

Velocity att =0.08

3 B At ft
Uago = oA (ds —d3) — 2 dsgoc — S d340tdot U4got =0.15 S
Displacement at t=0.10
F5 = g F() F5 =0 lb

M
Fsprime = Fs+ ———[6.d4 + 6 © (A) dygor + 2 (© A’ gorcor]
G At

Fsprime = 533.071 Ib

F .
ds= % ds =0.017 ft

prime

Acceleration at t= 0.10

6 6
W (ds —dy) —m agot — 2 dagordot

ft
deotdot =-10.251 )

S

deotdot =

Velocity att=0.10

& At ft
d4d0td0t dsdm =-0.027 ;

dsqor = (ds —dg) — 2 dyaor —

O At
Newmark’s time integration method. Wilson’s method (Linear acceleration)

Assume linear acceleration within each time step © =1

B£=0.167 K'=31200
y=0.5
K' =31200

Summary table Newmark and Wilson same results.

di time F(t) (Ib d; (ft . ft F'
o) & divelodity (1) d; accel )
S S

0 0 20 0 0 10

1 0.02 16 0.00179  0.169 6.923 56
2 0.04 12 0.00625 0.261 2.249 195
3 0.06 8 0.01157 0.254 —2.945 361
4 008 4 0.01576  0.150 —7.459 492
5 0.1 O 0.01709 -0.027 -10.251 533
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16.7

Firb. W &

A 2 |

§ . t Fir 1000
]

Use time step At=2.5x 107"

[U1]= O; Ui dot= Uldotdot:() 00 0h.003
{dogordor} = [M ™1 ({Fo} — [K1{do})

st = 2555101 - [

t= 0.00025 s
-y
{di} K] KT F

[K'] = [K] + ﬁ%ﬁ M]

R MK
=2 pﬁozo
o 1 1] o o

K = 1.319x1077  1.040® 107"
1.040x107%  2.637%1077

o 1
‘1 = J 0 ]\ ’OAL A (l_ )

[Fi] ]._250J+2}3At2 0 2 0] {dy}+At{dyge} + B B [{dogowor

00 1

o101

[Fi] 1250.[

(g = | 26%107 | -
Y 6.593m 107

L[ 26m0° | (o] [0}_ 1
(Gt} = Bat? H6.593><10‘5} {0} *o ( ﬁjm}
[249.56] in
|6328.8 §2

Computer program solution

{didotdot} =

Lumped mass contribution

3504000 0 0
0 7008000 0
0 0 3504000
Stiffness
300000 -300000 0
-300000 600000 -300000
0 -300000 300000
3804000 -300000 0
531
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K prime = —-300000 7608000 —300000
0 —-300000 3804000
Inverse of [K] prime (after introducing boundary condition)
1.319E-07 1.040E-08

1.040E-08 2.637E-07

Displacement (inches) Velocity
an.
Step Time Node: 2 3 2 3
0 0 0 0 0 0
1 0.00025 2.600E-06  6.593E-05 0.031 0.791
2 0.0005 3.402E-05  4.985E-04 0.284  2.817
3 0.00075 1.901E-04  1.510E-03 1.085  5.265
4 0.001 6.364E-04  3.102E-03 2.605  7.369
5 0.00125 1.528E-03  5.009E-03 4.548  7.252
6 0.0015 2.865E-03  6.487E-03 5.941 4.235
7 0.00175 4.345E-03  7.050E-03 5.488  0.302
8 0.002 5.400E-03  6.694E-03 2.537 2951
9 0.00225 5.460E-03  5.713E-03  -2.248 -4.540
Acceleration ‘S% F prime Force

2 3 2 3 2 3

0 0 0 0 0 0

249.560 6328.830 0.000 250.000 0 250

1768.905 9881.174 109.307 1886.014 0 500

4641.891 9701.659 993395 5686.004 0 750

7519.349 7128.285  3910.631 11610.659 0 1000

8027.620 —-8065.184 10121.342 18596.407 0 750

3112573 -16071.468 19848.150 23815.881 0 500

—6735.088 —15389.137 30938.266 25515.703 0 250

-16876.200 -10634.974 39078.413 23845304 0 0

—21398.085  —2081.767 39826.784 20095.845 0 0

O Node 2

+ Node 3 - 0.00200

Time
. .

L 0.00160

- 0.00120

L 0.00080

- 0.00040

0.00000

8.000E-03

7.000E-03 T
6.000E-03 T
5.000E-03 |
4.000E-03 T
3.000E-03 |
2.000E-03 |

Displacements
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3.000
7.000
6.000
5.000
4.000

3.000

2.000

1.000

Velocily

0.000 &
LO00

~2.000

v o
—3.000 B Node 7
£000 + Node 3

=5.000 T T T T T T T T T T T
0.00000 0.00040 0.00080 0.00120 0.00160 0.00200 0.00240

‘lime

1.00E-01
.00 100
0.00E+00
4.00T+00 —
2.006100

0.00r+00
2,00E+00 =

—4.00E+00 —

—6.00:+00

$.00E+00

-1.00E+0 1

—1.20CE+0 1

=1L40E101

—1.601+01 — o Node 2

-1.80E+0 1 . Node 3

=2.00C+01 —

T T T I ; "

220401 . . . . .
0.00000 0.00010 0.000%0 000120 0.00160 0.00200 0.00240

Accclaration

Time

16.8

Firn, d1b

2000
Fir)
— L —-%- L —
—_ -
03 I

[K]=

Ll
L]

&

1
M1= £= 1o
0
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[K] {d} + [M] {daouot} = {F(V)}
Find proper time step
[M] {ddotaot} + [K] {d} =0
([K] -« [M]) {d'} = 0
d =0

2 -1 2 0
10* —w? 50}

-1 1 0 1
400- 2> =200
-200 200 — &

o =300 =100 V13

d
w=25.7 B¢
S

m<é[ 2 ]: E(L)=o.osgs
=4\ @ 4125.7.

max

1 1

use At= 0.05 s =—,y=—
B PR

Stepl t=0.05s Fo=20001b

d() =0
{dodotdor} = [M™'] ({Fo} — [K] {co})

- %E} ?Hzo%o} - {400}'

1 20000 —10000 20
(K= [K] + —— [M]= +2400 x 50
Bt ~10000 10000 0 1

K] = 260,000 -10,000
—-10,000 130,000

M 1 ‘
(Fi1 = ({1 i) 300 |
_ )0 '1,+2x50[2 0}[’0'1 [ 0]

| 1800/ 0 1140/ ~ 1s800f

13 17 0
{di} = [KT' {F} = o EL 26“_5800_[

oy Joo01721)
5= 00448 }m'
1 1
{d1dotdot} = W[{dl}_ {do} — At{dgy } — AL g{dOdotdot}jl
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f0.001721) 0.05% % le'400}_)

- 2400 ([ 0.0448 | 3

27.39] 2

{4.131}in.

1 1 '
(o) = (ot + 813 (bt 3 G
1 ([ 0] [4131] 0.103
{didgot} = 0.05 x — + =
2 140 - 27.39 1.685.
Step2 t=0.1s

{F’}=J 0 ]-+z400x50[
22 11600] 0 1]\ 0.0448 |
4.131)
0.103] 1 , ,
5 { N 685} + 5 (0057 2739 )

e 10 0000 [2 0} [0.01031] _{24751
F21= 11600 0o 1]lo.1s18f |19818f
el e oL [13 1J24751
tda} = [KT" 4P 337'104[1 26} [19818]

_ [0.01544] .
(= 101536 § ™

0.01544)  [0.00172 0.103]  0.05% [4.131
(oot} = 2400{{ 0.1536}_{0.0448}_ {1.685}_ 3 '{27.39}}
J

1227] in.

{Ddotdot} = 14 37

S
_ Jo.103) _1[[4131) [12.271}
(o} l1ess) 005 {],27.39J+\L4.37I
_ [0513] in.
~ 102479 s

Step3 t=0.15s

0
{Fa) = {2000 (1-2 (0.15))} - 11400}

{F31= {14?)0}- +12 x 10* {i (1)} x
(0.01544 [0.513]  0.05% [12.27
[1_0.1536} ]_2.479_}+ 3 {4.37}]
~ {123161
35143
535

© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



1 13 1] 12316  [0.0579] .
(ds} = ——— = in.
337x10° |1 26] 35143 |0.2745

(Gsgorco} = 2400 [f0'05791 {0-01544} (0513] 0,08 {12.27]]
3dotdot s —

lo274s] 01536 l2479f 3 |437]

_ [ 15.80] in.
1-16.06) §2

_ [0.513) @lem} { 15.80]_)
{Gsaor} = l2.479f © 2 437 +[_—16.06_]

~ [12149] in.

12.1868] s

Steps 4 and 5 follow similar procedures as above
Table below summarizes results

t,s F, b d;, in. ~in. ~in.
Node 2 Node 3 d, s d'd""?
0 2000 0 0 0 0 0 40
0.05 1800 0.00172 0.0448 0.103 1.685 4131 27.39
0.10 1600 0.01544 0.1536 0.513 2479 | 12.27 437
0.15 1400 0.0579 0.2745 1.2149 2.187 15.80 - 16.06
0.20 1200 0.1356 0.3616 1.836 1255 | 9.042 -21.20
0.25 1000 0.2323 0.401 1.905 0383 | 6376 —13.71
16.11
i 2 3
| L | L |
| | |
Global stiffness matrix
Vi ] \) )3 V3

(12 6L -12 6L 0
6L 41> —6L 212 0
B [-12 -6L 24 0 -12
el 212 o 82 -6L
0 0 -12 -6L 12 -6L
0 0 6L 212 -6L 4L |

ACBNON
S

Lumped mass matrix
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Vig va ¢V3 @
(1 0 0 0 0 0]
000000
AL |0 0 2 0 0 0
[m]:p_
2 000000
00001 0
00 00 0 0]
Invoking boundary conditions v; = ¢, =0
24 0 -12 6L 200 0
E| 0 8° -e6L 20 2PALIO 0 0 0]
B3|l-12 —6L 12 -—6L 210 010
6L 21> -6L 417 0000
Let o = A and divide pAL
a_nd ”: ﬂ
PA
B _ew 2
(2) 0 L S L2 _
-2 —6g 128 ;0 —6f
4 L o2 8
Ot 24 64 Eng
L3 L2 L} L2
8 G2 o 2
) 2 & 2 2 2
240 LN ol en 12p 4 eu [ 128 N T
(7—@(—0 R AT AR ROl
218 _6& 441 . [T 24 44
e TR
6 —4| 12 6 12 i
6t 24 — 64t
TER e
(24;1_@ 3247 (12;:_1'%36;;2 20 36u 24t
L4 e 2/ 2
. I'[ 121 _1)4ﬁ_t2+ 36 8u 364 4]
e 2/¢" e C o2
C12u | —36p7 8i —12u 4u’ |- 36u° 24t —12u 32;12'1
R N LT
—6u[(1ou  A\agu®  12u 1% (6 36u’ 48y’ 12u)
sl 75 s T s i e s |70
Clve 208 8 e RN
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[24;1 . ) [12,u A] 28u? 288y’ | 124 1204°
— /._ —— — —_—— —_— — —
L &2/ L® [

6u (12;: 1]48;;2 648u°
il [ A e =0
gl 208 ¢

12u .Y 28u? 12p AN288i 24480t (121 AN\[ 288u°
2= | St ——— | -S| —— | =0
o2/ ¢ 2/ L L2 o2 L

[12_;;_&]2 564 _(@_i) 864u’ | 2448a*

4 2 L4 L 2/ 0 L'
Let 12 A _
L+ 2
5612 2 864u° “t 2448u* 0
L4 L8 L12
2
oo SO 24kl _
L
8642 864 2 24484° 864 198144142
. Ti\/T 456 T ey
b2 2(56) 112
864 445.1
TR 11.691
X = ——FLt— = X| = ———
112 L4
8644 _ 44514t 3744
4 4 -
Xp= ————— = Xp ==
: 112 T
12 A 1L .62
oo 120 O _ /‘1206,&
L 2 L4 L
12 A T4 16.52
Xz:_:“__z:”_:“: ,‘Fﬂ
2 Lt L
0.62 0.62 El
w?= 41” _ -
L PAL
1
w= |062E - = 0787 [E]z
pAL? 2 LpA

2_ 16.52E _ [1652E
“= = oAl
P PAL

. W1
- wr4.06 By
L2 \pA

The exact solution from simple beam theory yields
o ( El J%[l.ms)z _ 0879( El T
PA 2L L2 \pA
1 1
(a) w = EJZ [_4'694)2 =33 E]z
pA 2L, L2 L pA
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Note: L = one-half actual length of beam in the analysis.
Expressing answers in terms of full length | = 2L, we obtain

1
o 0.787(32_3.15 By
12 LpA 1> \pA

; o 16.24( El ]‘12
an = —
12 L pA

(b)

2 | 3

@ @ O \N
| |4§

12 6 -12 6l

2
él

El 4% -6 27
KD = k@ = k7= &
1= K= 1) = 5 b e
Symmetry 412
1 0 0O
A0 0 0 O
D= 21 =1 = 22
m
[m7]=[m~]=[m"] 1o 01 0
00 00
Boundary conditions vi=@ =V,= @ =0
| K] - o [M]|= 0
24 0 -12 ol 1 0 0 0
81> —6l 2° 000
=l —pAa?
I® 24 1 0] =0
Symmetry 8|2 Symmetry 0
Let o= EI4
PAl
24 -@> 0 —12u  6lu
81°u  —6lg 2% o
24u—-ew* 0
Symmetry 8121
Rewrite 4 x 4 determinent as
4u—-w> 0 - 124 6lu
— 24l 0 —6lu =301
6t 0 24u-ow® 24lu
6lg 2%y 0 8%
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du-0* —12u 6l
— 24l -6l —301°y =0
64t 24— w* 24y

Evaluate
972 17 — 192 Lt +51dd=0

o = 192I,ut«/{192|y)2 —4%51%u? 972 _ 1921 £ 132 u

2(100) 10l
2_ 2_
w = 6y wy =324y
w= 245 |—E 4 _ 22.204 El
pA% | pA
El .
wose [E o3 [E
Let 3l=L L = whole length

22.04 |H 198.4 |El
Y I | Y.
l?' PA L PA

o 3123 [EL_ 46107 [EI
L2 \pA L \pA

©

1 @ 2 ©) 3
v

Boundary conditions v;= V5 =0

42 -6l 21 0 |g,

24 0 6l |v
K] = I
I 812 217 |¢,
412 |9
0 0 0]g
0 0 0]v
= 24 :
210 0 0 |o,
0 0 0 0]d,
1 I3
1= = _
3'0A8
|[K]— & [M]|= 0
540
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412 -6l 21> 0 0 0 0 0
pAE 240 o _ 2 PPE 20 0 o
24 812 21| 24 0
4)* 0
212 -3l > 0
121- o 3
E =0
4% |2
Symmetry 212
_ 245 [BL
1> VpA
(d)
1 2 3

7 N

Boundary conditions vi =@ =vw;=0

—.
<
=
Il
o
o
o

YAL
12 | — g2 f

S O N
S O O
(=l -
Il
(e}

Divide by pAl and let o/ = A and E — =y
PAL

Determinant becomes
24u—7 0 6li
817 217 =0
4%
Simplifying
672-2881* 1/ =281% 47 A
A=1371p
w= A =3.703 Ju .21 =L

541
© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



14.81[ El ]12
w: —
2 LpA

16.13

Problem 16.13 using DFRAME

2,3

1,1,1,0,0,0,0,0,0

2,0,0,0,4,0,0,-1.0,0

3,0,1,0,8,0,0,0,0

1,1,2,210et9, 2e-2,4e-4, 1.352e-9

2,2,3,210et9, 2e-2,4e-4, 1.352e-9

0.03, 12

0.25,0.50

2

-16666.667, 5000, 0, 0, 0.3

Using DFRAME that properly calculates initial acceleration.
Displacement Velocity Acceleration
Node Time Y’ ‘Z Y’ ‘7 Y’ ‘7’

1 0 0 0 0 0 0 0
1 0.03 0 -0.00045 0 -0.03016 0 -2.011
1 0.06 0 0.000047 0 0.06349 0 8.254
1 0.09 0 -0.00040 0 -0.09365 0 —18.73
1 0.12 0 0.000095 0 0.127 0 33.44
1 0.15 0 -0.00035 0 -0.1571 0 -52.38
1 0.18 0 0.000142 0 0.1905 0 75.56
1 0.21 0 -0.00030 0 -0.2206 0 -103
1 0.24 0 0.000190 0 0.254 0 134.6
1 0.27 0 -0.00026 0 -0.2841 0 -170.5
1 03 0 0.000238 0 0.3175 0 210.6
1 0.33 0 -0.00023 0 -0.3492 0 -255
1 0.36 0 0.000238 0 0.381 0 303.7
2 0 0 0 0 0 —4.6E+13 0
2 0.03 -0.00120 0 —0.08051 0 4.6E+13 0
2 0.06 0.000127 1.2E-21 0.1695 8.3E-20 —4.6E+13 5.5E-18
2 0.09 —0.00107 1.0E-20 -0.25 5.0E-19 4.6E+13 2.2E-17
2 0.12 0.000254 2.5E-21 0.3389 -1.0E-18 -4.6E+13 -1.2E-16
2 0.15 -0.00095 0 -0.4194 8.3E-19 4.6E+13 2.4E-16
2 0.18 0.000381 0 0.5084 —8.3E-19 -4.6E+13 -3.5E-16
2 0.21 -0.00082 —-1.0E-20 -0.5889 1.7E-19 4.6E+13 4.2E-16
2 0.24 0.000507 0 0.6778 5.0E-19 —4.6E+13 —4.0E-16
2 0.27 —-0.00069 —-5.0E-21 -0.7583 -8.3E-19 4.6E+13 3.1E-16
2 0.3 0.000634 0 0.8473 1.2E-18 —4.6E+13 —-1.8E-16
2 0.33 —-0.00063 —5.0E-21 -0.932 -1.5E-18 4.6E+13 -59E-31
2 0.36 0.000634 0 1.017 1.8E-18 —4.6E+13 2.2E-16
3 0 0 0 0 0 0 0
3 0.03 0 0.000452 0 0.03016 0 2.011
3 0.06 0 -0.00004 0 -0.06349 0 -8.254
3 0.09 0 0.000404 0 0.09365 0 18.73
3 0.12 0 -0.00009 0 -0.127 0 -33.44
3 0.15 0. 0.000357 0 0.1571 0 52.38
3 0.18 0 -0.00014 0 -0.1905 0 -75.56
3 0.21 0 0.000309 0 0.2206 0 103
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0.24
0.27

0.3
0.33
0.36

W W W W W

S oo O

—0.00019
0.000261
—0.00023
0.000238
—0.00023

0 -0.254 0 —134.6
0 0.2841 0 170.5
0 -0.3175 0 -210.6
0 0.3492 0 255
0 —0.381 0 -303.7

16.14 Note that even though damping data was not given in the problem. This solution includes

damping.

F®

sl

F(t), N

25000

0.3 ts

Let the time step or increment = 0.002 s and the number of time steps = 200.
Also use the following data in the Algor program

0=7800<&

s
m3

E =210 GPa, Y=03, 0y=250 MPa

A=2x10"m% J1=16x10"m*, 2=13=8x10"m*, S2=S3=16x10"*m’

Damping is to be included so use mass damping coefficient Gy = a = 3.00 and stiffness
damping coefficient Cx = 5=0.001

Y-displacement

0.002

~0.002 §
~0.004 C—
~0.006 1
~0.008 4

~0.01
~0.012 4
~0.014
~0.016

~0.018 |

0.1

0.15

0.2

Time (s)

543

0.25 0.3 0.35 0.4
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16.17

r = 2500 %
1 2 3 4 5 6 500 %SC)
///////////////// T,0=200°C T,%=0°C (sudden temperature change to
0.4 cm 0.4 cm 0.4 cm 0.4 cm 0.4 cm T%=0°C)

Using Equation (16.8.16)

y e o
(Lmps k1) 100 (L tm1- 0= BIKT) T+ - B Ry B 1R

h = 0 assume unit area

2 w
[K] = &[1 —1} _ (Im?)2 (m-“C)|: 1 —1:|
Ll-1 1 0.004m [-1 1

I -1
ZSOOE
°C [-1 1

M — CPAL[l 0}
2 Lo 1

800 250044 (Im?)(0.4 cm) [1 0}
2 1004 0 1

—4000{1 0} W
o 1] °C

_ (1 B B
Let [C] = (E[M]+ﬁ[K]J E[M]—(1 AIK]
Then
{Ti}+1=C{Ti} as {F}=0,{Fi}+1=0

For [T] (t= 8 s) and eliminating 1* row and column for boundary condition t; = 0 we have

t, 200
Jt3 200
{Ti} = 1ty =C'1200¢
s 200‘
t 200

where [C'] is [C] with 1% row and column deleted
with row and column one deleted

1000 =500 O 0 0
1000 =500 O 0

[K]= 1000 —500 0
1000 —500
Symmetry 500

544
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(8000 0 0 0 0
8000 0 0 0
0

[M]= 8000 0
8000 0
L Symmetry 4000
[1666.7 —3333 0 0 0
M 1666.7 —3333 0 0
§+[J’[K]= 1666.7 =3333 0
1666.7 —333.3
| Symmetry 833.3

[666.7 166.7 0 0 0
666.7 166.7 0 0

l_{ﬂtlf(lfﬁ)[KF 666.7 166.7 0
666.7 166.7
L Symmetry 333.3
[ 05247  0.2139 0.04472 0.00972 0.00194
0.4839  0.2057 0.04472 0.00894
[CT= 04839  0.2139  0.0428
0.5247  0.2049
L Symmetry 0.4820
ode Temperatures, °C
t's 1 2 3 4 5 6
0 200 200 200 200 200 200
1 8 0 159 191 198 199.6 199.8
2 16 0 135 178 193 1982 199.1
3 24 0 120 165 187 1955 1975
4 32 0 109 155 180 191.7 194.8
5 40 0 101 146 173 187.1 191.1
) 45 T T o BT E
7 56 0 88 131 160 176.5 181.6
8 64 0 84 125 154 170.8 176.3
9 72 0 79 119 148 165.1 170.7
10 80 0 76 114 142 159.3 165.0
16.18
T. = 25%
£ T e

RS*°C
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Two element solutions

0.4 cm diameter

[K]—&[l _1}4_%[2 l]y
Ll-1 1 6 L1 21°C

1 _
— (0.12567 em?) | 400—2— || Lm_ | 1 1}
m-°C /1 100cm /| -1 1

+[150 2W ](1.2567cm)(12cm)[2 1}
m*-°C/ 6 100 1 2

_ | 05027  —0.5027 N 0.00628 0.00314
-0.5027  0.5027 0.00314 0.00628

Using consistent mass

21
(] = c,oAl_[1 }

e

' 2hlamry

89()0 kg] 0.12567 52 | 1o
m’ 100%) 6 |1 2
 [0.1398 0.0699|W-s
0.0699 0.1398] °C

1 0.23561
- MPL_[ozsser,,
2 1 0.23561

Global [K] and [M]

[0.50893 —0.49951 0
[K]= 1.01786 —0.49951

| Symmetry 0.50893

[0.1398 0.06991 0
M]= 0.2796 0.06991

| Symmetry 0.1398

J 0.23561
{F}= 104712}

1.0.2356']

Using Equation (16.8.16) with
25°C
[To] = 425°C} (initial temperature of rod)
25°C
Suddenly end (left) temperature becomes 85°C (6= %)

546
© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



Fort=0.1s
[i[MHﬁ[K]] T = (i[M]—(l—m[Kl]{T L+ (Fo)
At 1 _ﬁt . 0 0

As {Fi} = {Fi} + forall time t
1.7374 0.3660 0 J85°C1 1228 0.865 0 J25 J0.2356l

3.4747 0.3660 t, ¢ = 2457 0.865|725;++0.4712
Symmetry 1.7374 l t J 1.228 125 ‘0.2356‘
Since t; = 85° boundary condition adjust equations
1 0 0 tll [ 85 l
0 3.4747 0366 |yt = 1105.17%x 85(0.3660) ¢
0 0366 137 LJ 1 52.585 ]
Solving
t;=85° t=18.536°C, 1;=26.362°C
Fort= 02s
1.737 0.366 0 !851 1.228 0.865 0 J 85 0.23561
3475 0366 |1ty = 2.457 0.865|718.536;+0.4712;
Symmetry 1.737 lt3J 1.228 126.362 0.2356J
Solving
1 0 0 t, J 85 1
3475 0.366 |11, = 1141.93-0.865(85)
1.737 ]t l 48.427 J
t,=29.613°C, t;=21.635°C
Fort=03s
1 0 0 [t 85 1
3.475 0366 |4t r= 4 134.0
1.737 ]|t 52.687]
t, = 36.404°C, t3=22.662°C
Fort=04s

1 0 0 J’tll 85]
3.475 0.366|1t,; = {152.0¢
1.737 ltJ A59.58J

t, = 41.03°C, t3=25.655°C
Fort=0.5s

1 0 0 J‘tl'l JSS]
3475 0.366 |1t = 11659

1.737 lg] l67.26J

ty = 44.665°C, t3=29.31°C
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Fort=0.6s

1 0 0 [tll J 85
3475 0.366 |1t = 1178.03
1.737 LJ 174.90

t,=47.75°C, t3,=33.06°C

Fort=0.7s

1 0 0 [’tl'l [ 85 1
3.475 0366 [it,{ = 1188.85
1.737 l,tJ 182.17}

t,=50.48°C, t3=36.67°C

Fort=0.8s

1 0 0 J't,l Jss
3.475 0366 |+t ¢ = 1198.7
1.737 ‘_tJ l88.97

ty= 52.96°C, t; =40.06°C
Fort=009s

10 0 '[‘tl'l [85

3.475 03661t ¢ = 1207.7

1.737_&} 195.28

ty = 55.22°C, t; = 43.22°C

Fort=1.0s

1 0 0 J‘tll [ 85
3.475 0.366 [1t,t = 121599
1.737_l_t3_] 1101.11
ty = 57.30°C, t; =46.14°C

etc. (A computer solution follows)

Time NODE

(s) 1 2 3
0 25 25 25
0.1 85 18.53611 26.36189
02 85 29.61303 21.63526
03 85 36.18435 22.42717
04 85 40.72491 25.30428
0.5 85 44.27834 28.85201
0.6 85 47.29072 32.49614
0.7 85 49.95809 36.01157
0.8 85 52.37152 39.31761
0.9 85 54.57756 42.39278
1 85 56.60353 45.23933
1.1 85 58.46814 47.86852
1.2 85 60.1859 50.29457
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1.3 85 61.76908 52.53218

14 85 63.22852 54.59557
1.5 85 64.574 56.49814
1.6 85 65.81448 58.25235
1.7 85 66.95818 59.86974
1.8 85 68.01265 61.36096
19 85 68.98485 62.73586
2 85 69.88121 64.0035
2.1 85 70.70765 65.17226
22 85 71.46961 66.24984
23 85 72.17214 67.24336
24 85 72.81986 68.15938
25 85 73.41705 69.00393
2.6 85 73.96766 69.78261
2.7 85 74.47531 70.50053
2.8 85 74.94336 71.16246
29 85 75.3749 71.77274
3 85 75.77277 72.33542
80.0 Node 2
60.0 F Node 3
°
é 400 -
2
o
20.0
00

L o4 losl 12l el 2 124l 2
02 06 1 1.4 18 22 26

Time (seconds)
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Appendix A

Al

1ol [20][3 o
@ AIFBI=| 0 41M L 1T s 12

(b) [A] + [C], Nonsense, [A] and [C] not same order
() [A] [C]T, Nonsense, columns [A] # rows [C]T

® o) [a{? i ipil

203[3J

j 3D +1(2)+ 2(3)] [ 11
={1(D)+4Q2)+0(2)}F = ‘
]_2(1) +0(2)+ 3(3)_] l,ll

(e) [D][C], Nonsense, columns [D] # rows [C]
- 31 2
C][D] = 310 1 40
1 -1 0 3
- 2 03

[33)+(MM+0 3+4+0  6+0+0
-3+0+6 -1+0+0 -2+0+9

07 6:|

L3 -1 7
[ O] apo el
A2 A [—1 4} A ILAIl

Cu=(D""@=4, Cup=(D"?CD=1
Cu=(17"10)=0, Cup=(C1"*1)=1

41
@y ]

[[A]l|= A1 Cii + A Ci2
=M@+ O)(1)=4

r [40
or- |} ]

Verify by multiplying [A] AT =11
[CT'

A3 [D]'=1
TN
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31 2
[Dl= |1 4 0
2.0 3

12 -3 -8
[Cl=|-3 5 2
-8 2 11

[ [D]]=12(3) + (3)1) + (-8)(2) = 17

| 12 -3 -8
D' = - -3 5 2
-8 2 11

A.4 Nonsense

2 0
AS [B]—[_2 8}

2 011 0] .. ..
1) ! divide 1™ row by 2
-2 810 1
[ 1 014 0 -
2) :2 multiply 1% row by 2 and add to row 2
|2 80 1
_ o
3) R divide 2™ row by 8
[0 811 1
[1 011 0 PR E N
@ g (11 1| "B
I8 8 8 8

A6 [D]’1 by row reduction

3121100
1 4 010 1 0fdividerow1by3
2 0 3]0 0 1]
[ 1 211 i
133500
1 4 0/0 1 0 subtract row 1 from 2
I
2 0 310 0 1}
r 1 211 ]
s 57500
0 3% 72 i Tl 0 | multiply row 1 by 2 and subtract from row 3
0 3,00
i 1 211 i
L3 515 00
0 32 Tz 5 1 0] multiplc row2by 7 and add to row 3
2 sz
10 3 313 0 1
(1 1 211 9 9
3 31 3
2 =21 -1 onlxe gmrar .3 33
0 33 Ti — 1 0| multiply row 2 by 57 and row 3 by 5
1,224 2
0 0 Fis !
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M 1 2 | 1
s 51 30
-2 1 =1 3
OITETTI
-24 6
00 1i=5r 5
121 1
Lssp 300
=3 5
OIOEFF
124 6
00 Ty 5
1 11 -4
3005 5
=3 5
01Oi17 17
00 11§
M I 12 3
00y 7 5
- S
10!17 17
-8 2
001:17 17
112
~[D'==|-3 5 2
[D] T
-8 2 11

b ]

0

0 | multiply row 3 by

mlw
Juy v

(=]

2ls S

|
N
[\~

=

2k

A.7 Show that ([A] [B])" = [B]' [A]" by using

multiply row 3 by

11

2
3

} multiply 10w 2 by 1 and subtract from row 1

3 (b)) +a,(by)  a(bs)+a,(by)
3y (b)) +ay,(by) a,(;)+ay(by;)

ETRED b, by, bl3}
Al = Bl =
A L& a2j ®] L’n by, by
[a, (b)) +a,(b,)
A] [B]) =
(AITED Ly (b)) + 3y, (byy)
[a, (b)) +a,(b,)) ay ) +a,(b,)
(A1[B])' = a(by)+a,(0y) & (,)+ay0,)
L3 () +a,(;) &, (k) +a,(b;)
by by
B = | by, b22:| [A]T—[:1 o)
b by S
[b(a)+by(a,) by(ay)+by(ay,)]
[B]' [A]" = b, (@) +by(a,) b,(ay)+by(ay)
L@ )+ bys(a;) B(ay)+0bys(ay,) ]
[a,(b)+a, (b)) ay (b)) +a,(by)]
= [ay(by)+an(by) & (bp)+a,(by,)
Lay(b3)Tan(bs)  ay(bs)+a, (b))
Answer : ([A][B])'=[B]" [A]"
-
8 [T]= s ¢
SR
[C]= s ¢ [C] = s ¢
I[T]|=C+S =1
552
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= CF :[C —S}
Il Ls ¢C
and
+ [C -S
[T] _[s c}

[T]T = [T]’] and T is an orthogonal matrix

A9 Show ~{X}T [A] {X} is symmetric. Given

X =] y_,[A]—[Z b}
C

1 x)
-
=
XTIA X = | ¢ 1_[6‘ b}[x y}
Ly x]lb c][l x

_[ax+b bx+c|x vy
lay+bx by+cex][1 X

ax® +bx+bx+c axy + by + bx? + cx }
| axy+bx? + by +cx  ay? + bxy + bxy + cx?

as the 1-2 term =2-1 term {X}T [A] {X} is symmetric.

L T 1 1
A.10 Evaluate [K]= "[B]' E[B] dx,[B]:[— ]

L L
_1
[K]= L{ glE[—l —1} dx
ol 1 L L
[ -t
B L e 12
K= 15 0 E dx
L 12 L2

1 1
E[ 1 -1
KlI=El ~ “|==
K] IJ L[—l J

(Should multiply by A to get actual [K] for a bar)

A.11 The following integral represents the strain energy in a bar

U= 2 "ia)" [B)"[D) 8] {d) x
L -[2 4] -
where {d} ‘_dz_J [B] L [D]1=E

Show that % yields [K] {d}, where [K] is the bar stiffness matrix given by

_AE[ 1 -l
(k1= L[—l J
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N
{d}" = [di o] [B] = {;
L

U=

N | >

1d)T 81" [D1 8] {d) dx

LA e o (@) - A e~ 1(e
U= 5 (" [B]"[D]" [B] {d} = 5 [d, dz]I%J[E][L hdzj
_ AL[dy—d] =1 1
U= 2{ L ]}[E][L L}{dz}

U= E[M}[‘_l l} Jldl. _ AEL[dI -d, _dl+d2:| d,
2 L o e 2L p 2 ld,

U= AEL{cll2 —d,d, — d,d, +d?

AE
] =5 [d?-2didh + d?]

w _[8]_ {20 el o) sl 4-a)

dld} |2 [%d,-2¢)) L l-d-af L l-di+d,
- A_E{ : —1][d11.
LL-1 1]ld,]

a AE[ 1 -4 L[4 . _A_E[l _1}
= [— Ld _[k]ldz_J_[k] {d} knowing that [K] = =l
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Appendix B

B.1 By Cramer’s Rule

1 3% _js}
4 —1lx] |12
5 3
dy® -1 =5-
X]:|{} |: 12 -1 _=5-36 _,
|[a]] 1 3 -13
4 -1
1 5
d}® 12-2
om |{} |= 4 12| _12-20 _ )
|[a]l ~13 -13
B.2 By Inverse method
1o37x] |5
4 -1]|x] |12

Ci=C1)""H1==1L,Ch=C1)""?14|=-4
Cou=(12"131==3,Cpr=C1""?1|=1

oL
[ ]_ -3 1 s

-1 -3
o= [—4 1]

[[a] |= a;; Cy+ap Cr=1(-1)+3(-4)=-13

[a]" = jier]__1
lfal] 13
= Xll: _1pr =3
X, J 13-4 1
—41
Xi= —— =3.15,
-13
B.3 By Gauss elimination
1 -4 -5 §'x1 4
0 3 4lixf=1-1
-2 -1 zllx3 -3

-1 -3
-4 -1

[5} ___1{—5—36 1
[12 13 |-20+12]
o= > —062

-13

Multliply row 1 by —[T) and add to row 3

o > aflel- [

0 -9 -8 lx3 l sJ
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Multliply row 2 by — = and add to row 3

1 —4 -5 "xl ] 41 ®
0 3 4|ixy=+-1 2
0 0 4l_x3 lzJ 3)
By (3)
4x3=2
X:l
D)
By (2)
3%, +4x3=—1
XzzL;z:fl
By (1)
x1—4(—1)—5[%J:4
= 3
)

B.4 2X1 +X273X3:11
4x — 2% +3%3= 8

—2X1 2% —X3=—6

(2 1 =311
4 =2 3i 8
-2 2 1]-6]
(1 1 =3 4]
2 2 2
0 -4 95—14
0 3 -4 5
(i L =3! 1
2 2 2
=9 7
100 Zi5
1 1 3] u
2 2, 2
=91
0 1 4:%
00 1/-2
C e
1303
0 1 0}-1
|
0 0 1]-2]
10 0! 3]
0105—1
0 0 1]-2]
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B.5 X1 =2Y1-Y2 Z1=-X—X%

X2=Y1—Y2 2 =2X + %
(a) {1.}=[2 _l][yll
% 1 -1 lYZJ
MR
lz) L2 1lx
®) z==Q2y1-Yy) - (Y1-Y2)
2= -3y +2y,

=22y1-Y2) +(Y1—Y2)
2 =35y1-3y,

2 200
© [_2 _ﬂ
[_2 _ﬂ—9—10——1
[cl- B :j]
o= 7
B R

B6 {X}'=(,1,1,11)
First iteration

x

2X|*X2=*1:>X1=% (Xz*l)
1
- La-n=o
2( )

1
X=X+ X3 t4=X= g Xi+x3+4)

1
—(0+1+4
6( )

0.833

1
4X3:2X2+X4+4:>X3:Z 22X+ x4+ 4)

1
X3 = n (2(0.833)+ 1 +4)

= 1.667
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4x4:x3+x5+6:>x4:i (X3 + X5+ 6)

X4 = i (1.667 +1+6)
= 2.167

1
2X5:X4—2=>X5:5 X-2)

1
= — (2.167-2
5 ( )

= 0.083

2™ jteration

X = % (x2—1):% (0.833-1)=-0.084

Xy = % (X1+X3+4):é (— 0.084 + 1.667 +4)
=0.93
1 1
X= o QX 4)= o (20.93)+ 2167 +4)
= 2.007

X4 = (x3+x5+6)=%1 (2.007 + 0.083 + 6)

1
4
2.

023

1 1
Xs= — (X4—2)=— (2.023-2
5= 5 u-2)= - ( )

= 0.011
3" iteration 4™ jteration 5" iteration
x; =-0.035 X1 =-0.003 X1=0
X, =0.995 % =1.000 X =1
X3 =2.003 X3 =2.001 X3 =2
X4 =2.004 X4 =2.001 Xg=2
X5 =0.002 xs =0.000 Xs=10

B.7 By Gauss-Seidel
Initial guess X; =1 X% =1
1% iteration (Reorder equations so &;i largest)

1
4% —Xo = 12:>X|=Z (12+X2)

1
— (12+1)=3.25
2 ¢ )

1
X; + 3% 5-x2:§ (5-x%)
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= % (5-3.25)=0.583

d-. .
2" iteration

X; = 3.146
X, = 0.618
3" iteration
X; = 3.155
X, = 0.615
4™ jteration
X1 = 3.154
X2 = 0.615
5™ jteration
X; = 3.154
X, = 0.615
B.8
(a) 2x—4x,=2
-9 +12%,=-6
|[a] [+ 0

‘ 2

—4
) ‘—24+36—60;¢0

~. unique solution
(b) 10x;+%=0

1
5X|+EX2=3

10 1 0

504

Non existent solution
(C) 22X+ X% +X3=6
3% + X — X3 = 4

5Xp +2% +2X3= 8

2 1 1
3 1 -1 =0
52 2

.. unique solution
d xi+x+x=4
2% 2% +2X%3= 2
3% 3% +3x3=3
I[a][=0
. Non unique
all lines are parallel to each other
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B.9 1% Figure ng=2,m=3
Np=ng(M+1)=2@3+1)=8
2" Figure ng= 2, m=>5
n=25+1)=12
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Appendix D

D.1 Using table D-1
(a) Loadcase 1

P=10kip L=20ft

f]y: fzyZTO :*Sklp

nh:m =_25kip-ft

m; = —
(b) Load case 3

1
P=5kip L=20ft r:{=z

f1y = fay =— 5 kip
m=—m = _l(l_lJ (5) (20)
1 4 4
= 18.75 kip - ft
(¢) Load case 4
w= 1000 l_b L =30 ft
ft
foy= foy = —L20D GO __ 15009 1,
_ 2
O YE
12
(d) Load cases 1 and 7
P-Skip, L-20ft w=-2XP
ft
fy= —3_BROA) __ 575 kip
2 32
=5 3(20)(2) :
foy= — =22 = 625k
S 32 b
B 2
m = Q00" _ 1y s 4563
8 192
= —58.33 kip - ft
2
my = 520) 5207 _ 15549083
8 192
= 33.33 kip- ft
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(e) Loadcase 5
Note: Switch nodes 1 and 2
w= 2000% L=20ft

fly %80)20 =-6000 Ib

foy = % = 14,000 Ib

2
m, = % = 26,667 Ib- ft

2 20)?
200002007 _ 45 000 1v- i

™=

(f) Loadcase?2
P=5kN, L=7m, a=5m, b=2m

_ 5@ [7+209)] _ 0.99 kN

f2y 73
_ 2
fy= 2O TH2@] L o)

73

_ 2
m= 2@ _ 504k m

2
SLCCP

(g) Loadcase6
w= 4 k—N,L:6m
m

-4
fly: f2y:ﬁ :—6kN

2
=20 gsivm

m = -
96

(h) Load case 4

kN
w=5—,L=4m

=
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